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Â ñèëó ðàáîò [1�3] åñòåñòâåííî èçó÷àòü åäèíèöû öåëî÷èñëåííûõ ãðóïïîâûõ êîëåö öèêëè÷åñêèõ
ãðóïï ïîðÿäêîâ kp, ãäå k ∈ {1, 2, 3, 4, 6} è p ⩾ 5 � ïðîñòîå ÷èñëî.

Çäåñü ðàññìîòðèì åäèíèöû öåëî÷èñëåííûõ ãðóïïîâûõ êîëåö öèêëè÷åñêèõ ãðóïï ïîðÿäêîâ 3p
äëÿ ïðîñòîãî p ⩾ 5.

Îáîçíà÷èì ÷åðåç α � ïðèìèòèâíûé (ïåðâîîáðàçíûé) êîìïëåêñíûé êîðåíü èç åäèíèöû ñòåïåíè
3p. Ïóñòü G = ⟨x⟩ � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 3p. Äëÿ êàæäîãî ÷èñëà j ∈ {0, 1, 2, . . . , 3p − 1}
îïðåäåëèì õàðàêòåð ãðóïïû G

χj : G→ ⟨α⟩,

ãäå äëÿ ëþáîãî k ∈ {0, 1, 2, . . . , 3p− 1}
χj(x

k) = αjk.

Îáîçíà÷èì ÷åðåç Φ(3p) � ìíîæåñòâî âñåõ íàòóðàëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ 3p è âçàèìíî
ïðîñòûõ ñ 3p.

Ëåììà 1. Ìíîæåñòâî Irr(G) âñåõ íåïðèâîäèìûõ õàðàêòåðîâ ãðóïïû G ðàçáèâàåòñÿ íà ñëåäóþ-

ùèå êëàññû àëãåáðàè÷åñêè ñîïðÿæ¼ííûõ õàðàêòåðîâ.

1. Irr(χ0) = {χ0 = 1G}.

2. Irr(χp) = {χp, χ2p}.

3. Irr(χ3) =
{
χ3, χ6, . . . , χ3(p−1)

}
.

4. Irr(χ1) = {χj | j ∈ Φ(3p)}.

Ïóñòü
Irr(G, alc) = {χ0, χp, χ3, χ1}.

Äëÿ χ ∈ Irr(G, alc) îáîçíà÷èì ÷åðåç Q(χ) � ïîëå õàðàêòåðà χ, à ÷åðåç Un(Z[χ]) � ãðóïïó åäèíèö
êîëüöà öåëûõ ýòîãî ïîëÿ.

Ñîãëàñíî [4] ëîêàëüíûì ýëåìåíòîì ðàöèîíàëüíîé ãðóïïîâîé àëãåáðû QG, ñîîòâåòñòâóþùèì
õàðàêòåðó χ ∈ Irr(G, alc) è ýëåìåíòó µ ∈ Q(χ), íàçûâàåòñÿ ýëåìåíò

uχ(µ) = 1 +
∑

φ∈Aut(Q(χ))

(φ(µ)− 1) e(φ(χ)),

ãäå e(φ(χ)) � ìèíèìàëüíûé èäåìïîòåíò, ñîîòâåòñòâóþùèé õàðàêòåðó φ(χ).
Ïóñòü g � ïðèìèòèâíûé (ïåðâîîáðàçíûé) êîðåíü ïî ìîäóëþ p. Îáîçíà÷èì

µ0 =
1− (α3)g

1− α3
= 1 + α3 + · · ·+ α3(g−1).

Äëÿ ëþáîãî m ∈ {1, 2, . . . , p − 1} îïðåäåë¼í òàêîé àâòîìîðôèçì ψm ïîëÿ Q(χp), ÷òî ψm(α3) =
α3m.

Ëåììà 2. Ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî r, ÷òî äëÿ ëþáîãî

k ∈ {0, 1, . . . , (p− 5)/2}
uχ3(ψgk(µ

(p−1)r
0 )) ∈ ZG.
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Ëåììà 3. Ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî l, ÷òî äëÿ ëþáîãî k ∈ {1, 2, . . . , 3p− 1}

uχ1

(
(1− αk)l

)
∈ ZG.

Ïóñòü χ ∈ Irr(G, alc). Îïðåäåëèì ïîäãðóïïó

U(χ) = ⟨uχ(µ) | µ ∈ Un(Z[χ])⟩

èç ëîêàëüíûõ åäèíèö ðàöèîíàëüíîé ãðóïïîâîé àëãåáðû QG.
Òåîðåìà.

1. Ãðóïïà åäèíèö Un(ZG) öåëî÷èñëåííîãî ãðóïïîâîãî êîëüöà ãðóïïû G � ïîäãðóïïà â

U = ⟨−1⟩ × U(χ0)× U(χp)× U(χ3)× U(χ1).

2. Ñóùåñòâóåò òàêîå ïîäìíîæåñòâî A ⊂ {1, 2, . . . , 3p − 1} ìîùíîñòè p − 2, ÷òî äëÿ îïðåäåë¼ííûõ â

ëåììàõ 2 è 3 ÷èñåë r è l èìååì

(p−5)/2∏
k=0

⟨uχ(ψgkµ
(p−1)r
0 )⟩ ×

∏
a∈A

⟨uχ1

(
(1− αa)l

)
⟩

ÿâëÿåòñÿ ïîäãðóïïîé êîíå÷íîãî èíäåêñà â Un(ZG) è U .
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