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BBenenne

AKTyaJIbHOCTb TE€MbI HCCJIeAOBaHUS. TeH30pHbIe Olepaiul UMEIOT
IINPOKOE IPUMEHEHIE B PA3/IMIHbIX HAayYHLIX JUCIUILINHAX. B yacTHOCTH, Olle-
parys CBePThIBAHUS UM CBEPTKU TEH30POB HPUMEHSIETC B MAIIMHHOM 00y ue-
HUM, CIEKTPAJbLHLIX METOJAxX U KBAHTOBOH XuMuu. TeH30pHbIe olepaluy nc-
HOJIL3YIOTC Hpu pettennn JuddepenuaabibiX 1 MHTerPAIbHLIX YPaBHEHNUI,
IPUMEHSIEMbIX JIJIsI OIIMCAHNS MHOTUX IIPUKJIAIHBIX 3a/a4. B O0JILIINHCTBE CIIy-
qaeB TPYAHO IOJIYUYUTh TOYHOE aHAIUTHIECKOe pellleHre Takux ypasuenuii. ITo-
cJie puckperusaun Juddepenuaibible 1 THTerpaibHble YPaBHEeHUsI CBOIATCS
K CUCTeMaM JIMHEHHDbIX U HeJIMHeHHbIX ypasHenuii. /s pemennst Takux cucreM
UCIIOJIB3YIOTCA YMCAEHHBIE METOJbI, IPUMEHSIONe MATPUIHbIE U MaTPUIHO-
BEKTOPHBIE [IPOM3BEJICHIA, KOTOPLIE MOI'YT PACCMATPUBATLCS KAK YaCTHBIE CJIy-
yau CBEPTKHU TEH30POB.

JJ1st yMeHbIenus: BpeMeHn pelieHns 3aad Ha, O0JILIINX CeTKAX HCIO/Ib-
3yeTcst pacliapaJjule/IMBaiie ajaropuTMOB U MHOIOIPOIECCOPHBIE crcTeMbl. 11po-
GJ1eMaM MCCJIeIOBaHIs U paciapaJsiie/IMBaHUs aJrOPUTMOB IIPY PEIIeHUI [IPU-
KJIQJIHBIX 38124 TocBsiienbl paborel B.B. Boesoguna [1], Ix. Opreru |2,
K. ®anneesa, B.II. WUnbuna, E.H. Axumosoit [3,4], B.H. Yersepyiu-
kuna, B.II. Tepress [5], M.B. fxobosckoro, B.H. Aseesoit, }0.41. Bosnsipesa,
JI.B. Cokosmickoro [6], C.M. Abpamosa [7], B.4. [reiin6epra [8], B.M. ['nun-
ckoro, M.JI. IIemv6iiepa 9], B.9. Masbiikuna u jp.

CymecTBeHHBI  BKJIaJ B pPa3BUTHE TEH30PHOIO HCUUCICHUS] BHEC-
an Jx. Puaun, T. JleBu-Husura, A. Ditnmreitn, M. ['poccman, B. ®oiirr,
4. Cxoymren, JI. Burepuaben, 11.C. Cokosibaukos, I1.K. Pamescknit, A.Il. I1Iu-
pokos, B.®. Karan, H.E. Kounn, H.E. Edpumosn, I1.H. Bekya, B.E. ITobeupsi,
B.B. Jloxun, ®.1. ®enopon, H.I'. Hennon, C.I'. Jlexunnkuit, M.II. [lackob-

ckasl, BE.E. Teiproimuukos, 1.B. Oceneper.



Marpuanble 1 MATPUIHO-BEKTOPHBIE ITPOU3BE/IEHUsT MOTYT OBITH 0000IIIe-
HbI Ha 3aMKHYyTble MOJIyKoJbla [10| st cokpaleHust BpeMeH! BBbITOJIHEeHs]
pelennii obIIeil 3a1aun O My TIX (HaXO}K,ILeHI/Ie KpaT4dailmnx IyTeil, 1mocTpoe-
HUe MUHUMAJBHOTO OCTOBHOIO JIEpeBa, 3a3/[ada O CAMOM IHPOKOM MYTH U JP.).
O6001IeHHbIE MATPIIHBIE U MATPUIHO-BEKTOPHDIE TTPONU3BE/IEHUS ABJISIIOTC Ja-
crbio uurTepdeiica GraphBLAS [11], ucniobzyemoro jijist co3ianust BICOKOIIPO-
N3BOUTE/ILHBIX aJI'OPUTMOB Ha I'padax. B yacrHOoCTH, 00001TIEHHOE MaTPUIHOE
IIPOM3BE/IeHIE MOYKET ITPUMEHATHCSI COBMECTHO € OJIOUHOM Mo indpuKalieii aaro-
purma DJioita—Yopie/ta U IPYTUMHI aJrOPUTMaMU JIJIsT COKPAIEHNsT BpeMe-
HU BBINOJIHEHUS] DPEIIeHnil YaCTHBIX CIydaeB obrmed 3ajadu o myTax [12].

BoBINMIHCTBO MOJIXO/I0B, UCIHOJIb3YEMbIX JIJId COKPAIEHUsST BPEMEHU BbI-
IOJTHEHUST OTleparinii HaJ TeH30paMu, OCHOBAHbBI HA pyuHol Hacmpotike (manual-
tuning) u aemonacmpotire (auto-tuning), TpeOYIONIX JTOCTYIIA K MEJIEBOIT alla-
paTHOil T1aTdOopMe 1 TOTEHITNAIBLHO OOJIBIINX BPEMEHHBIX 3aTpaT. s BhIToJI-
HEHUSI PyYHOI HACTPONKHU JIJIs OT/IE/IbHO PACCMATPUBAEMON apXUTEKTyPhl KOM-
IbIOTEpa CIIENUATINCT, 0018 IAI0NTNiI 3HAHUAMEI OCOOEHHOCTE MCII0/Ib3YEeMbIX all-
MapaTHBIX CPEJICTB, CO3/IaeT HOBYIO peam3allnio HeoOX0ouMoit oneparnu. B ciry-
Jae aBTOHACTPONKU JIJId KayKA0i OTIeJIHHO pacCMaTpUBaeMOil KOMITBIOTEPHOI
APXUTEKTYPBI BLITIOIHIETCS epebop 3Havennii mapaMeTpoB 3apaHnee CO3IaHHoil
pean3anyuy i n3MepeHns BpeMeH! BLITTOJTHEHNsT U HAXOYKJIEHUS X HAMTY -
mux 3nadeHuit. [Ipodaema mncroib30Banns pydHOl HACTPONKHN M aBTOHACTPOIi-
KI OCJIOZKHAETCA B CIydae HeJIOCTYITHOCTH IeJIEBOI alnapaTHOil 1aTdOpMBI 1
OrPpaHMYEHHOCTH BPEMEHU BBINOJIHEHUsT onfTuMu3arun. [Ipumepom Takoii curya-
IUU CJIYZKAT ONTHMU3AINN, BBITOJTHIEMbIC TPOMBIIILIEHHBIMI KOMITHISTOPaAMI
0 YMOJIYaHUIO BO BpeMs KPOCC-KOMITUISIIINN.

st Toro 4ToOBI M30eXKaTh AaBTOHACTPOMKHU M PYyYHOHl HACTPONWKM IpU-
MEHSTIOTCS TOTOBbIE peaJM3alliil CBEPTOK TEH30POB, B YACTHOCTHU, YMHOXKEHUS
MaTpUIl 1 yMHOYKeHust MaTpul] Ha BekTopbl. WuTepdeiic BLAS (Basic Linear

Algebra Subprograms) [13-15] sBisiercst oBIMENPUHATHIM CTAHIAPTOM HHTED-
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deiica OuOIMOTEK, CojIePKAINX BHICOKOIIPOU3BOAUTE/IbHBIE Pealn3allil olepa-
1uii guHeiinoit aaredpol. B GosbmunacTBe ciaydaes unrepdeiic BLAS cBoeBpe-
MEHHO peajin3yercsl JJIs HOBBIX IIeJIEBBIX allllapaTHLIX ILIaT(OPM B BUIE IPO-
npuetapHbix ondsmorek. st psiyia neseBbix apxutekTyp mporeccopos (ITAIT)
nmerorcs peanansanun naTepdeiica BLAS ¢ OTKPBITBIM HCXOTHBIM KOIOM.

ABTOHACTpOIiKa 1 py4uHas HACTPOiika HeoOXoanMb, ecyin narepdeiic BLAS
HeapdeKTuBeH win HenpuMennM. [IpuMepos Taxoit cuTyaruy siBJIsIiOTCSI CBEPT-
KI TEH30POB, He onuckiBaeMble naTepdeiicom BLAS. Yerapesiuii MeTo 1 mpsiMo-
IO CBEJIEHUS CBEPTOK TEH30POB K MATPUUHLIM U MATPUUIHO-BEKTOPHDLIM IIPOW3-
BEJIEHUSIM C IEJIbI0 BBI30Ba, NX ONTHMI3UPOBAHHBIX PeaIn3alinii Tpedyer I0IoJI-
HUTEJIbHOTO BPEMEHU BBITIOJHEHUsT U JOTOJHUTEeIbHOT amsttu [16,17]. aTep-
deiic BLAS HempumeHnM 1151 peaJn3aiiii HOBBIX METOJIOB COKPAIIEHHST Bpe-
MEHH BBIIIOJIHEHIST CBEPTKH TEH30POB, B JAHHBIH MOMEHT IOJIEPIKIBAIONINX
MaJI0e KOJIMIECTBO MEJIEBBIX allllapaTHBIX maTdopm [16]/17).

O60061IeHIe MATPUYHOIO ¥ MaTPUUHO-BEKTOPHDLIX [POM3BEJICHUI Ha 3a-
MKHYTBIE ITOJIYKOJIbIA HE MOI'YT OBITH peal30BaHbl C IIOMOINLIO nHTepdeiica
BLAS [10]. Beicokonpoussoaute/bhbie peannsaiyn narepdeiica GraphBLAS,
B YaCTHOCTH Pean3aIii 0000IEHNIT MATPUYIHBIX U MATPUIHO-BEKTOPHBIX IIPO-
M3BEJICHNUI HeJIOCTYIHBL Jijist MHOTUX TaTdopm [11].

st yBesmmdeHnsi Mpou3BOANTEIBLHOCTH CBEPTOK TEH30POB, B YaCTHOCTH
MATPUYHBIX IPOM3BEICHII, JIJIsT XPaHeHUsl 3JIeMEHTOB TeH30POB MOYKHO HCITOJIhb-
30BaTh THUIILI JAHHLIX MEHBIIETo pasMepa, He IoJIepKuBaeMble nHrepdeiicom
BLAS. Takoii 1moaxo yBeJnYnBaeT KOJUYECTBO 3JIEMEHTOB TEH30POB, 0Opa-
OaTbIBAEMbIX BEKTOPHBIMI MHCTPYKIMSAME, 1 YMEHbIIAeT U3AePyKKI [Iepeatin
JAHHBIX 38 CIET YMEHBIIEHNsI TOTYHOCTH BhIUnc/IeHnit. B gacTHoCTH, MaTpuiHOE
npousBejieHne [1ist 16-ONTHBIX THIIOB JaHHBIX HCIIOIb3YeTCs [IJIs1 00y IeHnsT Heli-
poHHBIX ceTeil. IIporeccopsl 001Iero Ha3HAYEHUsT MOTYT HCIIOJIB30BATHCS BMe-
CTO rpadUIeCKIX YCKOPHUTEIeld B cirydae Ipeodialanns H3IepKeK Ha mepegady

nanubix [18]. Marpuanoe npoussejienne jijist 16-OUTHBIX THIIOB JIAHHBIX DeaJI-
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3oBaHo, Harpumep, B Intel MKL u ArmPL, Ho orcyTcTByeT BO MHOIUX JIPYTHUX
peaymzanugx uaTepdeiica BLAS.

Bo Bcex ommcaHHBIX CIydasix MOIYT MPUMEHATHCS AJTOPUTMbI JIJIsST CO-
KpallleHnsI BpeMeHH BBIMOJIHeHHsI, ncnosb3yomue mogenasb LIAIL Takune mero-
JIbI MOT'YT HCITOJIB30BAThCS B IIPOIECCe KOMITHIAINN, OTPAHNYIEHHON 110 BpeMe-
HU, TI03BOJIsisI CO3/IATH BBICOKOIIPOU3BO/INTE/IbHBIE MHOIOIIOTOUHbIC PeaTi3aliii
IpOTrpPaMM LI PEIIeHUs 3a/1a4 OO0JIBINON Pa3MepHOCTH Oe3 PyvdHOil HACTPOIKY,
ABTOHACTPOMKM U 0e3 JI0CTyIa K IeJIeBOi alapaTHoil miaTdopMe.

Onrumusanuu, ucrosb3ytomme Mojesab LHIAIL, MoryT npuMeHsThes B po-
1ecce KOMITMJISIIE, OTPAHUYEHHON 110 BPEMEHU, C MEJIbI0  aBTOMATHYECKOIO
HOJIy9eHUsT  BBICOKOIIPON3BOINTEIbHBIX MHOTOIIOTOYHBIX peaJn3alluil TeH30]D-
HBIX Olepaluil JI/isi MHOTOsIEPHBIX IIPOIECCOPOB ODIIEro Ha3zHAUCHUs C apXi-
TekTypamu x86-64, x86, ppcbdle, aarch64 wu jgap. 06e3 jgocTyna K
1eJIeBOI arrmapaTHOl maaTdopMe.

Crenenb pa3paboTaHHOCTH TeMbl. B cBoux paborax 1886-1901 rr.
Jx. Puaan (Gregorio Riccl) 0600muT BeKTOpHOE HCUHUCJICHIE HA CHCTEMBI C
MPOU3BOJILHBIM YHCJIOM UHJIEKCOB, CO3/IaB OCHOBY JIjIsI TEH30PHOI'O MCUUC/ICHUS.
K cepennne XX B., 6iaromaps padoram T. Jlepu-Husura (Tullio Levi-Civita),
A. Ditamrreiina (Albert Einstein), M. I'pocemana (Marcel Grossmann), B. ®oiir-
ta (Woldemar Voigt), f. Cxoyrena (Jan Schouten), I'. Beiig (Hermann Weyl),
O. Bebsena (Oswald Veblen), ®@. Mypnarana (Francis Murnaghan), 9. Kapra-
ra (Elie Cartan), P. Baitnentexa (Roland Weitzenbock), /1. Buramu (Giuseppe
Vitali), [Ix.JI. Cunjxa (John Lighton Synge), 1. Aunesist (Paul Appell), JI. Dii-
senxapra (Luther Eisenhart), JI. Bpmmosna (Louis Brillouin), A. Jlasy
(Augustus Love), TeH3opHOe ncuncieHne pasBuioch B 3(OEKTUBHBIN MaTeMa-
TUYECKUIT allllapaT, IMUPOKO UCIIOIb3YEeMbIil B PA3JINIHBIX 00J1aCTsAX HAYKH.

CyIecTBeHHBIN BKJIa/] B PA3BUTHE TEH30PHOI'O HCUUC/ICHHS BHEC/IU Ta-

kue Poccuiickue yuennie kax, Hanpumep, 11.C. Cokosbaukos, [1.K. Pamescknit,

A.TI. upokos, B.®. Karan, H.E. Kouun, H.E. Edumos, I.H. Bekya, B.E. ITo-
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oenpst, B.B. Jloxun., A.B. llyouukos, FO.I1. Cuporun, H.B. Besos, 11.C. 2Key-
o8B, @.11. @enopos, I1.B. Bexrepes, H.I'. Hennos, C.I". Jlexuunknii, M.II. [TTac-
koJsibckasi, E.E. Teiproimnnukos, U.B. Ocenenen. B gacraocru, 11.H. Bekya co-
3781 TEOPUIO KOBAPUAHTHOIO JudepeHmpoBannsl B KOMILIEKCHBIX KPUBOJIE-
meitnbix koopjnuararax [19]. B.E. Ilobeaps paspaborarn crekTpasibHOe Tpesi-
cTaBJIeHE TEH30POB, TIO3BOJINBIIECE 3HAUNTEILHO PA3BUTH TCOPUIO HEJIMHEHHBIX
ten3opHbix yuKuit [20]. E.E. TeIpThIIHIKOB paccMaTpuBas TEH30pHBIE all-
IPOKCUMAITIMI MATPUIL, TOPOXKIEHHBIX ACUMITOTHIECKN TJIAJKUMU (DYHKITHS-
vu [21]. Y.B. Oceeer mpeiiozxkui HoBoe mpejicrasienne Tea3opos — TT-dop-
MaT, UCIOJIb3YIOIIUICsS JIJIst TIPeJICTABIeHHsI BCeX Omepallii ¢ Tersopamu [22)].

3a moc/eiHne JIBaIaTh JIeT ITPOrpece BO MHOTUX HAyIHBIX JUCIUTLINHAX,
TaKNX KaK KBAHTOBasl XMMUsI 1 0OIas TeOPUsi OTHOCUTEIHLHOCTH, OCHOBBIBAJI-
cs Ha MOJICJTMPOBAHNE (PU3UICCKUX CUCTEM, TPUMEHSIONIEM CBEPTKY TEH30POB.
HecMoTpst Ha 9TO, KOJIMYECTBO MO/IXO0J/IOB K COKPAIIEHUIO BPEMEHU BBITIOJTHEHUST
CBEPTKU TEH30POB HAMHOT'O MEHBIIE, YeM KOJIMYECTBO IOJX0/I0B K COKpAaIllle-
HUIO BPEMEHW BBLITTOJTHEHNST MATPUYIHOTO U MATPUIHO-BEKTOPHOTO ITPOU3BE/IE-
Huit. BOoBIMMHCTBO METO/IOB COKPAIleHNsT BpEMEHN BBITTOJIHEHNS CBEPTOK TEH30-
POB HCIIOJIb3YIOT ONTHMU3UPOBAHHBIE MATPUUIHbBIE I MATPUIHO-BEKTOPHbBIE IIPO-
N3BEJICHUA.

CrernuayimcTbl B 00J1aCTH MPUJIOYKEHUI JIMHEIHOMN areOpbl OJIHIMUI U3 TIEep-
BBIX TPEJIJIOXKIIN MCII0JIB30BaTh €JMHbIN NHTepdeiic K BHICOKOITPOU3BOINTETh-
HBIM (pyHIaMeHTaJIbHBIM OIEPAITUSM, PeaJn30BaHHbIM KaK CTOPOHHEEe ITPOTrPpaMM-
Hoe obecriedenue. Bojiee copoka Jier Takum uHTepdeiicom sipistercst BLAS [13-
15]. OnuceiBaembie BLAS mojmporpamMmbr pas/ie/isitiorcst Ha Tpu yposHsi. [lep-
BBbIIl yPOBEHb OIMCHIBAET Oollepallui HaJi BeKTopamu. Ha BTopoM ypoBHE HHTEp-
deiica BLAS comepxkurest onmcanne omeparuii HaJl MaTpUIlaMi U BEKTOPAMI.
Tperuit ypoBHb onncbiBaeT onepaiun Haj marpunamu. Marepdeiic BLAS mpo-

nosizkaeT passuBarhest. BLAS++ 23], obnosiennast Bepeust unrepdeiica BLAS,



HCIIOJIL3YETCsI B IIPOEKTAX, HAIPABICHHBIX Ha JIOCTUXKEHHE 3K3a(JIONCHOI 1IPo-
U3BOIUTEILHOCTH.

[Tpumenenne BLAS tpebyer HOBOI peanm3anun yHIaMeHTaIbHBIX OTIe-
paruii 171 KaykJIoil HOBOI apXMTEeKTYphbl Ipoleccopa. Peanm3anmy MaTpuaHO-
IO U MATPUIHO-BEKTOPHOTO IIPOU3BEACHIIT HCIIOIB3YIOTCS JIJIsT PeaJn3alii BCexX
OCTaJIbHBIX OIIepaIliil BTOPOro n Tperbero yposHeit nnrepdeiica BLAS, coorser-
crBerno [24]25]. B GosbimHCTBE CorydaeB OHE CO3/IaI0TCS SKCIepTaMu B 00J1a-
CTH BBICOKOIPOU3BOANTEILHBIX BLIYUCICHUI, 4TO TpebyeT 3HAUNTEIbLHLIX Bpe-
MeHHBIX 3arpar. Peajnzanun ¢pyHjpaMeHTa IbHbIX Olepaluil pacipocTpaHsioTcs
Kak OTKpbITOe porpammuoe obecriedenue (GotoBLAS [26,27], OpenBLAS [2§],
BLIS [29]) 1 kax mporpuerapHbie 6ubIMOTEKN, BBIMTYCKAEMbIE TPOU3BOIUTEs-
vn anmaparioro obecriedernns (Intel MKL [30], IBM’s ESSL [31], ArmPL [32]).
John Gunnels Co3jaHnio BBICOKOIIPOU3BOINTEIBHBIX PeaJin3aliuii MaTPpUIHO-
ro HMPOM3BEJCHUS C UCIOJIL30BAHUEM PYYHOI HACTPOHKHU MOCBSIIEHBI PAOOTHI
K. T'oro (Kazushige Goto) [26,27|, 1. Tanmssac (John Gunnels) [33], P. Arapsa
(Ramesh Agarwal) [34], P.K. Boitm (R. Clint Whaley) [35]. B paborax C.A. Xac-
can (Somaia A. Hassan) [36] u [I. flur (Jun Liang) [37] 61 mpeoxkerst a¢-
(bekTUBHBIE peaIn3alii MATPUIHO-BEKTOPHOTO IIpousBeietus. Jlist yeckopeHus
BBITTOJIHEH NS MATPUIHOTO IPOU3BEIEHNUST pa3pabaThIBAIOTCS CIIOCOOLI XPaHEHHs
matpur B namarn [38,39]. B gactaocTn, B pabore [38| mpesioxkeno apoiinoe
6JI0YHOE pasMeleHne MATPUIL, ITO3BOJISIONEEe YMEHLIIUTDL KOJINYECTBO IIPOMAa-
XOB K JAHHBIM K3II-IIAMATH U J00UTHCsI IIPOU3BOAUTELHOCTH 97% OT MUKOBOI.

st cokpaltenust BpeMenu paspaboTKi BbICOKOIIPOU3BOAUTEILHBIX PeaJl-
sarit BLAS P.K. Boitsm (R. Clint Whaley) [40] u 1. Busve (Jeff Bilmes) [41]
peIoKILIN ucnosib3oBanue apronacrpoiiku. [I.I. Crnammunaro (Daniele G.
Spampinato) [42| u I'. Besrrep (Geoffrey Belter) [43] ucciemosan npuvenenue as-
TOHACTPOIKN COBMECTHO ¢ aHAJUTUIECKIMH TEXHUKAMIE C TIEJIbI0 OlIpPe e Ie s
wHantyudiieii onrumuzanun. K. Banr (Qian Wang) [44] pacemorpesn ncrosib3o-

BaHIE aBTOHaCTpOﬁKH COBMECTHO C 3BPpUCTHUYIECKUMHU aJI'OPUTMaMN BEKTOPU3a-
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1NN, paclipejie/ieHnsl perncTpos u jaanupoBanusg kKoman . [1.M.B. Haitnebepr
(P.M.W. Knijnenburg) [45] mpeyioKni BBITOJHATE JOMOJHATEIbHBIE H3Mepe-
HIIS Ha 11eJIeBOiT allllapaTHOl I1aTd opMe /171 yMEeHbIIEHNsT pa3Mepa MHOYKEeCTBa
3HAYEHUIl MCCIeyeMbIX apaMeTpoB I COKPAIeHNs BPEMEHN aBTOHACTPONKIL.
K. Moros (Kamen Yotov) [46] mpemioski croco6 —COKpamieHnst —IIpOCTpaH-
CTBa IIOMCKa aBTOHACTPOIKH, uUCHOJb3ysT Momaesab LIAIL

B pa6orax T.M. Jloy (Tze Meng Low) [47] u K. Horos (Kamen Yotov) [46]
OBLIIO IIPEJIIOYKEHO MOJIe/INpoBaTh norpedenne pecypcon LIAIT BmecTo mepedo-
pa 3HaYeHWi MapaMeTpoB MPOrPaMMbl I TECTUPOBAHUS TOTYUYEHHBIX PeaJn3a-
nuit Ha mesieBoit anmapatsoit miardopme. . duvmens (James Demmel) [48]
n I Bammapsg (Grey Ballard) [49] ncnosnbsosamn momens HAITL st Muammm-
3aIlii [epeMeleHnil JJaHHbIX U, KaK CJIeJICTBUe, YMEeHbIIIeHUsT BpeMeHN paboThl
npuIozKeHust u ero sHepromnorpedtenns. Mojens HHAIT moxker ncmonn30BaTbCst
JIJTST MOJIEJTUPOBAHNS COBMECTHOT'O MCIIOJIB30BAHMS CTPYKTYD JIAHHBIX, PACIIOJIO-
JKEHHBIX B 00IeM npocrpadcTse namsru [50).

B tpyznax M. ®@puro (Matteo Frigo) [51] u K. Voros (Kamen Yotov) [52]
PACCMATPUBAIOTCST KaU-He3asucumvie arzopummus (cache-oblivious algorithms),
MO3BOJIAIONINE ACUMITOTHYECKH ONTUMAJIBLHO UCIOJIB30BATH KIII-TTAMATH, UT'HO-
pHUpysl ee OT/eJIbHbIE TapaMeTPhI.

A. Xaitneke (Alexander Heinecke) [53| cosman anroputmbl cokparieHus
BPEMEHN BBINOJHEHNs] MATPUYHOTO MTPOU3BEJIEHUS JIJId MATPUI], PA3MEPHOCTD
koTopbix Menbite 80x80 smementos. X. Cy (Xing Su) [54| mpemioxkuin sBpu-
CTUYECKHiT aJITOPUTM ONTUMHU3AINN JacTell peaansanun MaTPUIHOIO IIPOU3Be-
JIEHNUST, COJIEPYKAIIINX BEKTOPHbIE HHCTPYKIIUN.

C. Xupara (So Hirata) [55] nmpeozKimt BEIIONHAT TePECTAHOBKY HH/ICK-
COB TE€H30POB C IEJIbIO MX MPEJICTABIEHIS B BUJe MATPUI] U UCIIOJb30BAHUST OII-
TUMI3UPOBAHHBIX peasn3aliii MaTpIIHOro npousse/ienns. Monndukaum Me-
toma C. Xupara (So Hirata) jjst pactipeie/leHHbIX BBIYUCTIEHUI TPUMEHSIIOTCS B

oubsimorekax Tensor Contraction Engine [55], Cyclops Tensor Framework [56],
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libtensor [57], TiledArray [58,59]. Asnropurm, onncannbiii 8 pabore 9./1. Harmo-
mu (Edoardo Di Napoli) [60], mpeacraBiisier cBopadnBaeMbie TeH30pbI KaK HaOO-
PbI MATPHIL, JIJIsT KOTOPBIX BbITOJIHsIeTCs1 MaTpudHoe mpoussejenue. [1. [Tlnpun-
rep (Paul Springer) [17] u I. MsTbio3 (Devin Matthews) [16] m1st cokparmemnst
U3JIEPKEK, CBA3AHHBIX C TEePECTAHOBKOI HHJEKCOB TEH30POB, MPEJIOKILIN HC-
10JIb30BaTh TOJILKO YaCTH DPeasu3aluii MaTpUIHOTO U MaTPHIHO-BEKTOPHBIX
[IPOU3BEJIEHNIT, CojlepKalliie BEKTOPHbIE WHCTPYKIHIH.

Jljist  coKpallleHnsl BPEMEHU BBITIOJIHEHHsI CBEPTOK TeH30poB . Apra
(Edoardo Ampa) [61] mnpumenmn —mnociegoBaTe/IbHOCTH — CTAHJAPTHBIX — OII-
rummsaiuit - uksoB. K. Crok (Kevin Stock) [62] paspaboras ajroputmbl Bek-
TOPU3AIMH JIJIS CBEPTOK TEH30POB MaJioil pasMepHocTH. st COKpalleHns: Bpe-
MEHH BBITIOJTHEHUsT CBEPTOK TeH30poB Oosibimoit pazmeproct B. Ma (Wenjing
Ma) [63| ncroib30BasT reHepaTop Kojia IMUKJIOB JI/Ist TPAGUIecKIX YCKOPHUTETEi.

ILlenp m 3agaun ucciaemoBaHuUL. [[eavto TaHHON PAOOTHI sIBJISIETCS CO-
BEPIIEHCTBOBaHUE METO/I0B 00pabOTKI HHMOPMAIIHU, TIOJIYYaeMOii CO CJI0KHBIX
CHCTEM, IIyTeM COKDAIIEHUsI BPEMEHU BBINOJIHEHIST MHOTOIMOTOYHBIX Deain3a-
Uil TEH30PHBIX OTEPAIHil Ha MHOTOsI/IEPHBIX IPOIECCOpax ODIIEero HazHadeH sl
0e3 py4HOil HACTPONKU U aBTOHACTPOINKH.

JL1sT ToCTHKeHMs 9TOM 1e/In TpeOOBAJIOCH BBIIIOJIHUTD CJIEIyIONINe 3adayi.

1. PazpaboraTh MOe/b 1e/eBOil apXUTEKTYpPhbl IIPOIECcopa C IEeJIbI0 CO-
KpallleHisI BPeMEHU BBIIIOJIHEHNs] MaTPUIHO-BEKTOPHBIX Ollepalnii 1 ux 00600-
IIeHNT Ha  3aMKHYTbIE IIOJIYKOJIbIIA C 3JIEeMEHTaMU 13  MHOXKECTBa

BeIICCTBCHHBIX YMCECJI.

2. Pa3pa60TaTb HOBbLIE aJITOPUTMBbI BBIIIOJIHEHN A TEH30PHbBIX onepaumf/’l KOH-
CTAHTHOI CJIO2KHOCTU OTHOCUTEJILHO pPasMEPHOCTH TEH30POB, YMEHbIIAIOIINE

BpEMA BBIIIOJIHEHNA TaKNUX onepaum‘/’l.

3. Pazpaborarh nporpaMMHyIO CUCTEMY JIJIsi aBTOMATHIECKON OINTHMU3a-

I BpeMEHHN BBLIITOJIHEHM ST TEH30PHBIX onepaunﬁ 1 UX aBTOMaTHUY€CKOI'O pacClla-
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paJuyieJinBadud 11PN KOMIIMJIAINW IIPOTpaMM JIJId MHOTI'OAJEPHBIX ITPOIECCOPOB

00111ero Ha3HaAUYEeHU.

4. TIpoBecTu BBIYNCINTE/IBHBIE SKCIIEPUMEHTBI, OITBEPK Tatolue 3pdek-
TUBHOCTH pa3pabOTAHHON MPOrpaMMHON CHCTEMBI 10 CPABHEHWIO C aHAJOTaMH,

HCHOJIB3YIOINMI PYYHYIO HACTPOUKY U aBTOHACTPOIKY.

Hayunas moBm3Ha. Hayunasi HOBu3Ha pabOThI COCTOUT B pa3pabOTKe
COBOKYITHOCTH Hay9YHO OOOCHOBAHHBIX TEXHHYECKHUX PEIIeHUIi, HallpaBJIEHHBIX
Ha aBTOMAaTHUYeCKOe T0JIydYeHne BbICOKOIIPOU3BOIUTEIbHBIX MHOI'OIIOTOYHBIX Pe-
aJIM3alil TEH30PHLIX Ollepalliil B IIpoliecce KOMIMJIAINN, OrpaHUYeHHOoi 110
BpeMeHH, 0e3 JIOCTYyIIa K Ie/IeBOil apXUTEeKType MHOTOsAIePHOTO MTPOIEccopa 00-
Iero Ha3HaAYEeHUs.

B npormecce ncciegoBanuii moydeHbl CJIeAyIONIe HayYHbIe Pe3Y/IbTaThl.

1. Pazpaborano pacimmpenue MoJIe/ TeJeBOil apXUTEKTypPhl MPOIECcopa
Jloy, KoTopoe 103BoJIsSIeT COKPATUTh BPEMsI BBIIIOJIHEHISI MaTPUIHO-BEKTOPHBIX
omepanuii 1 mX oOOOIIEHNIT Ha 3aMKHYTBIE IIOJYKOJbIA C SJeMEHTaMI

N3 MHOXKECTBa BCEHIICCTBCHHBIX YHMCEJI.

2. PaspaboraHbl HOBBIE aJrOPUTMbI BBIIOJHEHUS TEH30PHBIX Ollepaliuii
KOHCTAHTHOI CJIO?KHOCTH OTHOCUTEJIbHO Pa3MePHOCTH TEH30POB, yMeHbIIato-
e BpeMsI BBIIOJIHeHNsT TakuxX orepaiuii. C IOMOIIbI0 MOJAEJIUPOBAHMISI BbI-
IIOJIHEHU ITPEJICTABIEHHBIX aJrOPUTMOB Ha IeJIEBOIl apXUTEKType IIPOIEccopa
BBIBE/ICHBI HOBbIE (DOPMYJIbI, ITO3BOJIAIONINE IIOJYUYUTH 3HAYCHUs ITapaMeTpPOB
AJITOPUTMOB BBITIOJIHEHNST TEH30PHBIX Ollepalliii B 3aBUCUMOCTH OT XapaKTepu-
CTUK MHOI'Os1JIEPHBIX IIPOIECCOPOB O0IIEro Ha3HAYEHUs JJIsi apXUTEKTYP X86-64,
x86, ppcb4dle, aarch64. Briepsble JJ0Ka3aHbl yTBEPXKACHUS O CYIIIECTBOBAHUN 3HA-
YJeHUl HapaMeTpoB, IIPU KOTOPLIX OTCYTCTBYET IIPOCTON KOHBeilepa BEKTOPHBIX
NHCTPYKIMI MOJIEJIN 1eJIEBOIl apXUTEKTYpPbl IIPOIeccopa JJid IpeIcTaBJIeHHbIX
AJITOPUTMOB ITPU BO3MOXKHOCTH MI'HOBEHHON 3arpy3KH JAaHHLIX N3 IaMATH Ha

BEKTOPHbBIE PErUCTPLI.
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3. Paszpaborana HOBasi IporpaMMHasi CUCTEMa JJIsl aBTOMATUYECKON OITHU-
MU3aIId BPEMEHH BBIIOJHEHHsSI TeH30PHBIX Ollepalluil U X aBTOMaTHYeCKOI'O
pacrapaJiie/lnBaHnus [IPH KOMIIIJISIIIUN [IPOIPAMM JIJI MHOTOSIIEPHBIX IIPOIIec-
copoB 00111ero HazHadeHnsd. [Toydera HoBast OLIEHKa IIPOU3BOANTEIbHOCTI MHO-

FOIIOTOYHON HMPOrPaAMMEI.

TeopeTtuveckass 1 npakTudeckasi 3HAYUMOCTb. Paspaboranubie Mo-
nenb HHATL u anropuTMbl BBITTIOJHEHUST TEH30PHBIX ONEPAIlii ClIOCOOCTBYIOT CO-
3/IAHIIO HOBBIX METOJIOB COKpAIeHNs BPEMEHN BBITIOJTHEHNS OTepaIiil JTnHel-
HOIT ayireOpbl. PesysibraThl, U3JI02KEHHbIE B JUCCEPTAIMH, MOI'YT ObITh 3 deK-
TUBHO HCIOJIHL30BAHbI TIPU PEATN3AINN YNCJIEHHBIX PelleHnii 3a/1a9 MaTeMaTH-
YecKoi pU3MKN, MaTeMaTHIecKOil reoU3nKN, MeXaHNKI, KBAHTOBOI XUMUN Ha
MHOT'OSIJIEPHBIX ITPOIeccopax O0Iero HazHadeHus .

MeTto/io/10Tust 1 METOAbl MCCJIeJOBaHus. B jnccepralinontoit pado-
Te WCIOJIb30BaH MaTeMaTUIeCKNil armmapaT TeH30PHOTO UCUNUCIEHN 1 TeOPUn
JIMHTBUCTHYECKUX OCHOB WHMOpMATHKH. /{151 pa3paboTKi mTporpaMMHOil crcTe-
MBI aBTOMATUYIECKON ONTIMU3AINN BPEMEHHN BBITIOJIHEHNST TEH30PHDBIX OTlepaInit
MIPUMEHSIICA METO/T 00 HEKTHO-OPHEHTUPOBAHHOTO MTPOTPAMMUPOBAHUS W TEXHO-
JIOTHsI TapaJiiesbHoro rnporpammuposanust OpenMP.

ITonoxkeHust, BBIHOCUMbIE Ha 3aIMUTYy. Ha 3a1uTy BBIHOCATCS CJIeTy-

omuye HOBbIE€ Hay4YHbIE PE3YyJIbTaThbl.

1. Pazpaborano pacimmpenue MoJIe/I IeJeBOil apXUTEKTyphbl MPOIEccopa
JIoy, KoTopoe obecrieunBaeT COKpallleHe BpeMeHH BBITIOJIHEHNA MATPUTHO-BEK-
TOPHBIX Ollepaluii 1 ux 0O0OOIIEeHNI Ha 3aMKHYThIEe MOJIYKOJIbIIA ¢ dJeMEeHTAMI

3 MHO>KeCTBa BeIIeCTBCHHBLIX YHCeJI.

2. PaspaboraHbl HOBBIE aJrOPUTMbI BBIIIOJHEHUS TEH30PHBIX Ollepaliuii
KOHCTAHTHOI CJIO?KHOCTU OTHOCHUTEJIbHO Pa3MEePHOCTU TEH30POB, YMeHbIIIAl0-
IIIe BpeMsl BBIIIOJIHEHUST TaKUX orepalinil. BriBejieHbl HOBbIE (DOPMYJIBI, 1103~

BOJIsAIOIIE IIOJIYYUTDh SHAYCHUA ITIapaMeTPOB aJITOPUTMOB BBIIIOJTHECHUA TEH30P-
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HbIX OHGp&HMﬁ B 3aBUCUMOCTH OT XapaKTEPUCTUK MHOI'OJJEPHBIX IIPOIECCOPOB

o0I1ero HaszHavdeHus Jisd apXuTekTyp x86-64, x86, ppcbdle, aarch64.

3. Paspaborana HoBasi IIporpaMMHasi CHUCTEMa aBTOMATHYECKON OINTUMU-
sarn TeH30pHbIx onepanuit (AOTO) st aBToMaTHIECKON ONTUMI3AINT Bpe-
MEHU BBITIOJIHEHUS TEH30PHBIX Ollepalliii 1 NX aBTOMAaTUYECKOr0 pacliapaJiie-
JINBAHWUA PN KOMIWJIAIINK ITPOrpaMM JIJIsi MHOT'OsIJIEPHBIX ITPOIECCOPOB 00IIIe-
ro HasHadenud. Ilosyuena HoBast olleHKa IIPOU3BOINTEILHOCTH MHOTOIIOTOYHOM
HPOTPAMMBbI, IIPEJICTABIEHHON IPYIIION OJHOCTBIO BJIOYKEHHBIX IKJI0B. ABTO-
MaTH4IecKasd ONTHUMU3AIN BPEMEHI BBIIOJIHEHUsT 0000IIEHI MATPUIHOIO ITPO-

u3BeJIcHUs BHEIpeHa B ocHOBHON Ko Polly npoekra LLVM.

4. C 1noMoIIbIo SKCIIEPUMEHTOB IIPU PeIIeHnn 00paTHOI 3a/1a91 I'PaBIMET-
pun, obIeit 3a4a4n O IMyTsX, ONTUMU3AINN MATPUIHO-BEKTOPHBIX OIepalInii
I TEH30PHBIX CBEPTOK IIOJATBEP:K/I€HA IPUMEHUMOCTEH IPOIPAMMHOI CHCTEMBbI
AOTO s onTuMu3aIun BpeMeH! BBIIOJIHEHUsI TeH30pHbIX oneparnii. [Toka-
3aH0, uT0 nporpammuas cucrema AOTO conocraBuMma 110 IPOU3BOAUTEILHOCTI
CKOMITMJINPOBAHHOIO Koja ¢ KojpoMm 6ubanmorek Intel MKL, OpenBLAS, BLIS,
peaIm3yoIX MaTPUUHbIE 1 MaTPUIHO-BEKTOPHBIE IPOU3BEJEHUsI; ¢ (hpeiiM-
Bopkamu TCCG u TBLIS, peanusytonumMyu cBepTKU TEH30POB; €O CIICIHAJIN-
3upoBaHHbIM KoMIIsATopoM [CC 1 cynecTBEHHO TTPEBOCXOIUT KOMITUJISITOPBI

obmero nazuadenus Clang u GCC.

CrerneHb JOCTOBEPHOCTH Pe3yJbTAaTOB. Pe3y/braTbl HCC/IeI0BAHUS
MTOJITBEPKJIAIOTCA JIAHHBIMUA SKCIIEPUMEHTOB, BBIIIOJHEHHBIX B COOTBETCTBUU C
OOIIENPUHSITHIMU CTaHIapTAMMU.

Anpobamnust pe3ysibTaToB nccjaeaoBaHus. OCHOBHBIE [T0JIOKEHUST JIUC-
CEepPTAITMONHON pabOThI, pa3padboTaHHbIe MOJETHN, aJTOPUTMbBI U PE3YJILTATHI BbI-
YUCJUTE/IbHBIX KCIEPUMEHTOB JOKJa/IbIBAJINCH ABTOPOM Ha CJIEIYIONINX MerK-

JIYHAPO/IHBIX M BCEPOCCUICKIX HAYUYHBIX KOH(MEPEHIUsIX 1 CeMIHapax.
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Bce pesysibraThl, IpejicTaB/IeHHbIE B JaHHOI padoTe, I0J1ydeHbl aBTOPOM
smnano. CojieprkaHue Juccepraliun 1 OCHOBHbBIE I10JIOYKEHUsI, BHIHOCHMbIE Ha, 3a-
IIUTY, OTParKaloT IMePCOHAJIBHBIN BKJIa/l aBTOpa B OIyOJIMKOBaHHBIE pabOTh. B
paborax |1, 4-6] mayanomy pykooantenio E.H. AxkumoBoit mpusaiie:kuT mo-
craHoBKa 3aja4n, P.A. ['apeeBy npuna/jie;kar Bce Oy YeHHbIE Pe3yJIbTaThl. B
pabore [6] P.A. Tapeeny npunajexar pasjeist 1, 2, 4, 5 (BBejieHue, onucanme
MeTO/Ia aBTOMATUYECKOH ONTUMU3AINN MAaTPUIHO-BEKTOPHOTO TTPOU3BEIEHNUSI,
ONUCaHUEe PEe3YJIbTATOB 9KCIEPUMEHTOB, 3aKk/ovdenne, crp. 1—5), B.E. Mucwio-
BY NMPUHAJIEKNT pasjies 3 (onucanne aaropuTMma pelreHnsi oOpaTHO 3aja-

au rpaBumMerpuit, crp. 3—4). B padote 3] P.A. l'apeeBy npunaexar pasiesbl
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1, 3,4.1-4.3, 4.5, 4.6, 5—7 (BBesenne, onpejenenne TC-110100HOTO si/ipa 1 aJl-
TOPUTM €0 aBTOMATHYIECKON OITUMUBAIN, ONPE/IeJICHIE PACIITUPEHUST MOJIE/IN
ITAIT Jloy, onucanne pe3yabTaToB SKCIEPUMEHTOB, 0030p padoT, 3aKJII0UeHHe,
crp. 34:1—34:27), T. I'poccapy (Tobias Grosser) npunaiexkut pases 2 (ormca-
HUE TOJIMSIPATBLHOTO MIPeJICTaBIeHnst IporpaMmbl, ¢Tp. 34:3—34:4), M. Kpysy
(Michael Kruse) mpunajrexxur passen 4.4 (nadpacTpykTypa st MoIuduKa-
1un PYHKII JTOCTYIIA K [TaMsITH O3 IPAJIHLHOIO PEJICTABICHIS IPOTPAMMBI,
crp. 34:11).

CrpykTypa 1 00beM paboThl. [uccepraliusi COCTOUT U3 BBEJIEHUS, Ue-
ThIPEX IJIaB, 3aK/roueHns 1 oubsmorpacdun. B npuioxkenun 1 mpuBeieHbl OCHOB-
Hble 0003HAUEHU, UCIIOJIb3yeMble B jauccepramuu. OO0t oobeM Juccepraiun
cocrapiigeT 179 crpanull, BKJo4as 37 pUCYHKOB, 34 Tabsuibl. bubimorpadust

cojiepKuT 177 HanmMenoBaHmii.
KpaTtkoe coaepkaHne padoTHI.

Bo BBegeHUM 000CHOBBIBACTCS AKTYaIbHOCTH T€MbI IIPOBEJIEHHBIX UCCJIe-
JIOBaHUl 1 JJaH 0030p MyO/uKaluii, OJIM3KUX K Teme Juccepramun. Bo BBeaennn
cchopmympoBana 1e/ib paboThl, HaydHast HOBU3HA U ITPAKTHIeCKas 3HATUMOCTh
PE3YIBTATOB, KPATKO M3JI0KEHO CojlepyKaHne padoTh.

IlepBas raaBa, «O0630p M3BECTHBIX MOAXOJIOB IO COKPAIIEHUIO
BpPEeMEHHU BBINIOJITHEHUS TEH30PHBIX OIlepaliuii», M0CBsIeHa 0030py 13-
BECTHBIX 0J1X0/10B cokpaitierust Bpemenn oo aernst TC (Tensor Contraction).
OrnuchIBarOTCs METO/IbI COKpaIlleHnst BpeMeHn BbinotHerns 1T'C, nciob3yonme
PYUHYIO HACTPOIKY, aBTOHACTPONKY U MojenpoBanne Boranciaennii va [TAII.
PaccmaTpuBatoTcst criocoObl CBeJleHnsT COKpalleHns BpeMenn Bbimoinenns: 1TC
K coKpailtennio spemenu BoimoiaeHrnst MMM (matrix-matrix multiplication) u
MVM (matrix-vector multiplication).

Bo BTOpOIiT Ti1aBe, «Mojiesamn, MeToabl U AJITOPUTMBI aBTOMATH-

YeCKOI'0 COKpAallleHusd BPEMEHU BBINOJIHEHUSA TE€H3O0PHBIX ONepanuii»,
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npejcTaBieHo omnpejenenne pacimpenust mojean LHAIT Jloy ¢ uncTpykimsimMn
HPEJBLIOOPKHU 1 ONEPAIUSIMI U3 3aMKHYTBIX ITOJIYKOJIEI] ¢ 9JIEeMEHTaMU 13 MHO-
JKeCTBa BEIEeCTBEHHBIX ducesi. [Ipe/icTaBieHbl HOBbIE aJTOPUTMbI JIJISI BHITIC-
nenus obodbmennit MMM n MVM na 3amkHyTbhIe TOJYyKOJIbIa. C MOMOIIBIO
MOJIE/TNPOBAHIS BBITTOJTHEHNST OINCaHHbIX ajaropuTmoB Ha LIAIL BeiBeserbr hop-
MYJIBI, ITO3BOJISIIOIINE TIOJIYIUTh 3HAYCHUS TIapaMeTPOB OIICAHHBIX aJI'OPUTMOB
B 3aBUCHMOCTH OT XapaKTEPUCTUK MHOTOSIEPHBIX IIPOIECCOPOB ODIIEro Ha3Ha-
yeHus. PaszpaboTaH OpUIMHAJIbHBIN AJTOPUTM ABTOMATHYECKOTO COKPAIIEHUSI
BPEMEHHU BBINIOJTHEHIST TEH30PHBIX OIEPAIlHii.

Tperbsa riaBa, «IIporpammHasi cucrema aBTOMaTUYECKOI OIITHU-
MHU3aIi TE€H30PHBIX OIlepaliuii», I0CBsIleHa pa3paboTKe IPOrpaMMHOIL
cucrembl [IC AOTO Ha ocHOBe Mojeseit, aaropuTMoB 1 (DOPMYJI, TPeII0KEeH-
ubix Bo Bropoii riase. [IC AOTO apromarndeckn cOKpalaeT BPeMs BbIIIOJIHE-
HUsI TEH30PHBIX olepalinii 6e3 JIocTyIa K IeIeBOil anmnapaTHoil miaTdopMe n
0e3 BBIIOJIHEHUsI aBTOHACTPONKN U Py4UHOIl HacTpoiiku. [IpuBoanTes: onncanme
apxurekTypbl [IC AOTO. PaccmarpuBatorcest Bodmozxkubie peannzanun [IC AO-
TO. Ipeiozken MeTOJ aBTOMATHUIECKOIO paciapasiienBaius mporpamm 11C
AOTO na MHOrOs1IEpHBIX IIPOIECCOPax ODIIEro Ha3HAYEHHs ¢ 00IIeil maMsIThIO.

YerBepras ri1aBa, «Onenka 3p@HeKTUBHOCTH pa3paboTaHHbIX aJI-
TOPUTMOB>», ocBsmIeHa oreHke s dexkrtuprocT [IIC AOTO npn perennn 06-
paTHOI 3a/1a41 I'PaBUMeTpun, od01eit 3a1a4un o myTax, ontumuzainn TC, MMM
u MVM. Brinosineno cpaBHeHnne ¢ ONTUMH3UPOBAHHBIMU OUOJIMOTEKAME, KOM-
nusiTopaMu u ppefiMBoOpKaMu.

B kadecrBe mpumepa IPUIOKEHUs] aJIOPUTMOB PACCMOTPEHa OITHMUI3a-
sl BpeMEeHU BBIIIOJIHEHUsI PellleHns] TPEXMEPHOI CTPYKTYpPHOIT oOpaTHOIl 3a,/1a-
YU TPABUMETPHU O BOCCTAHOBJIEHUU Pasjiesia MEXKIY CpeJlaMi 110 U3BECTHOMY
CKa4KYy ILJIOTHOCTU ¥ IT'PABUTAIIMOHHOMY TI0JII0, I3MEPEHHOMY Ha HEKOTOPOIT 110~

a1 3¢eMHOI ITOBEPXHOCTH.

19



PaccmoTpeno yckopeHne peajin3alliid pelieHnsl 3a/adi IPaBUMETPUN Ha
OCHOBE TIPEJIJIOYKEHHOI'O aBTOPOM aJIFOPUTMa BBIUUCICHIS MATPUIHO-BEKTOPHO-
I'0 TIPOU3BEJICHUS C pea3alisiMi Ha OCHOBE MATPUIHO-BEKTOPHOI'O ITPOM3BE Ie-
HUST ONTUMU3UPOBAHHBIX OMOTHOTEK. DKCIEPUMEHTHI TIOKA3AIN, ITO B CPETHEM
PE3YJILTATHI IIPEJJIOYKEHHOT0 aJrOpUTMa OTInYaoTcs He Gojee yeM Ha 1% n
npeBocxoaaT oudsmorekn OpenBLAS u BLIS.

BrinostHeHO cpaBHEHNE OJHOIIOTOYHON W MHOIOIIOTOYHON ITPOU3BOIUTE b
nocreit IIC AOTO ¢ 6ubinmorekamut, Comep:KalliMi OITUMUASIPOBAHHYIO pea-
JIN3AIII0 MATPUIHOIO HPOU3BEJEHNs, I COBPEMEHHBIMI KOMIIMISITOPaMI. BbI-
MIOJIHEHA OIEHKA, TIOIPEITHOCTH aBTOMATUICCKON BEKTOPU3AIINHN, BBITOJTHIEMOI
oubmorekoit LLVM Core B peamumzanun IIC AOTO gaa  caygas
MMM.

B pesysibraTe 9KCIEPpUMEHTOB 110 CPABHEHUIO OJHONOTOYHON MPOU3BOJIN-
tesbHOCTH yeTanosseHo, uro [IC AOTO gocruraer 1.63-KpaTHOro ycKOopeHust
o cpashennto ¢ Komruaaropom [CC [64]; 20-kpaTHOro yckopenusi 1o cpaBHe-
Huto ¢ dpporreriom st Komrusaiun Clang [65] 1 kommuisitopamun GCC [66],
IBM XLC [67]; 83.33% mpousBognTebHOCTH pacCMOTPEeHHbIX 6ubsmoTek Intel
MKL, ARMPL, OpenBLAS u BLIS. Ycranosneno, aro I1IC AOTO gocruraer
86.18% MHOrOIOTOYHOI HPOU3BOUTEILHOCTH PACCMOTPEHHBIX O6ubmorex Intel
MKL, OpenBLAS u BLIS.

BrimostHeHO cpaBHEHNE OJHOIIOTOYHON W MHOIOIIOTOYHON ITPOU3BOIUTE b
nocreit [IC AOTO ¢ kommmisgiTopaMu B cjiydae ONTUMU3AINNA BPEMEHU BbIIIOJI-
HEHUs pertenuit ooieit 3a/1a4m o My TX, MPUMEHSIONINX 0000IeHe MaTPIUIHO-
r'0 IIPOM3BeJIeHNsT Ha 3aMKHYThIE TTOJYKOJIbIIA C 9JIeMEHTAMI U3 MHOXKECTBa, Be-
IECTBEHHBIX Yrces1. DKerepuMenTsl mokasaun, 4ro [1C AOTO nocruraer 85%
BepXHell TeOpeTuIecKoi IpaHuIlbl TPON3BoNTE/IbHOCTH. JIj1s Beex paccMaTpu-
Baembix 3ajga4 [1C AOTO mpocrtursa 1.4-KpaTHOTO YCKOpPEHHs 10 CPaBHEHUIO
¢ kommumasgitopoMm [CC u 151-KpaTHOTO YCKOpEHHUs 110 CPaBHEHHUIO C JIPYTUMU

KOMIINMJIATOPAMH.

20



Brimosineno cpaBHeHne OJHOIOTOYHON U MHOTOIIOTOYHON ITPOU3BOUTE b
HOCTell peajn3allii IPEJIJIOXKEHHBIX aBTOPOM aJIrOPUTMOB ¢ OUOJIMOTEKaMU, CO-
nepxamuMu peaan3anun MVM. B pesyibrare sKcnepuMeHTOB YCTaHOBJICHO,
YTO JIOCTUIAeTCsl OJIHOIOTOYHAsl U MHOI'OIIOTOYHASI IIPOU3BOAUTEILHOCTI OUO-
muotek Intel MKL, OpenBLAS un BLIS. Brimonnena omnenka 3HavdeHHil mapa-
METPOB, TOJyIeHHBIX ¢ NCIOJIb30BaHneM (hopMyJI, BHIBEJIEHHBIX B pasiese 2.

Brimosineno cpaBHeHne OHOIOTOYHON M MHOTOIIOTOYHON ITPOU3BOUTE b
nocreit [IC AOTO ¢ dppeitMBopKaMu, MO3BOJISIIOIIIMI IOy IUTEH OITHMI3HPO-
BaHHYIO PeaJin3allii0 CBEPTKU TEH30POB, U COBPEMEHHBIMU KOMIIIISITOPAMHU.
DxkcrepuMeHTaabHO yeranoseHo, 9To ITIC AOTO mocturaer 80-KpaTHOro ycKo-
peHusi 110 CPaBHEHUIO C PACCMOTPEHHbBIM (ppoHTeHI0M i Kommuasinun Clang n
koMmmmisitopamu GCC, ICC; I[IC AOTO comocraBuma 110 TpOU3BOAUTETHHOCTI
ckoMITIImpoBanHoro Koja ¢ dppeitmpopkamu TCCG n TBLIS.

B 3ak/04YeHUn IPUBOJISITCSI OCHOBHBIE BBIBOJDLI II0 TeMe JIUCCEePTAIH,
[PEJICTABIIAIOTCS OTJINUNS JUCCEPTAIIMOHHON PAabOTHI OT PaHee BbIITOJIHEHHBIX
POJICTBEHHBIX PA0OT JIPYIUX aBTOPOB, 00CY K TAI0TCA BO3MOXKHOCTH IIPIMEHEHUsT
IIOJIYYeHHBIX PE3YJIbTATOB U II€PCIIEKTUBbI JaJIbHEMIIEro pa3BuTs JaHHOIO Ha-
IIpaBJICHUS.

B npuioxkeHun 1 npuBogsaTCcss OCHOBHBIE 0003HAYEHNsI, NCIIOIb3YeMbIe B

JIICCEePTAIIMOHHO paboTe.
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[1aBa 1

O0630p M3BECTHBIX IOAXOJ0B O COKPAIIEHIIO

BpeMeE€HN BbIIIOJIHEHMNA TEH30PHbIX onepauﬂfx’l

[IepBas ryraBa mnocesineHa 0030py M3BECTHBIX IIOJIXO0J0B COKPAICHUs Bpe-
Menn BbinojiHeHns TC, UMeIIX MUPOKoe NpakTudeckoe rnpumeHeHne. Ornu-
ChIBAIOTCsI METO/bI COKpallleHs BpeMeHn BbiroiHeHns: T'C, ucio/ib3yolie pyd-
HYIO HACTPOIKY, aBTOHACTPOIKY 1 MozenpoBanne Beranciaennii Ha LIATL. Pac-
CMaTPUBAIOTCSI CIIOCOOBI CBEJICHUS COKpallleHusi BpeMeHnu BbinojiHeHnss TC k

cokpairrennio Bpemenn BoinoHennss MMM u MV M.
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1.1. O6G30p MeTO/I0B COKpAaIlleHIsI BpeMEHU BbIMOJIHEHMS

MMM u MVM

MMM 1 MVM mmpoko mpuMeHsI0TCA PU PEIIeHUN TPUKJIATHBIX 3a/1a4.
[Ipumepom ncnonbzoBanusg MMM ciy)kut «obpe3ka BeCOB», UCIOJIL3YIOMIAACS
B MarmuHHOM 00y4enun [68-70|. DHeprus KOppessiiu MOJIEKYJI, PACCMATPUBA~
eMag B KBAHTOBOJ XMMHIHM, PaCCIUThIBaeTCA ¢ ncrosb3oBannem MMM [71H73).
B kauectBe npumepon mnpumenenuss MVM MmoxkHO mnpuBecTu 0Ope3Ky BECOB,
IpUMEHsIEMYIO B MarmnHHOM obydernn [74-76|; anasms rpados [77-H79]; pacaer
K03 huIeHToB cKopocTr peakiun [80-82].

B cumy mmpokoii pacrpocTpaHeHHOCTH W MPaKTHIECKONH 3HAYUMOCTH CO-
kparmienne BpeMenn Boiosinennd MMM n MVM gapnsgerca ornesbHbIM TTpe/i-
METOM U3YYEHHsST BHICOKOITPOU3BOINTEILHBIX BbhlUncaeHuil. Orneparu TpeThero
ypoBHst BLAS MoryT OBITH BBIYUC/ICHBI, UCIOIB3Ys peansanuio MMM u orme-
parnu Broporo yposast BLAS [24]. [lis Berdaucsenust Bcex onepariii BToporo
yposasi BLAS moryTr npumensitbest onepaiun mepsoro yposas BLAS u pea-
mmsarst MVM [25]. Onrumusuposantaeie MMM u MVM MoryT npuMeHsATHCs
JIUIsT cOKpallieHust BpeMenn BbinosHerns TC ji/1st TeH30poB 00JIbIeli pasMepHo-
cru (em. pasgen|[L.3)). PaceMoTpuM OCHOBHBIE HOIXO/BL K COKPALICHIIO BPEMEHN
BeimoHennss MMM u MV M.

Py4dnasi HacTpoiiKa sIBJISeTCs CAMBIM CTapbIM U HAKOOJIee YaCTO UCIIOIB3Y-
eMbIM CII0cOOOM cokpaiiieHusi BpeMenn BoirojiHeHns MMM u MVM. B nporec-
ce ee BBINTOJIHEHUS SKCIIEPT B 00JIACTU BBICOKOIIPOU3BOIUTEIbHBIX BBITUCICHUIT
CO3/IaeT HOBYIO peaJIN3alliio MPOrpaMMbl JIIs KaxK ol TpebyeMoil 1esieBoil arl-
1apaTHOil 11aTdOPMbI IIPHU JIOCTYIIE K Heil.

[Tpenoxkennsriit B paborax K. T'oro (Kazushige Goto) [26],27] napamerpu-
30BaHHbII aaropnT™ [I] sBIs€TCS TPUMEPOM COBPEMEHHOI'O aJrOPUTMa BBIIOJ-
nenng MMM, npuMensieMoro B KauecTBe OCHOBBI JIJII CO3TaHUS HOBLIX peaJii-

sannit BLAS B 6ubmnorekax OpenBLAS u BLIS merogom py4HOii HACTPOHKM.
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Ero ocnosoit cirykut 3PeKTUBHOE UCIOIL30BaHIE KIII-TIAMSITH 1 BEKTOPHbBIX
UHCTPYKIUI TIpolieccopa, ABJAIOIINXCA OJHUMU U3 OCHOBHBIX PECYPCOB JIJId J10-
CTUZKEHUA BBICOKOW ITPOU3BOUTEILHOCTA IIPOrPaAMM JIJId MHOT'OIIPOIECCOPHBIX

cucreM |[8,83].

AnroputMm 1: Brrancienne MMM

1 begin
2 for j = 0..N — 1 step N, do
3 for p = 0...K — 1 step K. do
4 Komuposanue B(p:p + K. — 1, j:j + N. — 1) B maccus B,
5 for : = 0...M — 1 step M. do
6 Konmposanue A(ii + M. — 1, p:p+ K. — 1) B maccus A,
7 for j. = 0...N.— 1 step N, do
8 for i. = 0...M_.— 1 step M, do
9 for p. = 0...K.—1do
10 Il=d.:1.+M,—1,J=3.:7.+N,—1
11 Cc(]L “H) += Ac(]L pc) ) Bc(pm J)
12 end
13 end
14 end
15 end
16 end
17 end
18 end

Ha Bxox airopurma (1] momatores marpuisl A, B u C, nMmerormne pasmep-
noctb M X K, K X N u M x N, coorBercrBenno. Marpuna C coaep:Kur
pesyabTaT BhinoaHenng MMM. B mporiecce Bointo/inenus ajropuTMa MaTpPHUIlbI
A u B pasbuBatorcst Ha 6JI0KH, Kak okazaHo Ha puc. [L. 1] Do nossoJisier MHOTO-
KPaTHO UCIIOJIb30BaTh 3JIEMEHTHI OJIOKOB, XPAHSAIIUXC B KIII-NIaMATH. Pa3zmepbl
os1okoB N, K., M., N, u M, asnsgiorca napaMerpamu aaroputma. VIx saavdenns
MOI'YT OIIPEIEJIATHCA € IIOMOIIBIO aBTOHACTPONKN 1 PYYHON HACTPOUKM.

C mesbto obecriedeHns MocIeI0BaTe/IbHOrO J0CTYIIa K onepangaM MMM B
IIporiecce BBINOJIHEHNs ajaropuTMa [I] co3maroTest BpeMeHHble BhIpaBHEHHBIE B I1a-
MsITH MaccuBbl A, 1 B, XpaHsiIue 3JIeMeHThI I€PEMHOKAEMbBIX IOJIMATPUIL Pas3-

mepHoctt M. X K. n K. x N., coorBercTBeHHO. 3Ha4denust napamerpos M., K.
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n Nc BbI6I/IpaIOTCH TakK, YTOOBI XPpaHUMBbIE 9JIEMEHTBI OCTaBaJIMCh B K3III-ITaMATH
MexKYy ABYMs ITOCJICJOBATE/JILHBIMU UTEPpalludAMM ITUKJIa C I/IH,HyKTI/IBHOﬁ rnepe-

MEHHOI1 p.

MNamaTtb L3 Kaw Lo kaw Lq koW Pernctpbl

- 2> / \ Nr
" i

C

A

A
Y

A
Y

Puc. 1.1. Pazbuenue marpun; A, B u C' na 6J10Kn.

BuyTpennnii 1iuk/1 ajropurma (1| BMecTe ¢ cojepKaluMIcs B HeM BEKTOP-
HBIMI UHCTPYKIUSIMU MOYKET MeHEePUPOBATLCS aBTOMATUYIECKU B IIPOIECCe KOM-
I UM PeaIn30BhIBATHCS BPYUHYIO B BUJIE OT/I€/ILHOM IIPOLEyPhl, HAIIN-
CAHHOI Ha si3bIKe acceMmbiiepa, JJIsl 1IeJIeBOil alapaTHoii 111aTdOopMbI ,.

[Ipeyoxkennnie B pabore C.A. Xaccan (Somaia A. Hassan) [36] mapa-
MeTPU30BaHHbIE aJITOPUTMBI [2] 1 [3] SIBJISIIOTCS TIpUMepaMi COBPEMEHHBIX aJIro-
puTMOB BbITIoJIHeHUss MVM,| uctosib3yeMbIX B KauecTBE OCHOBBI JIJIsI CO3/IaHUs
HOBBIX peasu3anuii BLAS meromoMm pydHOil HACTPOHKU JJIsI CIIyYaeB TPAHC-
IIOHUPOBAHHON U HETPAHCIIOHMPOBAHHONI MaTpPHIIbI, COOTBeTCTBeHHO. Ha BX0j1
asroputMa [ moarorest Marpuiia A 1 BEKTOPBI T ¥ Y, UMEIOIIIe Pa3MepPHOCTD
M x N, M u N, cooTBeTcTBEHHO. BEeKTOp Y CONEPKUT Pe3yIbTAT BBITOJTHEHUS

MVM npna coyyas y = ATz + y. Ha Bxom anropurma |3| mogatoTcss MaTpHIia
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A n BekTOpHI T, Y, umerorue pazmeproctb M X N, N u M, cooTBeTCTBEHHO.

Bekrop y comep:xut pesyibrar Bbinoanerns MVM mis ciaydas y = Ax + v.

AnroputMm 2: Boraucienne MVM. Coyuait TpancnonupoBaHHOI

MaTPUIIBI

1 begin

2 for 1, = 0...M — 1 step BS do

3 for j, = 0...N — 1 step BS do

s it (j, < N—D-BS) {

5 [peaseibopka A(ip : iy + BS — 1,5, +D-BS : j,+ (D +1)BS —1)

BLouy(jpb+D-BS:j+(D+1)BS—1)8L,;
}else if (i, < M — BS) {
6 [peasoibopka A(iy+BS :i,+2BS—1, 7 : jy—(N—D-BS)+BS—1)
Blouy(p:jo—(N—D-BS)+BS—1)81L,
}

7 for : = 0...BS — 1 step 1 do

8 I =iy, + 1, BS, = VectorLength,acc(0:BS, — 1) = x([)

9 for ) = 0..BS — 1 step BS, do

10 J=Jp+7J

11 y(J:J+BS,—1) += A(l,J : J+BS,—1) - acc(0: BS, —1)
12 end

13 end

14 end

15 end
16 end

B IIponecce BLIIIOJIHEHN A aJITOPUTMOB (£ 1 MaTpUIbl 1 BEKTOPLI pa36I/IBa—

10TCsl Ha OJIOKU. DTO BJIMSIET Ha MPEJIBBIOOPKY JIAHHBIX, 3aIrPYrKAIONLyIO JaHHbIE

B L1 n L2 KolI, a TaKzKe€ II03BOJIZA€T MHOI'OKPATHO MCIIOJIbB30BaTb 3JIEMEHTDLI

OJIOKOB, XpaHsiIecs: B Kam-tiamsiTi. Pasmepnr OjiokoB BS, B.S, u mar npej-

BBIOOPKK [) SIBJISIIOTCS IIapaMeTpaMu aJropuTMmoB. VX Hausydiine 3HadeHUst

MOTYT OIPEJIE/ISATHCS ¢ IMIOMOIIBIO TIepebopa BO BpeMsl PYUHON HACTPOIKH.

st cokpallieHnsi BpeMeHn Pa3pabOTKM BBICOKOIPOU3BOIUTE/ILHBIX Pea-

musaiuit BLAS asroper 6ubsmmorek ATLAS [40] u PHIPAC [41] npemioxuim

HCIIOJIb30BaHNEe aBTOHACTPOIKH. B Xoie ee paboThl BBIIOJIHSIETCs Iepedop Beex

BO3MOXKHBIX 3HAUYEHUI MapaMeTpoB paccMaTpuBaeMOil IPOrpaMMBbl € IEJIBIO 10~

JIydeHud peaJin3alui, I/IMGIOHleﬁ HanMeHbIlnee BpeM# BBLITTOJIHCHM . Kakus CJIy-

26



yae PYJHOI HACTPOIKU, JIJI BBIIOJHEHNSA aBTOHACTPOIKU HEOOXO UM JIOCTYII
K TIeJIeBOIT almapaTHoil maTdopMe, a TakxKe TOTeHINAIbHO OO0JIbITNE BPeMeH-
HbIe 3aTpaThl. bbl1o okazano, 9to B ciaydae ATLAS u MMM aBronacTpoiika

MOKET MPUBOJINTH K HEONTHMAILHBIM pesysbraTaM [27).

Anroput™m 3: Boruncienne MVM. Ciydait HeTpaHCIOHUPOBAHHOMN

MaTPUIIBI

1 begin

2 for 1, = 0...M — 1 step BS do

3 for j, = 0...N — 1 step BS do

1 if (jy < N—D-BS){

5 [Ipeaseibopka A(iy : iy + BS — 1,5, +D-BS : j,+ (D +1)BS —1)

Blouy(jy+D-BS:j+(D+1)BS—1)81,
}else if (i, < M — BS) {
6 [Ipensoibopka A(iy+BS :ip+2BS—1,7j, : jy—(N—D-BS)+BS—1)
Blouwy(p:jh—(N—D-BS)+BS—1)8L4
t

7 for : = 0...BS — 1 step 1 do

8 I =i, +1i, BS, = VectorLength,acc(0:BS, —1) = 0

9 for ) = 0..BS — 1 step BS, do

10 J=Jp+7J

11 acc(0: BS, —1) +=A(I,J: J+BS,—1) - x(J:J+BS, — 1)
12 end

13 y(I) += 25 ace(0, 1)

14 end

15 end
16 end
17 end

ABroHacTpoiiKa 1 aHAJIUTUYIECKIE TEXHUKN MOT'YT PUMEHSTHCS COBMECT-
HO C TIeJIBIO OIIPEJIe/IeHIs HauTydieil ontuMusanuu. Takoi 1m0J1Xo/1 NCII0b3Y-
ercst B kommmsitopax LGen [42] uw BTO (Build to Order BLAS) [43].

LGen — koMmmigTop /10 6a30BBIX ONEpallnii JHHEHHON aaredphl ¢ orre-
paHaMi MaJjIoil pa3MepHOCTH, M3BECTHO! Ha 3Tare KoMIuasiun. JIjs BoImos-
HEeHWs pa30OMeHnil UKJI0B, BEeKTOpU3aIuu 1 cinsinus mukiaoB LGen ucrosb3yer

CHGL[I/I&HI/ISI/IpOBaHHbeI SI8BIK, HOSBOJIHIOHH/Iﬁ IIOCTPOUTDL MaTEMaTUYIE€CKOE IIPEI-
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cTaBJIeHNEe MIPOrPaMMBbl JIJIs ee JaJibHelleil ontuMusalun. PesyibraTom pado-
Tl LGen gpistiorest pyHknun Ha sizbike C, coneprxkariue SIMD uncerpykimn.

BTO koMmmuaupyer moc/ie0BaTe/IbHOCTh BbIPAXKEHU, COJIePXKAIIITX MaT-
PHUIILI U BEKTOPHI, Hanncanayio Ha ss3bike MATLAB, B onTuMusnpoBaHHbIi KO
na s3eike C++-. B mpornecce ontuvmzaruun BTO BeimosisgeT causame MUKJIOB,
ocHOBBIBasich Ha Mojesn ALl n sMnupumdaecknx meTorax.

Dpeiimopk AUGEM [44] ncrosib3yer aBToOHACTPONHKY COBMECTHO C 9BPHU-
CTUYECKNMU aJIrOPUTMaMI BEKTOPU3AINN, PACIIPEIe/IeHIS PErUCTPOB U ILIaHU-
poBanus komam. C nomorpio 6ubsmorekn POET [84] dpeitmBopk AUGEM
pacrio3HaeT J4acTu abCTPaKTHOTO CHHTAKCUIECKOI'O JIepeBa IPOrpaMMBbl Ha, SI3bI-
ke C, cosepzkalie 3apanee ompejieJIeHHbIi HaOO0p onepalnii ¢ MaTpUIiaMu, J1Jist
X JaJbHEHIIeil ONTUMU3allnu.

Bpewmst BBITIOJTHEHUST peaIn3aliii aJIropUTMa JIJIsi paccMaTpIBaeMOro Habo-
pa 3HaYEHUIT ero mapaMeTpPoB MOXKET OBITH OIEHEHO C UCIOIH30BAHIUEM MAallllH-
Horo obydenust [85-87|. Takoil 1mojixo/| coKpaliaer BpeMsl BBINOJTHEHUS aABTO-
HACTPOIKM 3a CUeT BBHINOJTHEHUS JIOMOJTHUTETHLHBIX M3MEPEHUil Ha aIlmapaTHbIX
naTdopmax, IMEIOIIIX CXOKIEe XapaKTEePUCTUKH ¢ 1iejieBoii. B obriem ciydae
CYIIIECTBYIOIINE TIOJIX0/bl K ONTUMU3AIUN BPEMEHI BBIIIOJHEHUs IIPOrPaMM, OC-
HOBAHHBIEC HA MaITMHHOM OOYyUYEHUU, HEJOCTATOYHbI JJIs aBTOMATHYECKOIO I10-

JIYYEHU S BBICOKOIIPOU3BOIUTEILHBIX PeaJN3aliil MporpaMM B IIPOIECCe KOMIIN-

nsiun [88],89).

1.2. Mogeanr LIAII Jloy

st rocTrKeHnsT BHICOKOI MTPOM3BOIUTEIBHOCTH PeAN3allisd aJropPUuTMa,
JIOJIZKHA YIUThIBATH 0COOEHHOCTH Iie/IeBOil ammapaTHoii miardopMbl. B 60.1b-
IITHCTBE CJIYyJaeB JIJIsi 9TOTO JOCTATOYHO YIIPOIIEHHOI'O OIMCAHUST KOMIIbIOTEPA,
OITyCKAIOIIEro HEKOTOPhIE JIeTaj i PadOThl alnapaTHbix cpeacTB. Mogens [TATI

MOXKET cojiepzKaTh abCTpaKTHOE OIMCAHe MHOI'OSIJIEPHOTO IIPOIeccopa ODIIEero
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HA3HAYEHUs] U €ro IPHUHIUIIOB pabOThl C IHEJIbI0 OTOOparKeHHsI Peam3yeMOoro
aJICOPUTMa Ha peasibHbI KoMmIbioTep. B pesyibrare oToOparkeHust MOI'yT ObITh
BBIBEJIEHBI (POPMYJIbI, [TO3BOJISIIOIINE OJIYIUTh 3HAUEHUs IIapaMeTPOB 0ToOpa-
»KQeMOro aJI'OPUTMAa B 3aBUCUMOCTH OT XapaKTEPUCTUK MHOTOSIIEPHBIX IIPOIIEC-
COPOB ODIIEro Ha3HAUEHUSI.

Pacemorpum moziens ITAIL npemnoxennoit T.M. Jloy (Tze Meng Low)
JIUTsT HAXOZK/IeHNsT 3HAYEHUI ITapaMeTPOB pean3alun ajiropurma (1| B oubmore-
ke BLIS [47]. TTosyuentble 3HaUeHs] TAPAMETPOB [O3BOJIAIOT JIOCTUIHYTh PO~
M3BOJINTE/ILHOCTH OHOINOTEK, cojepskamux peajusanuio MMM [47]. Mogens

LTAIT onmceiBaeTcs ciieyonmmM 00pa30M.

1. ApxutekTypa 3arpy3ku/coOXpaHeHns 1 BEKTOPHbIE PETUCTPHI:
JIaHHBIE JIOJI2KHBI OBITh 3arpyKeHbl B PErHUCTPhI IIpolleccopa Iepejl TeM, Kak
C HUMHU MOT'YT OBITH BBINOJIHEHBI BbIYUCICHUA. NREg — KOJUYIECTBO BEKTOP-
HBIX PerucTpoB. Nygc — KOJMYECTBO 3HAUEHUI pa3MepPHOCTU SpATA, KOTOPbIE
MOYKET COJIepKaTh BEKTOPHBIN peructp. Ecin Nrgg pasno 0, Nygc nmpucban-
BaeTcs 3Hadenue 1. Ilpearnosnaraercss, 910 KOMaH/IbI JJIsi pabOThl ¢ HMAMSTHIO
MOTYT BBITIOJIHATHCS OJIHOBPEMEHHO C KOMaHJIaMU apu@METUKH C ILJIaBaroIiei
TOYKOIA.

2. BexkTopHble WMHCTPYKIUU: Nypya — KOJUYIECTBO BEKTOPHBIX WH-
crpykiuit VEMA (Vector Fused Multiply-Add), BbranciisiembIx mporeccopom 3a
ojinH TakT. NyppmA OHpEIessieT IIPOIYCKHYIO CIIOCOOHOCTD mporeccopa. VEMA
BbINIOJTHSAET NyEc YMHOXKEHNN U cyiozkeHnit, coctapistiormumx FMA. Lypya — Mu-
HUMaJIbHOE KOJIMYECTBO TaKTOB, KOTOPOE JIOJI?KHO OBITH COBEPIIEHO Iepe]l Ha-
YaJIOM BBIIIOJITHEHUsI HOBOI 3aBucuMoii 1o JaaabiM VEMA-uncrpykmun. Lypava

ornpejienisieT 3aiepKKy VEMA-unctpykimn.

3. Kamm-maMeTh: Becb K3II JAHHBIX — MHOXKECTBEHHO-aCCOIUATUBHBII
KSII ¢ MOJINTUKOJl BBITECHEHUs TIOCJIEJHEr0 110 BPEMEHHU UCIOJIb30BaHusT (aH-
ri. Least Recently Used, cokp. LRU). Kaxpiit ypoBerb katia L; Xxapakrepu-

3yercs CJIeYIOMUMHI TapaMerpamu: Sy, — pasmep L;; Wi, — crenennb acco-
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mraTuBHOCTH; Np, — KoJmdecTBO MHOXKecTB; C, — pa3Mep JIMHNU K3IIa, TJe

SL, = Np,,CL,W1,,. B caydae nomnocTsio accormaTuBHOro kama Ny, = 1.

B peasnbubIx ciryuasx 3nadennst napamerpon mogenn LIAIT onpenensrores
TEXHUYECKIMU XapaKTePUCTUKAMU I1eJIeBOI armapaTHOil miaTdopMbl. Tak, Ha-
npuMep, NHMOPMAIA O TPOITYCKHBIX CIIOCOOHOCTAX M 3aJiePrKKaxX NHCTPYKITUI
Iporieccopa MOYKeT OBITh HafijleHa B CIIPABOYHON JTIOKYMEHTAITUN 110 ONTIMU3a-
MUSIM TIPOrPAMMHOIO obecriedenust st JaHHbix mporieccopos [90,91]. Jdantbie
0 K3II-ITaMATH U BEKTOPHBIX MHCTPYKIUSX JOCTYIHBI B CONPOBOJINTEILHOM 10-
KyMEHTAITNN K MTPONU3BOJNMBIM ITPOIECCOPAM.

Ecan y nporeccopa orcyrersytor VEMA nHerpykimm, Lypya MOXKeT OBITH
BBIUMC/ICHA KAK CYMMa 3a/IePyKEK BEKTOPHOTI'O CJIOYKEHUS U YMHOXKEHUS. NyFMA
MOXKeT OBITH BBIYHC/IEHO KaK HauMeHbIIee U3 MMPOITYCKHBIX CIOCOOHOCTEH BeK-
TOPHBIX MHCTPYKIMI CJIOYKEHUsT U YMHOXKEHHSI, €CJii 00e 3TU MHCTPYKIMH MO-
ryT OBITH BBIIOJHEHBI [TPOIECCOPOM OiHOBpeMeHHO [47]. B mporusHOM ciiydae,
NypMA MOXKeT ObITh BbIUMCJIEHA KaK HaWMEHbIIee M3 IPOIYCKHBIX CIIOCOOHO-
cTeil BeKTOPHBIX WHCTPYKINIT CJIOYKEHNs U YMHOYKEHN, pa3jie/IeHHoe Ha, JIBa.

Omnpenesienne 3HaveHuii mapamerpoB ajaroputma [Il. s BeiBoa
bopMyJI, MO3BOJISIONINX HANTH 3HAUECHHsI TapaMeTpoB ajroputMa [l B pabore
T.M. Jloy (Tze Meng Low) [47] npeyaraercst cMojieIMpOBaTh BBIIOJIHEHHE aJl-
roputma 1| Ha momenn LTATIL.

Buyrpennnit nukst aaroputma |l Beimostaser N, X M, nncrpyknuit VEMA |
BBITUCIAIONINX HOBOE 3HAUEHUE /I KaxKJI0TO N3 9JIEMEHTOB IOJAMATPUIILI Pas-
mepuoctu N, X M, marpunst C'. B cuay Toro, aro VFMA-uncTpyKInn mnme-
10T 3aJIepKKY LypyaA TaKTOB Iporieccopa, Lypya TAKTOB JOJIZKHO TMPONTH ITe-
peJl BLIYKC/IEHIEM HOBOI'O 3HAYEHU S KarK I0T'0 OT/IeIbHO PACCMaTPUBAEMOr0 dJIe-
MeHTa MOAMATPUILL. TaK Kak MPOIyCKHas CIIOCOOHOCTH MPOIECCOpa COCTABIIA-
er Nypma VEMA-uHCTpYKINit, TO HPOIECCOp J0/2KeH HadaTh BBIIIOJHEHIE He

meree NypyvaLveva VEMA-naCTpYKINit, 91006 130€2KaTh MPOCTOSI BBITICIIN-
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TesibHOTO KoHpeitepa. CiienoBaresibno, Nypyvia Lyveva NvEC 971€MEHTOB IO MaT-
punibl C' 10JIKHO ObITH BbIUKC/IeHO. BesegcTue 3Toro
M, N, > NyecLyvnva Nvama - (1.1)
Ha kaykjioif mTepalyuy BHYTPEHHEIO NUKJA aJrOpUTMa 1| BHIYHCIISIOTCS
HOBBIE 3HaUYeHUs moAMaTpuilbl pazmepHoctu N, X M, marpuibl C' 1 HCIIOJIb3Y-
iorcst M, n N, HOBBIX 3jeMeHTOB MaTpuiibl A nu B. st ycKOpeHuns: BpeMeHn
JIOCTyIIa K 3JeMeHTaM MAaTPUIL, UCIOJb3yeMbIX BHYTPEHHHUM ITUKJIOM, JaHHbIE
3arpy>KaroTcs U XPaHsITCs Ha BEKTOPHBIX pErncTpax Imporeccopa. Tak Kak KoJIn-
YECTBO PETUCTPOB OrPAHUYEHO, TO UCIOJIB3YIOTCS HAMMEHBIINE U3 BO3MOYKHBIX
sHadenuit napamerpos M, u N,. Taxoil 10/1X0/1 1103BOJISIET BBIIIOJIHUTD Pa3MOT-
Ky BHYTPEHHETO IMUKJIa aaropuTma (1| 1y 6osee 3dpHeKTUBHOTO UCITOTb30BaHU
BEKTOPHBIX PErUCTPOB, YUUTHIBasi OrpaHUYeHNe Ha KOJUIECTBO BEKTOPHBIX pe-
ructpos. CJieioBaTe/IbHO,
M, N, = NygcLvvmaNvMma- (1.2)
BrayTrpennnit nuka agroputma (1| Berancager 2M, N, K. onepannii ¢ 1ia-
Batorieil Toukoit n Beinosasier 2M, N, + M, K. + N, K. onepanuii ¢ maMaTbIO.
YuanrbiBasi ypasrenue (1.2), /s Toro 9To6bl MEHUME3HPOBATH COOTHOIIEHIE
KOJIMIECTBa, Ollepalluil ¢ MaMATbI0 K KOJMYECTBY Ollepaliil ¢ IiaBatoleil Tou-
Koit, mapaMmeTpbl M, u N, IOJKHBI IMeTh paBHBIC 3HaYeHudA. 151 Toro 4Tobb!
rapaHTUPOBATh IOJHOE 3allOJHEHUE BEKTOPHBIX PErUCTPOB, UCIOJIb3YEMbIX B
[IpoIecce BBITOJIHEHNsI MUKPO-siapa, M, i N, 10/KHBI ObITh KpaTHBI Ny ge.
Tax xkaxk M, u N, IpUHIMAIOT IeJI0YNCIEeHHbIE 3HAYEHISI, OHU MOI'YT ObITh BbI-

YUCJIEHBI CJICJYIONUM 00pa30M:

N, = [\/NVECLVFMANVFMA/NVEC—‘ Nyrc,

M, = [ NygcLvrva Nveva /N, |

Briejiem hbopMyiibl [Jist olipejiesienns 3Hadennii mapamerpos K., M. u N,.
JLj1s1 9TOrO paccMOTpUM, KaK U3MEHEHIe UX 3HAUCHU BJIMsIeT Ha, ICII0/Ib30BaH1e

Kon-aMaTu mojesn [TATT
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B GosbmnHCTBE citydaeB pasMep YPOBHEH K3II-TIaMATH YMEHBINAETCA TTPU
ux BospacTtaHuu. [Ipm 9ToM cKOpoCTb JAOCTYIA K JaHHBIM KIII-TIAMSITH YMEHb-
maTcs ¢ yBeJmdeHneM YpoBHs. BciiencTBue 3Toro pasmepbl HOAMATPHIL JTOJIK-
HBI OBITH IT000PAHbBI TAK, YTOOBI 3JIEMEHTBI MATPUIL, UCIIOJIb3YeMbIe Yallle OCTaIb-
HBIX, OCTABAJIICH B KAIII-IIAMSITH HAUMEHbIIIEro 13 JOCTYIIHBIX YPOBHE KaK MOK-
HO JIOJIBIIIE.

Paccmorpum nuki ajsropruma (1| ¢ mHIYKTHBHON epemenHoil ¢. Ha xaxk-
JIOI UTepalnun JaHHOTO IUKJIA UCIOJIb3YIOTCs OdHU 1 Te 2Ke I, X N, 371eMeHTOB
Marpuiibl B u M, X K. HOBbIX sjeMeHTOB MaTpunbl A. OO03HAUNM JaHHbIE
[OJIMATPHUIILI C TOMOIIBIO B, n A,., cooTBeTcTBeHHO. YTOOBI 3/1eMeHTRI I3, ocTa-
BaJinch B L MexKy JIBYMsI IIOCJIE0BATEIbHBIMU UTEPALUsIMI PACCMaTPUBAEC-
MOTO IUKJIa, OHI He JIOJ?KHBI BBITECHSITHCs 3arpyzKaeMbIMi d1eMeHTaMu A, n
C. Ilpu stom napamerp K. J0JKeH UMeTh HanOOJIbIllee 3HAYEHIE, ITOOBI yBe-
JINYUTH pa3Mep JAHHBIX, UCIOJIb3yEeMbIX TOBTOPHO.

[Tpunumast Bo Bunmanue nosntuky BoitecHernust LRU mojenn ITATL, mox-
HO Cc(HOPMYJINPOBATH CJICIYIOIINE YCJIOBHS, IO3BOJISIONINE ITOBBICUTH BEPOSIT-

HOCTH COXpaHeHus dJ1eMeHTOB B, B L.

1. Ha xakjom miare nmkJja ¢ MHJIYKTHUBHON IePEMEHHON ¢ KarKJIbIil dJie-
MeHT B, u A, 3arpy:kaercs TOJLKO OJUH pa3. BeiegcTBue 3Toro, ecin 3arpy-
3UTDL 3/1eMeHThl A, B Ly pambie dem 3jieMentTsl B,., sementol A, OymyT Haxo-

AUTCA paHbIlle B O4eEpEeaN Ha BbITE€CHEHHEC II0 CpaBHEHUIO C 3JIEMCHTaMU Br.

2. Tak Kakx 3;ieMeHThI A, He HCIOIB3YITCSI TOBTOPHO Ha CJIeAYIONmeil nre-
paIy OIKICHIBAEMOI'0 IUKJIa, OHU MOTYT OBITh HOJIHOCTBIO BhITecHEHBI. CJie/10-
BaTeJILHO, ITOJIHOE 3aMeIleHne 3JIeMeHTOB A, sjiemerTamu A, HCIIOIb3yeMbIX Ha,
CJIeIYIOIINIT UTepalyy, I03BOJINI0 Obl XPaHUTh B Ly nogmarpuity B, 0obInx
pa3MepoB.

J1j1s1 TOro 4TOoOBI BBITIOJIHAJIOCH TIEPBOE YCJIOBHE, MIPE/IBLIOOPKA 3JIEMEHTOB
B, MoxkeT ObITH BBIIIOJIHEHA TI0CJIE IPEeABBIOOPKH 31eMeHTOB A,.. [ljs1 BbioHe-

HUS BTOPOI'O YCJI0BUS 1o0epeM Hanbo IbIlee 3HavdeHne napaMerpa K., mo3BoJis-
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ol1ee Ha KayKJI0i uTepalnn MUKJIa ¢ MHyKTUBHOI IlepeMeHHOil ¢ NCII0JIb30BaTh
OJIHI U Te Ke MHOyKecTBa Ly It XpaHeHusI 3JIEeMeHTOB A,.

Tax kak L MHO)KecTBeHHO-accoluaTuBHOro kaia Mmozesnn IHAIT mmeer
N1, MHOXKecTB, TO 37eMeHThl A, ¢ ajpecaMyl B MaMsaTH, OTJTHMYAIONINMUCH Ha
Ny, Cy,, 6aitToB, OyJyT 3arpyzKaThCs B OJTHO U TO 2Ke MHOKecTBO L. CieoBa-
TeJIbHO, Pa3HUIIA a[PECOB IMaMITH COOTBETCTBYIOIINX JIEMEHTOB A,., NCI0/Ib3Y-
eMBbIX Ha JIBYX I0CJIe/I0BaTEIbHBIX UTEepaliaX IUK/Ia C NHIYKTUBHON IepeMeH-
HOII 7, Jto/izkHa ObITh KpaTtHa N, O, .

BetencrBre Toro, 9ro sjeMeHThl A, XpaHsITCsI 10C/Ie10BaTeIbHO BO Bpe-
MenHoMm maccuBe A., n mogmarpuna A, comep:kur M, X K. 3jeMeHnToB, pas-
HUIA MEYKIY aJpecaMi JIBYX COOTBETCTBYIOIINX 9JIEMEHTOB A,., MCIIOIb3yeMbIX
JIBYMsI T10CJIe/IOBATEIbHBIMI UTEPAIUSMU ITUKJIa C MHYKTUBHO IIepeMeHHOil 7,
cocrasisier M, K .Spata 0aiiro. CiieioBaresibHoO,

M, K. Spara = Ca, N, CL,, (1.3)
rae Oy, € N — KommdecTBO JIMHUIT KaxK/I0T0 MHOXKecTBa L, 3aHIMaeMbIX 3Jie-
mentamn A, coracuo ypasuennto [I.3] Boiegem dopmyity [ist BBIUHCICHUST
3HadeHuil napamerpa K.

K. = (Cy Ny, CL,)/(M,Spata)- (1.4)

st Toro 9Tobbl M30€KaTh BLITECHEHUA JTAHHBIX U3 L, KOJMYECTBO HO-
CTYIIHBIX JIMTHUI K318, KayKJI0I'0 UCIIOJIH3YeMOI0 MHOXKECTBA HE JOJIZKHO ITPEBbI-
maTh nmeroniuecs. CraenoBarenbro, Cy < Wp . Tak Kak BO BpeMsl BBINIOJIHE-

HH1A BHYTPEHHETIO IUKJIa aJI'OPpUTMa m HCIIOJIb3YIOTCA 3JIEMEHTHI IIOAMaTPUIIbI

B, to
CAT—I—CBT < WLU (15)

rjge Cp, € N — KoamdecTBO JIMHUIT KazKJI0r0 MHOXKecTBa L, 3aHIMaeMBbIX 3J1e-
MeHntaMu B,.
[To kpaitHeit Mepe ojiHa JIMHUA KayKJIOI'0 MHOYXKECTBa [ MOXKeT MCIIOJIB30-

BaThCs JJIsl XpaHeHus vjieMmeHToB MaTpuiibl C'. Besegcrsue 3Toro

CAT + CBT <Wp — 1L (1.6)
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Tak Kak 3/ieMeHTBI B, XpaHdaTcsd IOC/Ie0BATE/IbHO BO BDEMEHHOM MaCCHBE
B., m nogmarputia B, cogep:xut K. X N, 3J/eMeHTOB, UCIOJIL3yd ypaBHenue 1.3

[I0JIy 4aeM

Cp, = (N; K:Spara)/ (N, C,) = (N;Ca,) /M. (1.7)

Benencrsue Toro, uto Cy, € N, Cp € N, n TpedyeTcs BbIIEINTh KaK MOXKHO
bosbitie MecTa [jtst seMentoB nogmarpuiibl By, Cp = [(N,Cyx )/ M, | u Cy_ =
(W, — 1)/(1 + N, /M,)].

AHaJIormaHbIe PacCy K IeHIsT MOYKHO IPUMEHUTh 1151 BbIBOIA (DOPMYJI, OIIpe-
Jlenigomux 3nadenns napamerpon N, u M. Takum obpazom, nmeeM cjie rylonine
dbopmyiibr [47]:

Wi, —1
N, = [\/7/Nvec| Nvec, M, = [v/N,], K. = { L

— | N, M, :
1—|—NT/M7~J 1,Cr, /M, Spata

M, = (Wi, — 2)S1,/K.SpataWi,, N. = |Cp,/ K:Spara N | N;.,

rie 7 = NvecLvrva Nveva, Cp,— KoamdecTBO 0afiToB, TOCTYIHBIX /I B,.
BoiBejieHHbIE (POPMYJIBI TTO3BOJIIOT OIPE/IC/UTh 3HAUEHUS MapaMeTpPoB
M., N,, K., M. u N, ogaonorouHoii peajmzanun ajropurma [I]3a koncranTHoe
BpeMsi Oe3 J0CTyIIa K Ie1eBOil ammmapaTHoil m1ardopme. TO yIPOIIaeT CO3/a-
Hue HOBBIX peasm3ainnii MMM juisi HOBBIX IIeJIeBBIX allllapaTHbIX I1JIaT(OPM.
B ciiyyae MHOIosiJIepHBIX IIPOIIECCOPOB U HECKOJIBKUX ITOTOKOB BBIBOJ (POPMYII,
MO3BOJISIIONINX  ONPEJIC/INTh 3HaYEHWs IapaMeTpoB ajroputMall] ocraercs

OTKPBIT.

1.3. O630p MeTOd0B COKpallleHUs BPeMeHU BBIIIOJIHEHMS

TEH30PHbBIX CBEPTOK

3a mocjieTHIE JIBa/IIIATh JIET ITPOrPECcC BO MHOTUX HAYYHBIX JUCITUILINHAX,
TaKIX KaK KBAHTOBasI XUMUsI 1 00IIasi TEOPUsl OTHOCUTEILHOCTH, OCHOBBIBAJICS
Ha MoJie/npoBaHun pusndeckux cucreM, uctosbayionem TC. TC npumensiercst

B aJITOpUTMax MalllMHHOI'O o6yquM${, TaKX KaK o6yquMe " JIOTUYECKU it BBIBO/I
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B JIyOUHHBIX HEHPOHHBIX cersix [92-94]. KanToBas XUMUs MIUPOKO UCTIOJIB3YET
TC B Mmerostax Xaprpu—®PoKa, a Tak»Ke P PeleHnn JIPYTuxX 3aa9, UMeIOInX
CYIIECTBEHHYTO TPAKTUYecKyto 3HaunMocThb [95-97]. TC npumensiercst mpu Mo-
JIeJITNPOBAHNN TTOTOKOB HECXKMMAEMON »KIJIKOCTH Ha OCHOBE CIIEKTPAJbHBIX Me-
101108 [98-101]. TC MoKeT ObITH HCMOTBL30BAHA [T BBIYNCICHIST MHOTOMEDPHO-
ro npeobpasoBanns @ypoe [102], npumensiemMoro, B 9acTHOCTH, pH 06pabOTKe
curnasios [103] u uzobpazkenuit [104],105]. TC ucnonb3yercs npu Mo IHPOBa-
mnn KianMara [106-108|. Heemorpst Ha mupokoe mpumenenne TC, KonmaecTBo
MI0/IXO/I0OB K COKPAITEHNIO BPEMEHN BBITIOJIHEHUST 9TOI omepaluu HaMHOTO MeHb-
e 9eM KOJMYIECTBO TOJXO0B K COKpallleHnio BpeMenu Bbimosnenns MMM n
MVM [60]. B marrOM pasjerie OMUCHIBAIOTCS OCHOBHBIE METOJIbI COKPAITEHUST
BpeMenn BoinostHenns TC.

Paccmorpum onpenenenns d-mepnoro tenzopa n T'C, mo3Bossronue cBe-

CTH COKpallleHNE€ BpEMEHU BbIIIOJIHEHM A 3TOM olepalnm K COKpalll€HUIO BpEMEHU

Boinojinenud MMM u MV M:

XXMy

Onpepenenne 1.1. d-mepnbiii Tensop T € R"0 MOXKET OBITh

orpejiesier ciejyrormum obpasom [16]:
T = {AUO...Ud_l E Rl(u()? c e 7ud—1) 6 nuo X ... X nud—l}'

Ompegpenenue 1.2. Ilycrn A, B u C — dy-, dp- u do- Mepuble TeH-
30pbl, cooTBeTcTBeHHO. CBOpaunBaeMmble MHAEKCH A 1 B OIHCBHIBAIOTCS KOP-
resxkeM P = pg...pi—1. Uagekewr C, a Takxke cBobommable mugekcel A u B
ommuchIBalOTCd KopTexKaMu [ = 1g...%.—1 1 J = Jy...Js_1, COOTBETCTBEHHO.

Omnepanust ceprhibanus uan ceeptkn A n B onpenensiercs Kak Cr (1)

Npy—1 Npy_q—1

Yoo Acapy Beypny + 8- Cooaayytie = >, ... >, swc(J), ma(IP)
P P po=0 pr—1=0
u wp(PJ) — nepecranoBku mHIeKcoB; o, f € R [17].

C nenbio cokpartieHust BpemeHn BoinosiHeHns T'C MoxKeT ObITh HCIIOJIb30-

BaH IMPOrpaMMHBII KoJ1 onTuMu3npoBaHubix MMM u MVM, nony4yennsblit B pe-

3yJIbTaTE BBIMOJHEHIs aJTOPUTMOB, onncanubix B pasese [ 1] Tak, nampumep,
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metoy Transpose-Transpose-GEMM-Transpose (TTGT) [b5], npumvensiembrii B
pasIMIHbIX NpUKIagHbix 6ubsmorekax (NumPy [109], Eigen [110], MATLAB
Tensor Toolbox [111] u ap.), BBIIOIHSIET IEPECTAHOBKY HHJIEKCOB TEH30POB C
1eJIBI0 UX IPEJICTaBIeHNd B BHUAe MaTpull u ucnoab3oBannd MMM. [liag BbI-
MOJIHEHUST TAKUX TIePECTAHOBOK TPEOYIOTCs JIOMOJTHUTETHHOE BPEM U aMATh.

Meroj Loops-over-GEMMS (LoG) [60] mpe/icraBisier cBopadnBaeMbie TEH-
30pbl KAK HAOOPbI MaTPHIL, JJis KOTOPbLIX BbioJHsgeTcss MMM. TIpousBonreinb-
HocTh LoG 3aBucuT oT pasMepa TakKmX MATPHI[, a TaKKe PaCIOJIOKEHUs TeH-
sopoB B mamsitu [60]. Tak, Hampumep, B ciiydae CBEPTKU 3-MEPHOTO TEH30Da
A € R™ ™%k i 9_meproro Tenzopa B € R¥*! g 3-mepubiit Tenzop C € R

k—1
umerottieit caenytonuit Bug Cog, = », Aags - Bsp + Capp, LoG BbrumcimT MMM
JIUTsT KayKJI0r0 U3 N 3HAYCHUIT I/IH,ZLeli(:Z; B.

s permenns 3a/1ad B TaKUX HAYIHBIX 00/1acTAX, KaK, HAIIPUIMED, KBaH-
ToBasi xumus, co3panbl Moandukannun Meroga TTGT aas pacupee/leHHBIX
BblunceHuii. Takue 1oaxo/1bl TPUMEHSIOT pa3dueHe TeH30POB Ha OJIOKU U JPY-
rue TeXHUKHU JJIsi YMEHBIICHUs Tepe/iadll JaHHbIX B UePapXUN MaMsTH, a TaK-
JKe MexkJIy mporieccopamu. [Ipumepamu OUOJIMOTEK, COIepKAIIX PeaTn3aliim
OMMCAHHBIX MeTOJI0B, cayzKkar Tensor Contraction Engine [55], Cyclops Tensor
Framework [56], libtensor [57], TiledArray [58,/59] u ap.

st cokpaltenns n3iepKekK, CBA3AHHBIX C IepeCTAHOBKOI MHJIEKCOB TEH-
30pOB, MOYKHO HCIIOJIB30BATh TOJIBKO YaCTH Pean3aliil OINTUMU3UPOBAHHOIO
MMM, cojepzkaliie BEKTOpHbIE HHCTPYKIINK Ha si3bike accembiiepa [16,(17]. Ta-
KHe JacTu He onuckiBaioTcsd nnrepdeiicom BLAS u B JJaHHBIT MOMEHT JIOCTYTI-
HBbI TOJIBKO B OubJinoreke BLIS, mojiepkuBatoiiieii orpaHndeHHoe KOJIIMIeCTBO
IEJIEBLIX alapaTHBIX MIAT(OPM.

OmucbiBaembtii mojxost npumMensiercst B Merogax GETT (GEMM-like Tensor-
Tensor multiplication) [17] m TBLIS (Tensor-Based Library Instantiation Soft-
ware) [16]. Kak u B ciyuae anmropurma [1 ast seranciaennss MMM noaxossr

GETT u TBLIS konupyet sjementsl orepanioB TC Bo BpeMeHHBIE OJfHOMED-
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Hble MaCCHUBBI C 1I€JIbI0 JIaJIbHEIIero ncob3oBanus Kojaa peajnsannn MMM,
cojiepzKaliero BeKTopuble nHcTpyKimn. Vnrepdeiic BLAS nenpumenum Jijist pe-
amsaiun GETT u TBLIS, koTopble B JJaHHBIIT MOMEHT IIO/JIEPKUBAIOT MAJIOE
KOJTIITIECTBO IeJIeBbIX allllapaTHbIX miatdopm [16,/17).

B otmaun or GETT, TBLIS npejcrapisier TeH30pbl B BUJIe MaTPHIL, ITO
IIO3BOJIFET SBHO BBINOJIHATH pa3OnueHne MaTpull Ha OJIOKU U JApyrue TpaHcdop-
Maliu, ucrosib3yempie B anropurme[ll B kadecTse npumepa npuMeHeHnst TAKOro
IpeJICTaB/IeHNs PACCMOTPpUM d-MepHbIit Terzop T € R o™ M A -~ siB-
JISTIOIUICS  9JIeMEHOM TeH30pa |, PAacCIOOoyKeH B IaMSITH CO CMeNIeHIeM
d—1 d—1
> ug [] ny,. Hycrs cBobommbie 1 cBOpatdnBaeMble HHJICKCHI TEH30pa 7 OIn-

k=0 I=k+1
chIBaloTCA KoprexkaMmu [ = 1y...%._1 1 P =pg...ps_1, COOTBETCTBEHHO. Torma

di—1 dr—1 dp—1
CMeITeHre MOKeT ObITh MpeJcTaBIeHo B Bujge » . ix | [[ ny IT np | +
k=0 I=k+1 1=0
dp—1  dp—1 di—1  dr—1 dp—1  dp—1 _ o
Yook 11 np, =\ D2 @ 11 ni | nep + D2 pe 1] np = Inp+ P. Moxuo
k=0  I=k+1 =0  I=k+1 k=0  I=k+1

BbIBeCTH (DOPMYJIBI, TO3BOJISIIOIIIE JIOTUUECKHU IIPEJICTaBUTh TeH30p J B BHje
Marpunbl M pasmepnoctu M x N, paccmorpeB cMmenienne B namatu I[N + P

ssteMenTa Myp MaTpunbl M:

di—1  dr-1 dp—1 dr—1 dp—1  dp—1
Izg ianinN:HnPHM:Hniz’P:g panpl.
k=0 I=k+1 1=0 1=0 k=0 I=k+1

Hpyroe orymmane GETT B npuMmeneHnn aBroHacCTpOKI JJIsT HAXOK IEHIS
HAWJIYyYIINX 3HAYEHUIT ITapaMeTpoB pa3dueHns 1 CIIocOO0B BHIIIOJIHEHNUS YIIAKOB-
KU 9JIEMEHTOB TeH3opa. llcroib30oBanne aBTOHACTPOUKH TO3BOJIAET IOBBICUTD
MIPON3BOANTENHHOCTD TTOJIYIaeMOro Kojla, HO JeJaeT HEBO3MOYKHBIM IpUMeHe-
nue GETT B ycjaoBusx HeJOCTYIIHOCTHU IIeJIEBOI allllapaTHOil I1aTdopMbl 1
OIPAHIMYEHHOCTH BPEMEHHU BhIOJIHeHns ontuMmu3annu. Kpome storo GETT He
HOJIJIEPYKUBACT TEH30PbI, pa3Mep KOTOPbIX HEM3BECTEeH Ha dTalle KOMIINJIAINN.

st onTuMmusanmy BpeMenn BoinosiHeHns: TC MOryT HpUMEHSIThCsI 1I0CIe-
JIOBATEILHOCTH CTAHJIAPTHBIX ONTHUMU3AIMN [UKJIOB ([IepecTaHOBKA IHKJIOB,

pas0ueHne MUKJIO0B Ha OJIOKH, PA3MOTKa IUKJIOB, BeKTOpH3amus u 1p.). Takue
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I10/IXO0/Ibl BABUCSIT OT PA3MEPHOCTH TEH30POB U UX pacloioxkKenus B namsitu [61].
B uacrnoctu, npoussogureasrocts TC 114 3a1a49 MaJIoil Pa3MepHOCTH MOZKET
OBITH yJIyUIlIeHa 3a CYeT BeKropusalmn uk/aos [62]. st 3amad 6osbinoil pas-
MEPHOCTH MOZKET IPUMEHSIThCS TeHEPATOP KOJA, MUKJIOB M1 IPpapUIeCcKIX yCKO-

putereit [63].

1.4. BeiBoabl

3a 1ocjeHne JIBaJIaTh JieT KOJMYeCTBO METOJ/IOB COKpaIleHUsI BpeMeHn
BbInoiHeHns T'C 3HAUUTE/IBHO YBEJIMIIIOCH 1 IIPOJI0JIZKAET BO3pacTaTh. B 60.1b-
IITUHCTBE CJIy9YaeB OHM MCIOJIB3YIOT METO/IbI COKPAIICHIS BPEMEHH BBIITOJTHEHUST
BayKHBIX YacTHBIX ciaydaeB TC — MMM u MVM. PacupocrpaneHHBIMEI CIIO-
cobaMu cokpalleHust BpeMenn BoioineHnsi TC siBJIsiioTCsl pydHas HACTPOiika
1 aBTOHACTPOITKa, TPEOYIOMMMI JIOCTYIIa K IEJIeBOI almnapaTHoil 11aTdopMe
1 IOTEHIMAIbHO OOJIbIIOr0 BpeMeHHU BbioJiHeHus. [IpumMepom Takoil curya-
AN SIBJIAIOTCS ONTUMHU3AINH, BBITIOJTHIEMbBIE TPOMBIIIIEHHBIMI KOMITIATOPA-
MU 110 YMOJIYAHUIO B IIPOIecce KPOocC-KOMITIIsIuu. MojgenpoBaHe BbIUKCIIe-
arst MMM na IIAII nmo3Bosiio BeiBecT (DOPMYJIBI JIJIs OIIPE Ie/IeHNsT 3HAUCHMIT
napaMeTpoB JJAHHOT'O aJI'OPUTMa Oe3 JIOCTYIIa K IeJIeBOil arapaTHOll m1aTdop-
Me 38 KOHCTaHTHOE BpeMsi. DTO IO3BOJISIET CJIe/IaTh BBIBOJL O TOM, YTO I1€J1eC000-
pPa3HO MOJEJMPOBATL BhIYUCIeHUs ajropuT™MoB Ha [TAIT s co3manns HOBBIX
ONTUMM3AINI, UMEIOIINX O0JIee MINPOKOoe IPaKTuieckoe nmpumMenenne. O630p Me-
TOJOB COKPAIIEHUsI BPEMEHU BBIIIOJHEHISI TeH30PHbIX Ollepalinii omyO/JIMKOBaH

B crathe [112].
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[1aBa 2

Mopaesn, MeToabl 1 aJTrOPUTMbI
aABTOMATHYECKOT'O COKpAaIlleHIsI BpeMeH!

BbBIIIOJIHEHNA TEH3O0OPHbIX onepaunﬁ

Bo Bropoii rinase npejgcrasieno pacmupenne mozpenn LHAIT Jloy, omuce-
Baroree [[AIl ¢ uHCTpYKIMsIMU TIPEJIBBIOOPKU U ONEPAIUsIMU 13 3aMKHYThIX
TIOJTYKOJIET] ¢ 3JIEeMEeHTaMU U3 MHOYKECTBa BEIIeCTBEHHBIX dnces. [IpejcraBienbr
HOBBIE aJITOPUTMBI JIjIs Beraucaerust oooomenunit MMM n MVM na 3amMkHyTbHIE
nosiykoJibiia. C MOMOIIBbIO MOJIEJIMPOBAHUST BBIIIOJIHEHUST OIUCAHHDBIX aJIOPUT-
MoB Ha [TAII BbiBeieHbI (DOPMYJIBI, TO3BOJISIONINE [TOJTY YU Th 3HAUCHUST [TapaMeT-
POB ONUCAHHBIX AJITOPUTMOB B 3aBUCUMOCTHU OT XapPaKTEPUCTUK MHOTOSIIEPHBIX
IIPOIECCOPOB O0ITero HasHadeHus. PazpaboTan OpUrnHaILHBIN AJITOPUTM aB-
TOMaTUYECKOTO COKPAIIEHNs] BPEMEHN! BBITIOJIHEHUS TeH30PHBIX orepariuii. Jlo-
Ka3aHbl YTBEP:KJIEHNS O CYIeCTBOBAHNN 3HAUYEHUI TapaMeTpoB, IIPU KOTOPBIX
OTCYTCTBYeT IPOCTON KOHBeiiepa BeKTOpHbIX mHCTpyKIwuit momenn AT st
IIPEJICTABIEHHBIX AJTOPUTMOB IIPU BO3MOXKHOCTU MI'HOBEHHOI 3arpy3Ku JIaH-

HbIX 13 IIaMATH Ha BEKTOPHbLIE PETUCTPLI.
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2.1. Pacmupenne moaemmu 1LLAII Jloy

st BeIBOJIa (DOPMYJI, TTO3BOJIAIONINX HANTH 3HAYEHUsT [IApAMETPOB IIPe/I-
JIaraeMbIX aJI'OPUTMOB, ITOCTPoeHo paciiupenue mojesn LIATI, ncrosb3oBaHHOM
B pabore T.M. Jloy (Tze Meng Low) [47] mist naxoxaenust mapamerpos MMM
(em. paszzen [1.2)). HoBusHa [HOCTPOEHHOIO DACHIMPEHNs! 3aK/II0UAETCsT B OIACA-
HUU ollepaluii mpeaBbIOOPKN JaHHBIX B Lj n 0000mennn umHCTpyKimii FMA
(Fused Multiply-Add) Ha 3aMKHyTbIe MOJYKOJBIA C 9JIEMEHTAME U3 MHOXKE-
CTBa, BEIIECTBEHHBIX UNCEJ C IEJIbI0 IMPUMEHEHUs JIJI COKPAIEHUsI BPEMEHN
BBITIOJIHEHUs peleHnii odIeit 3a/1aum o MmyTsx.

Apropom npemioxkeno paciupenne mozesnn TAIT Jloy, onpenesnsioiiee

uHcTpyKiun 1npeabioopku AT oOiiero nHazxaueHus: Jjist 3arpPy3KHM JTaHHBIX

B L1 [1,6]

o Nncrpykumuu npeaBbIOOPKM: Nprefetch — KOJIMYECTBO MHCTPYKIUI Ipe/-
BbIOOPKH, KOTOPOE MOKET OBITh BBIIOJIHEHO 3a OAUH TaKT. Lprefetch — KO-
JITIECTBO TAKTOB, COCTABJIAIONINX 3aJIEPKKY KayK 011 MHCTPYKInN. Kaxkas

MHCTPYKIIS MOXKeT 3arPy3nTh JIaHHbIe, pasMep KOTOpbIX paseH (T, .

[TomMmuMo MHCTPYKIHIT TPEBLIOOPKH pacHIupeHne orpeaesaseT MIUHIMA b
HO€e KOJINYECTBO TaKTOB LypoaD, KOTOPOE JIOJIZKHO OBITH COBEPIIEHO TIepe]] Ha-
YaJI0M BBITIOJTHEHUST HOBOI 3aBUCHMOI 10 JIAHHBIM BEKTOPHOIN MHCTPYKITUHU 3a-
I'PY3KN JIAHHBIX Ha BEKTOPHBII perucTp mporeccopa n3 L.

[Tpenozkenroe paciupenne Mo3BoIAeT CMOJIETNPOBATE BBITIOJIHEHNE TTPE/I-
BbIOOPKH JanHbIX Ha [TAIT ¢ miesibio oripe/iesienust ee mara u Jpyrux napamMmeTpos
1ocjie OTOOPaXKeHNS PeaJM3yeMOro aJIlropUTMa Ha ITPOM3BOJILHBIN PeaJbHbII
IIPOIIeCCOp OOIIEero Ha3HAUYeHU .

st 3dppekTUBHOrO BHITTOJIHEHNS TTPEJBLIOOPKH JIAHHBIX B L ypOBeHb K3-
1118 HY’KHO OIPEJIEINTh KAK 9acTo JOJIZKHA BBIIOJHATHCS peiBbibopka [113]. B
OOJIBINTIHCTBE CJIYIAEB BO BPEMsl BBIMOJTHEHUS OJHON MHCTPYKIIUU TTPEIBHIOOD-

KII MOXKeT OBIThb 3arpyzkeHo Cp, 0aliTOB, COCTABIAIONINX OJHY JUHNIO Li ypoB-
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Hs K31a. BejeicrBue 9Toro nmpejiBbIoopKa, JIaHHBIX, PACIIOJIOXKEHHBIX B ITAMATH
ommke yeM Ha C, 6aliTOB, CO3/IA€T JOTOTHUTEbHbIE n31epKKu. [lomnmo sToro
HYKHO Y9ecTb pa3Mep L ypoBHd K311a, YTOObI M30€KaTh BHITECHEHNS TaHHbIX.
B kauecTBe npumMepa paccMOTPHUM IPEABLIOOPKY 3/1eMeHTOB MaTpulibl A B Lo,
BBITIOJTHSIEMYTO IIUKJIOM C WHYKTHBHOI mepeMenHoii j, asroputma [3 [Ipemmo-
JIOPKUM, 9TO IIarv MUKJIOB ¢ WHYKTUBHBIMU ITePEMEHHBIMU 1 U J; UMEIOT 3Ha-
yenust M. n Ny, coorBeTcTBenHo. Ha Karkgoit mTepaium onmchbiBaeMOro IMUKJIa
B Lo 3arpyxkaercst M, Habopos 110 N 3/1eMeHTOB MaTpuilbl A, pacriooKeHHbIX
B MAMATHU MOCJEI0BATETbHO. KaxKkIplil 13 3Tux HabOpPOB OTJEIEH OT MPEIbITY-
mero N - N, snementamu. Ecim yposenb Ly MHOXKeCTBEHHO-aCCOIMATHBHBIN
1 BUPTYaJbHO WHIEKCUPYEMBIi, TO ajipeca BUPTYaJbHONI HaMATH, pas3andaio-
muecst Ha Sy, /Wy, 6aitTo, Oy1yT 0TOOpaXKATHCST B OJJHO U TO YK€ MHOXKECTBO
komma. Crenosaresbho, ecn N mod St,/(Wi,Spata) € |SL,/ (WL, Spara) - 1,
SLQ/(WLQSDATA) - Nb + 1] U [0] n Nb S SLg/(WLgsDATA), TOI'Ia HGO6XOJ:LI/I—
Mo M, nuHMit K31a B KaKJOM €ro MHOYKECTBE, UYTOOBI COJIEPXKATh JIEMEHTDI
maTpuibl A 6e3 ux BoiTecHeHus:. B ciydae dpusnuecku mHICKCHPYEMOro K3Iia
TaKoe MPEJITOJIOKEHNE MOKET OBITH MCIOIB30BAHO TOJHKO B KadecTBe Ipydoit
OIIEHKH, TaK KaK aJjpeca pu3mdecKoil mamsT, orodparkaeMble B OJIHO U TO 7Ke
MHOYKECTBO K3I1Ia, MOTYT UMETh OTJIUYAIONINecs ajgpeca BUPTYaJbHON MaMATH.
Taxk Kak B K3II-NIAMSTH JIOJ2KHBI XPAHUTCS 3JIEMEHTBI BEKTOPOB T U Y, TO HEOD-
XOJIUMO YYHUTBHIBATH U JAPYTHE ITapaMeTpPbl aJTOPUTMA.

[t TOro 94T0OBI BBHITOJTHUATE TPEABOOPKY 3PPEKTUBHO, TPEOYeTCs TaK¥Ke
BBIYHC/IUTD AT MPEJIBLIOOPKHU, ONPEIEAIONINI Ha CKOJBKO JTOJIPKHBI OTCTOSTH
ajipeca 3arpyzkaembix JauHbix [113]. [IpesBbibopka JaHHbBIX € [TATOM [O3BOJISET
3arpy3UTh JIaHHbIE B KAII [IaMsITh JI0 TOI'O MOMEHTa, KOIJI[a OHU IOTPEOYIOTCs,
HECMOTpsI Ha 3aJIepyKKy J0CTyIa K namsatu. Illar mpeaBblOOpKE MOYKET ObITh

BBIUKCJICH CJIEIYIONINM 00pa30M:

D Z [Lprefetch/B—l 5 (21)
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rje Lprefetch — 3aJlePzKKa MHCTPYKIHIA IIPeIBLIOOPKHI JIAHHBIX B K3II-11AMATH U
B — koJindecTBO TAKTOB MPOIECCOpa, TPeOyeMbIX JIjisi BBIITOJHEHNs] UTEPAIIH
nukia [114]. ag moro arobbl onpejenTs 3HaUYCHUs napamerpa B, MOXKHO
paccMOTpeTh 3a/IePKKN MHCTPYKIIUIL, BBIIIOIHIAEMBIX OJHON nTepalueil mMuKJia.

Onuncannoe paciimpeHne HeoOXOIUMO JIJIsi MOJICTUPOBAHNIS BbIYNCICHIS
MVM. Borauciurenbhas cioxknocrs MVM cocraiasier O(N?), uro 8 N pas
MeHbIIIe YeM BhIUHCInTeIbHas caoxkHocTb MMM. BesencrBue 91010 KaxKblii
9JIEMEHT YMHOXKAEMOfi MATPUIIBI HCIOJIB3yeTcs TobKo O(1) pas, a ne O(INV) kak
B ciiyaae MMM. CriejoBare/ibHO, CTOMMOCTD 3arpy3KU 3JIEMEHTOB MaTPUILbI U3
HaMsTH Ha PErucTpbl MPOIEccopa IpeodsiajaeT HaJl KOJMIECTBOM BBITIOJIHSIE-
MBbIX omepannii. [IpeaBbIOOpKa JJAHHBIX, 3arpyrKatolias 3JIEeMEHTbl MaTPUIlbl B
K31 [TePBOTO YPOBHSA JIO MOMEHTa WX UCIOJb30BAHUS, MOYKET YMEHBIIUTH KO-
JINYECTBO MTPOMAaXOB K3IMa U, CJIeJ0BATEIHHO, YMEHBITNTH CTOMMOCTD 3arpy3Kn
9J1eMeHTOB MaTpuiibl. Kak ciejicrsue, s dekTuBHas mpeBbioopKa He0OX0Ma
B caydae MVM.

C 1esiblo COKpallleHusl BPEeMEHU BBIIIOJIHEHUsT pellleHnii obIeil 3aadu o
My TSIX JIJIs0 CIydasi 3aMKHYTBIX TOJIYKOJIEI] C 3JIeMEeHTaMU 13 MHOYKECTBa Bellle-
crBeHHBIX dncest BMecto FMA| ncnosnb3yembix B asroputme (I mpemaraemoe
asTopoM pactmpenre mojesu LTATT JToy cogepzkur onepaiuu uz MMA (Matrix
Multiply-and-Add), obobmatomune FMA na 3aMKHYTBIE TTOJIYKOJIBIA € 9JIEMEH-
TaMU U3 MHOZKECTBa BeliecTBeHHbIX ducel [10]. BekTopHast mHCTPYKIUST, BBITOJI-
astrorast orneparnun MMA st Nygo 2/1eMEeHTOB JTaHHBIX, OyaeT 0003HATIaThCsT
kak VMMA.

Paccmorpum ompejiesienne 3aMKHYTOrO ToJtyKoJibIta [115]:
Omnpepesierne 2.1. SamkHymoim noayrkosvuom (closed semiring) Ha3bIBaeTCsI

asnrebpa {S,®,®,0,1}, re S — MHOXKECTBO 9JIeMEHTOB; B U ® — OUHAPHBIE
orepanuu HaJj S, obJaIaonIne CaeyoIUMI CBONCTBAMMU.
1. (S,®) — wueMIoTeHTHBII KOMMYTATHBHBIH MOHOWI. 10 ecTh NMEIT

MECTO CBOICTBA:

® KOMMYyTaTUBHOCTU: @ B b= 0D a.
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e accormaruBHOCTH: (4 D D) Dec=a® (bD c).
e cylllecTBOBaHUsI HeliTpaJibHOro 3jeMeHTa: a B0 =0 a = a.
® IJICMIIOTEHTHOCTHU: a D a = a.

2. (S,®) — monoma. To ecTb UMEIOT MeCTO CBOfICTBA:

e acconmaTuBHOCTH: (@ ®b) @ c=a® (b c).

e CyIlleCTBOBaHUSI HENTpabHOrO djeMeHTa: a @ 1 =1 & a = a.

3. 0 cayxur apnyagaTopoM s (S, ®): a®@0=0® a = 0.

4. YMHOXKeHIe ILHCTpH6YTHBHO OTHOCHUTEJIbHO CJIOZKCHIMA:

e JieBasi IUCTPHOYTUBHOCTE: a @ (bH¢c) =a @ bd a ® c.
e 1paBast JUCTPUOYTUBHOCTH: (a D D) R c=a R cP bR c.

5. Ecimn aq, as, ..., a;, ... — cUeTHAdA 110CJIE0BATCILHOCTD JIEMEHTOB 13 S,
TO CyMMa a1 P as P ... D a; P ... CyIIecTBYeT U eJUHCTBEHHA. ACCOIUATUBHOCTD,
KOMMYTATUBHOCTDL U UJIEMIOTEHTHOCTD BBIIOJIHACTCS /IS OECKOHEUHBIX CYMM.

Onepanusa @ AUCTpUOYTUBHA OTHOCUTE/THHO CIETHBIX CYMM.

Pacemorpum onpesesenne aire6pnt { SV N & ®, O, I} kBapaTHbIx MaT-

PUIT € 3JIEMEHTaAMU U3 3aMKHYTOrO mostyKoJbia {5, ®, ®,0,1} [10].
Omnpeaenenne 2.2. {SV*N & ®, 0,1} — anrebpa , omuchiBaeMast CleIyio-

UM 00Pa30M.

1. SNXN — nHoxkectBo MaTpun pasmepHocTn N X N ¢ 3jleMEHTAME U3

MHOKECTBa S 3aMKHYTOIO MOJIyKojbla {5, @, ®, *, 0, 1}.

2. @ VN GNXN _y GNXN i+ GNXN 5 GNXN _y GNXN __ Gpaphbie
olepalyy, ompejesieMble Kak:
A = [ajjlijen:n) € SVN B = [bijlijen:ny € SNVNAGB = lai; ®

bij]i,je[l:N], A®B = [kE%N] i X bk‘j]z’,je[lzN]~

3.0 = [aij]i,je[lzN]v rje a;; = 0ana,j € [1 : N]
I, 1=

4. T = [agj]i jenny, e agj =
0, wunHaue
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Mozkno jokazars, uro {SV*N & @, %, 0, I} apisgercs 3aMKHyTHIM HOJTY-
KoJTbIIOM [115].

Paccmorpum ompenesieniie onepartm MMA [10]:
Omnpenesenne 2.3. MMA|®, ®| — onepanus Bujia C < COARB, rje @ u

® — omepamun u3 3aMKHyToro noaykoinia {SNVN B, ®, 0, I}, onpenenento-

1o HaJ[ 3aMKHYTBIM HOJIyKoJIbIoM {S, @, ®,0,1}.

[IpuMephl 3aMKHYTBIX HOJIYKOJIEI M UX IIPUJIOXKEHUI JIJIsl pelIeHnst 3a,1a49
APP (Algebraic Path Problem) uju obrueii 3a1a4u o myTsix HaJ| B3BEIIEHHBIMU

OPUEHTHPOBAHHLIMU TpadaMu peIcTaB/IeHbl B TadJI. [10,116].

Tabnuma 2.1. [IpuMepb! 3aMKHYTBIX HOJIYKOJIEI U UX TPUIOKEHUI.

S & ® 0 1 [Ipuroxkenne

(0, 1) Vv A 0 1 | TpansuTuBHOE 3aMbIKaHne OUHAPHOIO OTHOIIEHMS
RyU+oco | min| + |+oc0o| O Haxoxienne Kparyaifmmx myTeit
Ry U400 | max | —+ 0 | +oo Haxoxkmenne caMoro mmpokoro myTn

0, 1] max | X 0 1 Haxox aerne myTeit HanOobIeil Haie2KHOCTI

0, 1] min | X 1 0 Haxox emnme myTeii HanMeHbIIel HaIeKHOCTH
R, U400 | min | max | 400 0 MunnmaibHOE OCTOBHOE JIEPEBO
Ry U400 |max | min | 0 |+oo | Haxoxjenue myreit HanbosbIeit BMECTUMOCTI

Pacemorpum mpumepsr MMA[®, @] n ux npmtoxennit [10].

1. Tpan3uTuBHOE 3aMbIKaHNE OMHAPHOTO OTHOIIIEHUS:
NH\/LA[/\7 \/] = Cij £ Cyj V {\k{ {aik A bk]}}

2. 3agada o KpaTdaiimieM ITyTH:
MMA[+, min| = ¢;; - min {cij, mk@n {a;, + bkj}}

3. 3ajjavya 0 caMOM IIMPOKOM IYTH:
MMA[+, max| = ¢;; ¢ max {Cij, max {ag + bkj}}

4. 3agada o IIyTu ¢ HambOOJIbIIeil HaAeXKHOCTHIO:
MMA|X, max| = ¢;; < max {cij,mkax {a; x bkj}}

5. 3agada o IIyTH C HAUMEHbINEl HaJe>KHOCThIO:
MMA|x, min| = ¢;; - min {Cij,mkin {a; x bkj}}

6. IlocTpoenne MTHNMAJBHOT'O OCTOBHOTO JdepeBas:
MMA[max, min| = ¢;; - min {cij, mljn {max (a, bkj)}}

7. HaxoxkaeHmne myTeii HamboJIbIeii BMECTUMOCTH:

MMA[min, max] = ¢;; ¢ max {Cij, max {min (a;, bkj)}}
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Pacemorpum nocranosky sajgaaun APP [117]. [lyers G = (V, E, w) — B3Be-
IeHHbIi opuenTuposanubiii rpad, riae V = {1, 2, ..., N} — MHO)KeCTBO BepIIINH;
E CV xV — pebpa rpada n w : E — S — BecoBasg PYHKIMSI, OlIpe/ie/IeHHasI
HaJ[ 3aMKHYTBIM OJTyKOJIbIIOM {5, @, ®, *, 0, 1}.

Bec niytu p = (i, k1, ko, ..., ky, j) 13 BEpIIUHBI ¢ B BEpIINHY j PABEH PO~

U3BEJICHIIO BCEX BXOJAIIMX B HEr0 pebep:
w(p) = w(i, k) @ w(ky, ko) @ ... @ w(kp, j).

Bec myteit jyimabl 0, HAUUHAIONNXCA 1 3aKAHIUBAIOIIUXCS B OJTHOM 1 TOi
JKe BepImHe, onpejensgercs kKak 1 € S. w(i,j) =0, ecm (4,7) ¢ E.

[Iycte P(i,j) — MHOXKeCTBO BCex IyTeil W3 BEPIIMHBI ¢ B BEPIIUHY j.
Bazaua APP cocronT B HaXoXKjeHUM CyMMbl BECOB BCEX IIyTeil U3 BEpIIUHBI 1
B BEPIIUHY J JJid BCEX © U J:

dij = @ w(p).
peP(irj)

HeobxomumocTs B perennn 3ajad APP Bosnukaer, B 4acTHOCTH, B MaTeMaTH-
JeCKHX MeTojiax mccaegonanus oneparuii [118-120], pobororexmnuke [121-H123],
IJIAHUPOBAHUY pa3Mertenust mpeanpusituii [124-126|, Tpancnopruposke [127-
129|, npoekTupoBaHun cBepxOOJIbIINX HHTErpasbHbix cxeMm [130H132], npu Ha-
xoxqenun myreit B MapQuest [133] u Google Maps [134] u npyrux kaprorpa-
dbuvecknx cepsucax [135-137]. Sagaua APP BosHukaeT mpu perieHnn BasKHbBIX
3a/ia4 BBIYUCIUTEILHON MeoOMeTpur, Takix Kak nocrpoenune luarpamm Bopo-
roro [138-140] n pacuer Tpaekropun jaBuzkenus [141-143].

Pacemorpum nocranosky 3ajgaun APP B marpuanoit hopme [117]. Ompe-

e Marpuity Becos A = [a;;] € SYN re

w(i,j), (7)€ E

0, nHave

aij =
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Onpenesnm marpuny D = [d;;] € SV*N | tiie d;; — cymma Becos Beex myTeit s
BEPIIUHBI ¢ B BEPIIUHY ].
D wozker 6bITh BhIvmceHa Kak [117]:
D= A" = I0ADA’DA’D
m>0
Eciin Jij1s 3aMKHYTOrO 1I0JIyKOJIbIA BhioHgeTess a B 1 = 1, To D Moxer

OBbITH BbIUMC/IeHA Kak [144]:
D = IDADA’DAYD.. AN, (2.2)

MozkHO TpoBepuTh, 9T0 @ P 1 = 1 BBINOJHSIETCS JJIsT BCEX 3aMKHYTBIX
OJIYKOJIETl, TPUBeIeHHbIX B Tabur. [2.1]

Pacemorpnm, kak perraercs 3agada APP B ciayaae Boimosinennst a1l = 1.
Tak kaxk a +a = a , o A*GA' = A¥ qna k > 1. B rakoum cayyae D = AN,
Al = AN g [ > N — 1 u 3agaua APP Moxker GBbITH CBejieHA K 3a/aue
Bo3BesieHust MaTpuilbl A B crertenb N — 1. Takas 3ajad9a MoXKeT ObITH peIreHa
sa O(N?) somosnenuem N — 2 onepanuit MMA [145). B cuny ypasuenns
AZEETVL = AN-L = D Cnenosarensno, AN~! moxer GBITH BBIYHCIIEHA ITO-
cieoBaTeIbHBIM Bo3BegieHneM A B kBazpar. CJI0XKHOCTH TAKOTO aJroOpuTMa
cocrasyster O(N31g N) [145).

B obmem ciaydaae juist pemiennst 3ajgadn APP moxker npumensitbes aJiro-
pI/ITM [12,115,117,144], rzie af; = a;5. OGosnarm AW = [a ;] € SNXN Tlocae
BBITIOJTHEHIST aJITOPUTMA af}[ V= d; u ANV = D [145]. Hyers P*(i,5) —
MHOYKECTBO BCeX IIyTeil U3 BePIINHBI ¢ B BEPIINHY J, JIJisl KOTOPBIX BCE TPOMEZKY-
TOYHBIE BEPIUHBI MpuHaieskaT MHOo)KecTBy Beprina K = {1,2, ..., k}. Ilycrs
dy; — cymma Becos Beex myTeii uz PF(i, j) . O6osnaunm D¥ = [df ;] € SV,

B Takux obo3HadyeHUSIX KaxKjasd UTepalyd MUKIa ¢ WHIYKTHBHOMN IepeMeHHOi

k anropurma I BBIUHC/ISET a = dk [145].
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AnaropurMm 4: Pemenne 3ajgaun APP

1 begin

2 for k =0..N —1step 1 do

3 fori = 0...N — 1 step 1 do

4 for ) = 0..N —1step I do
5 afy = aj; ' ®aj "t @ ap;!
6 end

7 end

8 end

9 end

Cioxnocrs anropurma {4 cocrasiasger ©(N?). Anropury @oiina ms Ha-
XOZKJICHUSI KPATJiIInX [IyTeil B OPUEHTUPOBAHHOM rpade MOKeT OBLITh I0JIY-
4eH, UCIOJIb3ysl @ = min u ® = + B ajropurme [ [146]. Asropurm Yopriesiia
JUIsE HAXOZKJIEHUsI TPAH3UTUBHOIO 3aMbIKAHNS B OPUEHTHPOBAHHOM I'pade MO-
JKeT ObITDH MOJTyUeH UCIob3oBanneM @ = V n ® = A [147]. Asxropurm Marrca-
[LnoTkuHa Jy1st HAXOXKJIEHUsT MUHIMAJTBHOIO OCTOBHOTO nepeBa 3a O(IN) Ha
MMC (MESH-connected computers) [148] mozkeT ObITH MOJTyUeH HCIOIB30Ba-
HueM @ = min n ® = max [149).

PaccMmoTpuM, Kak MOXKHO CBECTH BBIIOJIHEHHE ajaropurMma [ K ymHoxKe-
HUIO MaTPUIL JJIst yBearndennst 3pGEKTUBHOCTU UCIOJIL30BAHNA BEKTOPHLIX MH-
crpykuuii mporeccopa [12]. Onucanubie ujen peajn3oBaHbl B BUJE AJTOPUT-
via [f] [12,150/ [152].

Bynem wucnonbzoBars  Aj; s 00O3HAUeHUs! [OAMATDUIIBI  Mat-
putel A € SV*N | comzkeprkalieil epecedenie HelyCToro MHOZKECTBA CTPOK C
Homepamu I = {iy,41+1, ..., 4, } U HEIyCTOrO MHOXKECTBA CTOJIONOB ¢ HOMEPAMU
J = {j17j1 + 17 7]n}

[IpeamnooKum, 9To BBIIOJIHEHO ki — 1 wrepanuil 1uKIa ¢ WHILYKTUBHOI
nepeMeHHoit k ajgropurma . [Iycts gano muOkecTBO Bepiun K = {ki, ki +
L,....kn}, vie ky, > ky. Hpennosoxum, aro |V | kparao B = | K| u BeInoiHsieTcs

coiicteo a 1 = 1.
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AaropurMm 5: Permenne 3ajgaun APP

1 begin

2 for k = 0..N — 1 step B do

3 K={kk+1,.,k+B—1}

4 Berauncisiem A%}B), UCIIOJTB3Y S aJII‘OpI/ITM

5 fori =0,...k—1,k+B,...N —1step B do
6 I—{z’i+1 L1+ B—1}

. Agk;B) AI K®A (k+B)

8 end

9 fori =0,...k—1,k+B,...N —1step B do
10 I={ii+1,..,i+B—1}

11 for j =0,...k—1,k+B,....N —1 step B do
12 J:{j,j+1 Lj+B—1}

13 AFP) = AR AP AR,

14 end

15 end

16 fori =0,...k—1,k+B,...N —1step B do
17 J={j,j+1,. ,j+B—1}

18 AP = AP @AY

19 end

20 end

21 end

kﬂ k
Pacemorpum, Kak erauciuts Dy . Tlo onpenenenuto di g e

i,]

it = a7t b=k —1
d’LGK,]GK - 1 1 :
it edi edt, k> k

CieioBaTesIbHO, JIJIsT TONO 9TOOBI BBHIYNC/IATD Dk K.} MOZKeT OBITH HCIIOJIb-

—1)

30BaH aJIrOPUTM I JIJTST TIOJIMATPHUIIBI Ak K.)¢  MATDHILbI Alki—1),

O6o3uaunM K = V\ K. PaccmoTpuM, Kak BBIYUC/IUTE DK o HCTIOMIB3Y
ko, k1—1 k1 — 1 _
BBIUNCJIEHHYIO paHee MaTpPUILy D . d.r K jek =d;; D k@g% (dik ) =
k1 1 k1 1 kl 1 kl 1 ki—1 kn _ _k1—1
© D (q ) D @ (a; ')@ai,j Qd;m=a;; D
keK keK\j

D (q kl '® d ") = @D (g kl '® d ".). Beaeniersue sroro DK & MozeT OBLITD
keK\j keK

kn _ ki—1 5 kn
Bolunciena kak MMA suia D =A = K®D KK
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P&CCMOTpI/IM KaK BbIYUCJ/IUTDH D M CIIOJIb3Y¢ BBIYMCJIEHHYIO paHEe MaT-

K' K”
k‘n k‘n _ k‘l—l k‘l— _ kl—l kn S k‘l—l
puity Dy oo di s o = a7 © k@(( ik @) = Al @D QAL
PaceMoTpnM, Kak Bbraucuth D K¢’ ICTIONB3YS BBITHCIICHHYTO PATee MaT-
fen g1 ke o ki—1 k:l— fon
pMuyD il ekt = i @@(di,k‘g’ak,j )=a;; ® D (4 k®a e
keK\i
dk”®ak1_ kl_ ® P (dk ®ak1_ )= &P (dk ®a ~1). Beaesiersue atoro
i) iy k k : at
keK\i keK
kn kn kl_
D K g MOZeT ObITH BhIYncsena kak MMA suna D KK K K®A

[Tocsie obobmennst FMA na onepanun nz MMA monens HTATI ﬂoy oyner

UMeTh CJIeYIONINil BUI.

1. ApxuteKkTypa 3arpy3ku/COXpaHeHUs 1 BEKTOPHbIE PETUCTPHI:
JIAHHBIE JIOJKHBI OBITH 3arpyKeHbl B PErHCTPHI IIpoIleccopa Iepej] TeM, Kak
C HUMH MOTYT OBITH BBIIOJIHEHBI BhIYUCIeHUS. NRpg — KOJUYECTBO BEKTOP-
HBIX peructTpoB. Nygc — KOJIMYECTBO 3HAYEHUI PasMEPHOCTH SpaTA, KOTOPbIE
MOXKET COJIEpYKaTh BEKTOPHLIN peructp. Kean Nygg pasuo 0, Nygc npucBanBa-
eTcd 3nadenne 1. Lypoap — KOJINUECTBO TAKTOB IPOIECCOpa, KOTOPOE JTOJIKHO
OBITH COBEpINEHO Tiepe] HavaJOM BBITTOJHEHUS HOBOI 3aBUCHUMOI 1O JTAHHBIM
BEKTOPHOI MHCTPYKITH 3aIPY3KN JTaHHBIX Ha BeKTOPHBIH peructp u3 L. [Ipen-
10JIaraeTCsd, 9TO KOMAH/IbI JIJIsi paboThl C MaMsIThIO MOT'YT BBIOJTHSTHCSA OJTHO-

BPEMEHHO C KOMaHJaMN1 apI/ICbMeTI/IKI/I C HﬂaBaIOHlefI TOYKOIA.

2. BekTopuble nHCTpYKIUU: Nyynia — KosmdecTBo oreparuit VMMA |
BBIUNC/ISIEMBIX IIPOIieccopoM 3a oani TakT. OraenbHasgs VMMA Bemosaser Nygc
HEBEKTOPHBIX YMHOYKEHI 1 cyioxKennii, cocrapistiormmx MMA. Nypyva ompeje-
JIsieT TPOITYCKHYIO CIIOCOOHOCTH Ipoleccopa. Lyyiva — MUHEMAJIbHOE KOJIMYe-
CTBO TaKTOB, KOTOPOE JIOJIZKHO OBITH COBEPIIEHO IIepeJ] HAYaJIOM BbIIIOJIHEHUS
HOBOI1 3aBucumoit o JanabiM VMMA. Lyaiva onpejensier 3aiep:kky VMMA-

UHCTPYKIINN.

3. Kanr-nmaMsTh: Becb K31 JIAHHBIX — MHOYKECTBEHHO-aCCOINATHBHBIII
ka1, Kaxkaplit ypoBenb Kamia L; XapaKTepu3yeTcd CAeAYIONINMHI IapaMeTpa-

mu: Sy, — pasmep L;; Wi, — cTenenb acconuaTUBHOCTH; [V, — KOJUIECTBO
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MHOKecTB; Cf,, — pa3mMep JmHun Kama, rae Sy, = Np, Cp, Wr,,. B ciayvae nosHo-
CTBIO accoluaTuBHOro Kama Ni, = 1.

4. NHCTpYKIMU NPeABBIOOPKU: Npjefetch — KOTMIECTBO MHCTPYKIIHI
IPe/IBBIOOPKH, KOTOPOE MOZKET OBITh BBIIOTHEHO 3a OJUH TAKT. Lprefotch — KO-
JITYECTBO TAKTOB, COCTABJISIIONINX 3a/I€PKKY Kazk 101t nHCTpyKInn. Kaxk nas nn-

CTPYKIINSI MOYKET 3aIDYy3HUTh JIaHHBIE, pa3Mep KOTopbIX paseH Cf,.

Peasnbuble 3nadenns napamerpoB mojenn LIAIL onpenesnsiiorest Texamde-
CKUMU XapaKTePUCTUKAMU IIeJIeBOi anmnapaTHoil maTdopMbl. Tak, HampuMmep,
nH@OPMAaIA O IPOIYCKHBIX CIIocoOHOCTX onepannii n3 MMA moxkeT ObIThH
HafiJleHa B CIIPaBOYHOMN JOKYMEHTAIMHU 110 ONTUMU3AIINAAM IPOTPAMMHOI0 0bec-
neveHust Jtsd JgaHHbIX mporieccopos [90,91]. Kak u B ciyuae opurunasbHoi
mogzenn IHAIT Jloy pacemaTrpuBaercst mporeccop ¢ MOJUTHKON BBITECHEHHUSI I10-
CJIeJIHETO TI0 BPEeMEHU HCIIO0JIL30BaHUsd, KOTOPas MOYXKET He COOTBETCTBOBATDH pe-
aJIbHOMY IIpolieccopy. Vcrnop3oBanme Apyrux MOJUTHK BHITECHEHUS sIBJISICTCS
IpeIMETOM OYJIyIIUX MCCJIeI0BaHNIA.

Lprefetch OLIpeiesideTcs 3alepKKoit jloctyna K namaTu. BEean snadenne
L prefeten 11€J1€BOI allltapaTHOl 111aT(hOPMbI HEU3BECTHO, Lyprefetch IIPUCBANBACTCS
snauenne 300 TakToB mporeccopa. Kak 6bu1o mokazano B paborax [114][153],
Lpreteten = 300 aABIsIETCA TPUEMIIEMOIl OIICHKOI CpeJIHero 3HaYeHNsT 3a/1ePKKI
JIOCTYTIA K MaMSTH JIJIsT MHOIUX COBPEMEHHBIX ILIAT(OPM U IIHPOKOTO KJIacca
3aja4. B pazgene IIPOBEPSETCSI, UTO TO CIPaBeJInBO 1 Jijist caydas MVM.

Lyyiva MOXKET OBITH BBIUKMC/ICHA KaK CYMMa 3aJIePKeK BEKTOPHBIX HH-
crpykuuii, cocrapisgommx VMMA. Nyyya MOKeT ObITh BBIUHIC/IEHO KaK Hal-
MeHbIIlee U3 MPOIYCKHBIX CIIOCOOHOCTEH BEeKTOPHBIX MHCTPYKIIMI, COCTABJISIIO-
mux VMMA, ecim 0b6e 3T MHCTPYKIMKM MOTYT OBITH BBIIOJHEHBI ITPOIECCO-
poM ojiHOBpeMeHHO. B nmporuBHOM cityuae Nyyiva MOXKET ObITb BBIUNC/IEHA KaK
HaMMeEHbIIIee 13 IPOITYCKHBIX CIIOCOOHOCTEH BEKTOPHBIX MHCTPYKIINIL, COCTABIISA-

fonmux VMMA, pasiesnentoe Ha JiBa.
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B OosbimmHCeTBe CilydaeB IeJeBble allllapaTHble IJ1aT(MOPMbI PeaM3yIoT
BEKTOPHbIE MHCTPYKIINK JIJIsI BBIIOJIHEHUs ollepalldii X, min, max, +, HeoOXo-
JUMBIX J[JIs1 perenns 3a1ad u3 kiacca APP [90]. Takue uncrpykimu moiep-
JKUBAIOT Pa3/IMIHbIE 1eJIble, BEIIeCTBEHHbIE U JIOTHYeCKIe TUIIbI JaHHbIX [154].
s caydasd omepalnii HaJ MaTpPUIAMN, COAEPXKAIINMHI SJEMEHTHl U3 MHOXKe-
CTBa KOMILJIEKCHBIX YMCEJI, BO3BMOYKHO CBEJICHIE K BBIYMCICHUSIM HaJI BEIleCTBEH-

npiMu MaTpuniamu [54]. B uacrrocrn, npomssegenne marpun, A € CNV*M

u
B € CM*N ppencrasumbix B Bugie A = A, + Aji u B = B, + Bjyi, coorer-
CTBEHHO, MOYKET ObITh BbIuuCIeHO Kak AB = (A, B, — A;B;) + (A; B, + A, B;)1,

rie A,, A; € RVM y B B, € RM*N,

2.2. Aaroputm BbIumncjgeHnsa obodbimennoro MMM

B nanHom pasjeste mpejijiozkeH aaroput [0 Bbrancienus 06o61ernst MMM
Ha 3aMKHYTBIE TIOJIYKOJIbIA ¢ JIeMEHTaMHI U3 MHOYKECTBA BEIECTBEHHBIX YUCET.
Astropurym [6] sirsiercst o6o61mennem aqropurMa Beranciaenust MMM, omcanno-
ro B pabore T.M. Jloy (Tze Meng Low) [47].

Ha Bxos anropurma [0] mogatores marpunnst A, B u C, nmerorue pa3Mep-
Hoctb M X K, K Xx N u M x N, coorBercrBenno. Marpuiia C' cojepKur
pesyabTar Beimosinenns MMM. B nporecce Boimoinenns aaropurMa MaTpPHUITbI
A un B pasbupaiorcst Ha OJI0KH. DTO TO3BOJISIET MHOTOKPATHO HCIIOJIB30BATD J1e-
MEHThI OJIOKOB, XPaHSIIIIXCs B KaII-rtaMaTu. Pasmepst 010koB N, K., M., N,
n M, aBiagioTcd mapaMeTpaMu aJropuTMa. VX 3madenus MOTYT OIpeae/aThCs
C MHOMOIIBIO aBTOHACTPONKH, PYYHOI HACTPOUKH, & TaKzKe MOJEJNPOBHUI €ro
Borunciennst na ITAII.

Asropury [6] Beranciennss MMA umeer ciegytomuii Bu:
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AnaropurMm 6: Boeraucienune ob6o6mennoro MMM

1 begin

2 for j = 0..N — 1 step N, do

3 for p =0...K — 1 step K. do

4 Komuposanue B(p:p + K. — 1, j:j+ N.— 1) B B,

5 for i = 0...M — 1 step M. do

6 Konmposanue A(i:i + M. — 1, pp+ K. — 1) B A,
7 for j. =0...N.— 1 step N, do

8 for i, = 0...M,. — 1 step M, do

9 for p. = 0...K. — 1 step 1 do

10 Il=4:1.+M.—1,J=3:.:7.+N,—1
11 Ce(I, J) &= Ac(L, pc) ® Be(pe, J)

12 end

13 end

14 end

15 end
16 end
17 end
18 end

B omnmmane or anropurma [1] BMecTo omepariuii c/IoKeHUsT 1 yMHOYKEHHS,
cocrapystionux FMA | ucnonbsyiorest onepaiun @ u K, COCTaBJISIIONINE OIIN-
CaHHYIO B pasjiese onepanuo MMA[®, @|. D1o 103B0OJISET UCIIOIB30BATD
asroputy [6] au1st Berancienus MMA[®, @).

[To mocrpoennto ajropurma [0] /yist onpesieenns 3HaUCHUT €ro mapameT-
POB MOXKHO HCIIOJIb30BaTh PACCY:KJeHNUs, MpuMeHsiomuecsd B paszese [1.2) ays
BBIBOJIa 3HAUYEHUII MapaMeTpoB aJropuTMa [l yepes MojenmpoBaHme BBIYHC/IE-
it Ha [HAIL ITo ompenenennto pacmmpenust mojenu LIAIIL Jloy, onncannoii B
pazzere 2.1 Bmecto Lypyma u Nypama ucnonssytores Lynviva 1 Nyama, COOT-
BETCTBEHHO.

Taxum obpazoM, hopMyJIbl, CBA3BIBAIONINE pa3Mephbl O6Ji0KoB Marpull M,
N,, K., M. n N, ¢ TeXHI9eCKUMH XapaKTEePUCTUKAMI PEaJIbHOTO IIPOIEccopa

UMEIOT CJICAYIONINIA BU/I;
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Wii—1
NT = N N 7Mr — Nr 7Kc = | —F— | VN Mr s
[v7/Nvec] Nvec [v/N, ] TN, /0, 1,Cr, /M, Spata

M, = (W, —2)51,/K.SparaWi,, N. = |Cp,/K:Spata N, | Ny,

rae v = NyecLvanvia Nvavia, Cp,— KosmdecTBo 0aiiToB, JOCTYIHBIX i B,.

@opwmynbl g N, u M, obecriednBarOT OTCyTCTBHE IPOCTOsI KOHBeiiepa
BEKTOPHBIX MHCTPYKIui pacmmpenust mojenn LHAIT Jloy Bo BpeMsi BbIIOJIHE-
HUsI Tejia BHyTpeHHero mukja ajroputMa [0 @opmysst misa K., M, u N, ocro-
BaHbI HA TOM, 9TO 9JIEMEHTbI MATPUII, UCIIOJIb3yEeMbIe Yallle OCTAIbHBIX, JT0JIZKHbI
OCTaBaThCS B KAUI-TIAMSITH HAMMEHBIIEr0 U3 JOCTYIIHBIX YPOBHEH KaK MOXKHO
nosbie (em. pasnen [1.2)).

MozkHo chopmyIupoBaTh ClIeIyIoIIee yTBEP K ICHHE.

YT1BepKaeHne 2.1. Ecin janable MOI'YT ObITH MIHOBEHHO 3arpyrKEeHbI
U3 [MaMATH Ha BEKTOPHBIE PETUCTPhI, TO CYIIECTBYIOT 3HaYeHUsI TapaMeTpoB IV,
u M, ajropurma [ mpu KOTOPBIX OTCYTCTBYET MpOCTaMBaHUE KOHBeepa BeK-
TOPHBLIX HHCTpyKInit pacimpenus mogenn LTAIT Jloy B mporecce BbIosiHeHNsT
asroput™a [0}

Jl1s1 ToKa3aTe/IbCTBa IIPEICTaBICHHOTO YTBEPK IeHUT HEOOXOIMMO YIeCTh,
4TO 110 onpejenernio pacimupenns: mogean LAIL Jloy komanmbl st paboThI
¢ MaMsTBIO MOI'YT BBIIOJIHSITHC Mojiesibio LIAIT ogHOBpeMenHO ¢ KOMaH1aMu
apu@METHKHI C IJIaBAIOIIEHl TOUKOIl, 1 IIOBTOPUTb PACCYXKJEHUA O BbLIBOJIC
savennit napamerpos N, u M, u3 pasgena[l.2] (cr. 29).

HacTuuHoe SKCIepUMeHTaIbHOE IIOATBEPXKICHNE 9TOI0 YTBEP K IeHHST JIJIsT
peaIbHbIX MHOTOSIJIEPHBIX IIPOIIECCOPOB 00IIEero Ha3HAUEHIS MOYKHO HANTH B Pa-
oore [38], re ucnosnb30BaHNE IBOHOrO GJIOTHOTO PAZMEIIEHI MATPUIL U AJITO-
puTMa [I] 103BOJISIET YMEHBIIUTD KOJIMYECTBO IIPOMAXOB K JaHHBIM K3II-IIaMSITH

1 J100UTHLCs IpOU3BOAUTEILHOCTH 97% OT UKOBOIA.
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2.3. AaropurMmsbl BbeIuncjaeHus odbodommeraoro MVM

B nanHoM pa3zjiesie NnpejioyKeHbl aJrOPUTMBI 7| 1 |8 BEraucjenusi 0b6ooie-
st MVM na 3aMKHYTBIE TIOJTYKOJIBIIA C 9JIEMEHTAMU U3 MHOZKECTBA BEIeCTBEH-
HBIX 9HUCeNT JIJIA CIydaeB TPAHCTIOHMPOBAHHON 1 HETPAHCIIOHMPOBAHHON MaTpU-
I[bI, COOTBETCTBEHHO. AJIropuTMbl (7| 1 [§ aBistioTcss 0b600mIeHneM aJIrOPUTMOB
sorauciennss MVM, onucanneix B padore C.A. Xaccan (Somaia A. Hassan) [36).

Anropurwm [7] Berancienust obobierroro MVM 151 corydas TpaHCIOHIPO-

BaHHOIl MaTPUIbI UMEET CJIEYIOIINI BU/I;

AnaroputMm 7: Boruucienne ob6o6mennoro MVM. Coydaii TpaHciio-

HUPOBAHHOU MaTPUIbI

1 begin

2 for j. =0..N — 1 step N. do

3 for i, = 0...M — 1 step M. do

4 for 5, = 0...N. — 1 step N, do

5 Beimostasiem npenpuibopky M, X Np 37eMeHTOB MaTpuiibl A ¢

marom D B Ly
for i, = 0...M.— 1 do

6 I =1.4+1

7 acc(0:N, — 1) = z(I)

8 for j, = 0...N, — 1 step N, do

9 J=Jetip+iriJetipt+ijr+N-—1
10 y(J) &= A(1,]) ® acc(0: N, — 1)

11 end

12 end

13 end
14 end
15 end
16 end

Ha Bxox anropurma [7] mogatoress marpuiia A U BEKTODBI & U Y, UMEIO-
e pasmepHoctb M X N, M un N, coorBeTCTBeHHO. BeKTop 4 comepKuT pe-
3yabTaT Bbhimojnenns MVM, 00o0ImeHHoro Ha 3aMKHYTBIE TOJTYKOJIbIA C dJIe-

MEHTaMI U3 MHOZKeCTBa BelecTBeHHBbIX unces. Obobmennoe MVM nMmeer B
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y= AT ® 2 @ y. B nporuecce BbIIOIHEHI aﬂFOpI/ITMa MaTpuiia A 1 BEKTOPbI
r 1 Yy pas3buBaiorcs Ha OJIOKM, KaK II0Ka3aHOo Ha puc. [2.1|

MNamaATb Lo k3w L1 Ko Perucrtpel

s
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Puc. 2.1. Pasbuenune BekTOpoB ', y u Marpuiibl A Ha OJIOKH.

[TuK/I ¢ UHYKTUBHON TlepeMeHHOl j. ajropurMa [7] pasbusaer marpuity A
1 BEKTOP Y Ha ToaMaTpuily pasMeproct M X N, n moaBekTop pasMepHocTn V..
[To cpaBHEHUIO ¢ aJATrOPUTMOM [2| UK ¢ MHYKTUBHOM IIEPEMEHHOI j. sIBJISICTCSI
JIOTIOJTHUTEIbHBIM TIHKJIOM, JIOOABICHHBIM B &JrOpUTME [7] ¢ TIeJIBI0 YIIPOITICHHST
MoJIe/INpoBaHus ero Borancsenuit na [TATI.

[y ¢ MHAYKTUBHON IT€peMeHHOil 1, pa30nBaeT MOAMATPUILy MAaTpHUIibl A
1 BEKTOp T Ha moamarpuity pasMepuoctn M, X N, u MoABEKTOp pa3sMepHOCTH
M.. N, 371eMeHTOB BEKTOpa ¥ MCIOJb3YIOTCS IMOBTOPHO Ha KayK0W HUTeparun
paccMaTpuBaeMoro HnukJa. JHadeHus napamerpoB N. u M, BeiOMpaloTcs Tak,

qT00BI [V, 9JIEMEHTOB BEKTOPa Y HE BHITECHSJINCH U3 L.

Y5}



[{uk/1 ¢ MHYKTUBHOI TIepeMeHHOI j, pa3duBaeT Mo MATPUILy MaTpUIlbl A
U TIOJIBEKTOP BEKTOpa Yy Ha nojmaTpuily pasMmepuoctu M. X Ny 1 MOABEKTOD
pasmeproctu Ny. 3nadenne N onpejiesisieT KOJIMIeCTBO 9JIEMEHTOB BEKTOpa, ¥,
XPaHUMbBIX Ha BEKTOPHBIX PErUCTPax M UCIIOJIB3YyEeMbIX TUKJIOM C WHIYKTHBHOM
nepeMeHHoit 1,. B oTmume ot asropuTMma 2 3nadenus napamerpoB Ny u M,
MOTYT OBITH pa3jn4Hbl. Kak 1oKa3aHo Jlajiee, 9TO YIIPOIAEeT MOJICINPOBaHNE
Beraucsiernii aaropurmal[f|na LLATL Eme oo ormtne 3axk/odaercs B TOM, 9TO
BO BpeMsl BBITIOJIHEHNA KayKJI0fl nTepannun MuKJaa ¢ WHIYKTUBHOHN mepeMeHHOit
Jp mopmarpuna A(ie : i+ M, — 1, J.+ DNy : J. + (D + 1)N, — 1) marpuiist
A zarpyxkaercsa B Ly, a #He B Ly. DT0 103B0/II€T BOCIIOIB30BATHCSI CBOCTBAMIM
L1, KOTOpPBIil B OOJIBIIMHCTBE CJIYyYaeB sIBJISETCA BUPTYaJbHO HHIEKCHPYEMbIM
(em. pazzen 2.0)).

UK ¢ MHIYKTUBHOI TIepeMEeHHOIl 7, pa3duBaeT MOAMATPUILY MaTPHUIIbI
A 1 OJIBEKTOP BEKTOPa T Ha MOAMATpHUIly pasMepHocTu 1 X Nj U MOJBEKTOD
pasmepHocTH 1.

MUk ¢ MHAYKTUBHOI ITepeMeHHO j, pa30uBaeT MOJMaTPUILY MaTPHUIILI
A 1 OJBEKTOP BEKTOPa Y Ha IMOAMATPHUIY pasmepHocTr 1 X N, U MOJIBEKTOD
pazmeproctu N,. B mnporiecce BBITIOTHEHNS ONMICHIBAEMOIO IMUKJIa, TIOIMATPUTIA
1 x N, ymHOXKaeTcd Ha 3JIeMeHT BeKTopa x. BesencTsue sToro napamerp NV,
OTpeJIe/IAeTCs  PasMepoM  BEKTOPHBIX PErnCTPOB  PaCHIUPeHus  MOoJen
LIATI Jloy.

Pacemorpum asiroputym [§]) stpsistroriuiicss mogudukaieit agropurma [3 aist
Borancsiennss MVM s coydast y = Ax + y. OnucbiBaeMast MOAIMDUKAIIISA 1103
BOJISIET CMOJIEJINPOBATH IIPOIECC BBIIOJHEHUS aJIrOpUTMa (8| /1Jist BbIBOJa (HOop-
MYJI ollpejiesienns 3Hadenuit mapamerpoB N, M., N,. Moandukanus Tak:ke J1a-
€T BO3MOYKHOCTH MCIOJIB30BaTh ollepalni B U &, COCTABJILIONIIE OINCAHHYIO B

pazjeie 2.1 onepaiio MMA[®, B|, BMecTo onepaliiii CI0yKeHNs U yMHOZKEHHsI.
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AJIPOpI/ITM 8: Borancienne obobmennoro MVM. Ciydait HeTpaHCIOHIPO-

BaHHO MaTpHUILbI

1 begin

2 for j. = 0...N — 1 step N, do

3 for i, = 0...M — 1 step M. do

4 acc|M.|[N,]

5 for j, = 0...N. — 1 step N, do

6 if 7, mod 4Cy, /Spata == 0 then

7 [Ipeaseibopka M. x 4C1, /Spara smementoB A u 4CL, /Spata

sjeMeHToB x ¢ maroM D B L

8 end

9 J=JeNe+Jr i jeNe + jr + N — 1
10 acc(0,0: N, — 1) += A(I,]) x X(J)
12 ace(M, —1,0: N, — 1) += A(I + M, — 1,J) x X(J)
13 end
14 end

N, —1
15 y(ic) &= @ acc(0,17)
i=0
16
N,—1
17 ylic+ M, —1) &= P acc(M. —1,1)
i=0

18 end
19 end

Ha Bxox asropurma [8 mojatorcs marpuiia A U BEeKTOPBI T, Y, UMeO-
e pasmeproctb M X N, N u M, coorBeTcTBeHHO. BekTop 4 comepKuT pe-
3ysibTaT BhimosHeHnss MVM, 00o01enHoro Ha 3aMKHYTBIE TIOJIYKOJIBIA C DJIe-
MeHTaMH 13 MHOXKeCTBa BelecTBeHHbIX uncesi. Obobmennoe MVM nMmeer B
y=A® x @ y. B upouecce BbIIOIHEHNS aJITOPUTMa, |8 MaTpUIla A 1 BEKTOPLI
x , y pasbuBaroTcs Ha OJOKN Kak MMOKa3aHo Ha puc. 2.2

k1 ¢ UHyKTUBHOI ITepeMeHHoi J. aJIFOpI/ITMa pasduBaeT MoJIMaTPUILY
MaTpuIilbl A n BeKTOp X Ha mnojMaTpuily pasmeproctu M X N, n 1M0ABEKTOP

pasmepHocTu N,.
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MamaTtb L2 k3w L1K3Lw Peruncrtpbl

]

Puc. 2.2. Pasbuenne BekTOpoB x, y 1 MaTpuiibl A Ha O10KM

[k ¢ MHJAYKTUBHON HEepeMeHHoil ¢, paszdouBaeT maTpuily A m BekTop Yy
Ha noaMarpuily pasMmepraoctu M. X N, u nojBexkTop pa3zmeprnoctu M. B orin-
qpe OT aJI'OpUTMa |3 3HadeHus mapameTpoB N, nu M. MOTYT OBITH pas3IMIHBI.
Sunadenus napamerpo N, u M, BeiOUpaloTcs Tak, 9ToObl N, 9JIEeMEHTOB X He
BbITECHSIINCH 13 L.

[{ukj1 ¢ WHYKTUBHOIT TIepeMeHHOM j, pa3duBaeT Mo MATPHILy MaTpuilsr A
1 MOJIBEKTOP BEKTOpa & Ha moaMarpuily pasmepuoctu M. X N, u TOJIBEKTOD
pazmeproctu N,.. CTpoKHU yKa3aHHOW MOJMATPHUIILI U TOJYYEHHBII B Pe3y/ib-
TaTe pasdUeHns MOABEKTOP yYaCTBYIOT B BEKTOPHBIX ollepalnusax. BejejacTsue
9TOT0 [V, 3aBUCHUT OT Pa3MEPHOCTH BEKTOPHBIX PEIUCTPOB PACHIUPEHUST MOJIE/IN
[TAIT Jloy. Ilycrs Cy, = CL,/Spara. Kaxueie [4Cy, /N, | urepanuii mogmar-
puna A(i. : i + M. — 1,J 4+ D4ACy, : J + (D + 1)4Cy,, — 1) marpunst A n
nogsexTop x(J + DACy, : J + (D + 1)4Cy,, — 1) BekTOpa & 3arpyKaiorcs B
L. Barpyska 4Cy, /Spara smementos marpuiibl A n 4Cy, /Spara s71eMeHTOB

BEKTOPa I IIO3BOJIAET YCPEIHUTDH 3aJ€P2KKY JOCTYIIa K ITaMATH I/ICHOJIb3yeM0171
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1eJIeBO anmapaTHoil mardopMel. B omimane ot anroputma [3| He BbIOTHACTCS
JIOIIOJTHUTEILHOTO pas3bueHusl IOIBEKTOPa BEKTOPa ¢ U MOAMAaTPUIILI MaTPHUIIbI
A. Hasee 510 ncnosb3yercs JJIs Olpee/eHns 3Hadennii napamerpa D.

Hcnonb3oBanue maHHBIX. PaccMOTprM MUKJI ¢ MHAYKTUBHON ITepeMeH-
woit 7, amroputma[7l Teso nukia Beraucssier N, 9J1eMEHTOB BEKTODA Y, HCIIOJIb-
3yst N, astemenToB MaTpuiibl A u onus semenT Bektopa . CregoBaresibHO, dJ1e-
MEHT BEKTOpPa T MCIIOJIb3yeTCs 110c/IeJ0BaTeIbHbIMU UTEPAIUSIMU OIUChIBAEMO-
o MUKJIA. DJIEMEHT BeKTOpa & ucosb3yercs: Ny, /N, pas3, Tak Kak OH y9IacTByeT
B BBIYUCJIEHUSIX, BBIIIOJIHAEMbBIX KayKJI0I UTepaleil JaHHOr0 MUKJIa. DJIeMEeHThI
MaTpuilbl A 1 BeKTOpa 1y He UCIOJIB3YIOTCS IIOBTOPHO.

Tabmuma 2.2. y = AT @ 2 & y.

Howmep nukita Hannbre | Pazmep | KosimdecTBO MOBTOPHBIX MCIIOTH30BAHUIT
5 x 1 N,/N,
4 Y N, M,
3 x M, N./N,
2 Y N. M/M,
1 T M N/N,

[Ipoanan3upoBaB ocTajbHbIE ITUKJIbI, MOYKHO OIPEIEINTh KaKie JTaHHbIe
JIOJIZKHBI XPAHUTBCS B KAII-ITAMATH, YTOObI YMEHbIINTH KOJMYECTBO IIPOMAXOB
K314 U YBEJIUYUTH IPOU3BOJANTE/IHLHOCTH HporpaMmbl. Tabi. n Tab.I.
cojiepzKaT pasMepbl UCIOJb3YEeMbIX JTaHHBIX U YKa3bIBAIOT, CKOJILKO pa3 OHU
HCIOJIB3YIOTCs B asroputMmax [ u [§], coorsercrsenno. [Tpumennm sty uHbopma-
U0 It onpejeseHus 3HadeHuit napamerpoB N., M., Ny u N,., 9T00bI yMEHb-

IUTHh KOJINYECTBO BBITECHEHUIT 9aCTO HCIIOJIb3YEMbBIX JTaHHBIX N3 KIHI-ITaMATH.

Tabmuma 2.3. y = A ® x @ y. AHaaus3 UCIOIBL30BaHUS JIAHHBIX.

Howmep mukita Hanmnabie | Pazmep | KosmmiecTBO MOBTOPHBIX UCIIOJIB30BAHUN
3 v M, N./N,
2 x N, M/M,
1 Y M N/N,
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BoiBejieHbl (hOpMYyJIbI, CBA3BIBAIOIIIE pa3MePbl 0JIOKOB MATPUIL 1 BEKTOPOB
N,, Ny, N., M., a Takxe mar npeasbloopkn [ ajaropuTrMma [/| ¢ TeXHUUYeCKIMU

XapaKTEPUCTUKAMU PeaJIbHOT'O IIPOIECCOPA.

Omnpenesienne 3HaYeHU mapaMeTpoB ajgroputma |7l Beisegenst hop
MYJIbI, cBa3biBatorue mapamMeTpol N,., Ny, N., M. n D anropurma [/| ¢ Texnn-
YeCKUMH XapaKTepUCTHKaMU peaJibHOro mporeccopa. CoryiacHo Tadil. yKa-
3aHHbIE IIaPaMeTPhl OIPEJIE/ISIIOT pa3MepPbl 1 KOJIUIECTBO IOBTOPHBIX HCIIOJ/Ib-
30BaHMil 9J1eEMEHTOB BEKTOPOB T U Y. Kpome 3roro, 3nadenus napametrpoB M,
u N onpeessioT KOJINIECTBO 3JIeMeHTOB MaTpullbl A, 3arpyzkaembix B Ly Ha
KayK/JI0# UTepalun NUKJ1a ¢ WHYKTHBHOI IepeMEHHO Jp. SHaAUYEHHE [TapaMeTpa
D omnpejiesisieT mar 1npeIBbioopKu.

PaccMOTpUM IUKJI ¢ UHLYKTHBHOI IIepEeMEHHOil J,., T[PaHUYHbBIM 3HaAYEHUEM
Ny n marom N,.. Corytacuo Tab.1. 3HaueHus napameTpoB [V, u N, ompeaersi-
10T KOJINUECTBO IIOBTOPHBIX MCIIOJIL30BAHUI 3JIEMEHTa BEKTOPa & U KOJIUIECTBO
BBIUHC/IIEMBIX 3JEMEHTOB BeKTopa Y. Tak kKak N, UCIOJIb3yeTcsd B KadecTBe
mara oluchiBaeMoro mukJ/ia u kaxgas VMMA MmoxkeT Bbranc/gnTb Nygc YMHO-
»kennit n cioxkennii, To N, = Nygc. 3uadenne Np JOKHO OBITH JOCTATOTHO
OOJIBIINM, 9TOOBI N30€2KAaTh IIPOCTOs KoHBeliepa pacmupennst mogesan LTAIT Jloy
B IIPOIIECCe BBIYUCIIEHUST 9JIEMEHTOB BeKTOpa Y. B To ke Bpewmst, Ny, onpejessier
YUCJIO UCIIOJIb3YEMBIX PErHUCTPOB, KOJMIECTBO KOTOPBIX OIPAHIYCHO.

Kaxkias nrepaliyst MuKJa ¢ NHYKTUBHON IIEPEMEHHO J, BHIUNC/ISAET KaK-
Jbiit 3 N, s71eMeHTOB BeKTopa Y, ucrnob3ysds VMMA jjist yMHOXKeHUsT CTPOKK
HOJMATPUIILI MaTpuilbl A u sjemenTa BekTopa x. Tak Kak Lyyna SIBJIsIET-
cs HAUMEHBIINUM KOJMYEeCTBOM TAaKTOB IIPOIECCOpa, I0CJe BbIIOJHEHUs] KOTO-
PBIX MOI'YT OBITH IIOBTOPHO UCIIOJIE30BAHBI 3aBUCUMBbIE 10 JAHHBIM HUHCTPYKIUN
VMMA, To Lyyia TAKTOB JOJIZKHO OBITH BBITTOJIHEHO, YTOOBI BBIMICIUTL HOBOE
3HAUYEHUE dJIEMEHTa BeKTopa ¥y. B mporiecce BBHINIOJIHEHUST STUX TAKTOB HYZKHO
HauaTh BbIIOJHeHNe 110 Kpaiineit mepe NynivaLvaivia VMMA - uHCTpYK-

1uit, 9Tobbl mn3bEXKaTh WPOCTOs KOHBeliepa mporeccopa. CreoBarelbHO,
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Nyviva Lvviva NVEC 971EMEHTOB BEKTOpa Y JIOJKHO ObITH BbluncjieHo u N, >
Nyrnva Lvenvia Nvec

CoryacHo TabJI1. yBeJIMUeHne 3HadeHus: mapamerpa [N, yBeJImdnBaeT
KOJIMIECTBO MTOBTOPHO MCIIOJIb3YEMBIX 9JIEMEHTOB BEKTOPa Y U KOJUIECTBO II0-
BTOPHBIX UCIIOJIH30BAHMIT 9/IEMEHTOB BEKTOPa &. IT00bI n30e2KaTh BhITECHEHUSI
JIAHHBIX U3 BEKTOPHBIX PETHUCTPOB B MaMAThb, PACCMOTPUM KaKoe KOJMIECTBO
BEKTOPHBIX PErMCTPOB TPeOyeTcs JIjisd XPaHEHUs BCEX JAHHBIX, MCII0JIb3YEeMbIX
B IUKJIC C WHIYKTUBHOW mepeMeHHoit j,.. 2 + Ny/Nygc peructpon Tpebyercs
Jutd XpaHeHus: N 9JIEMEHTOB BEKTOpa Y, KOIIMU 3JIeMeHTa BeKTopa & U Nygc
snemenToB Marpunbl A. Tak kak pacmupenune mogesn LIAIL Jloy nmeer Ngrga
BEKTOPHBIX perucTpoB, T0 Ny = (Nrgg — 2) Nygc. YUuThiBasi pacCyzKJIeHus o
3a/JICpzKKe VMMA, Nb = maX(NVFMALVFMANVEc, <NREG - 2)NVEC>- Obo3zna-
aum Cy, = C1,/Spara. iist TOro 9T00b! BBITOTHSIICE MTPE/ITON0KEHIST OTHOCH-
TeJIbHO K3II-IIaMATH [IPolieccopa, MpejcTaBiennble B pasjeie 2.1, orpannyunm

3nadenne napamerpa Ny kak Ny < Np, Cyp,. Takum obpaszom,
N, = Nygc, (2.3)

Ny = min( max(Nyema Lyveva Vvec, (Nree — 2) Nvec),
[ N1, Cyr, /Nvec] Nvec).

Boiejiem GpopMyIbl 1T BhIYUCIeHns 3Hadenunit napamerpos N, u M. Cornac-

(2.4)

HO Ta0.I. OHU OIPEICJIAIOT pasMepPbl U KOJINIECTBO MTOBTOPHDLIX MCIIOJIH30Ba-
HUIl 971eMEHTOB BeKTOpPOB T u Y. M. X Nj ajteMeHTOB MaTpuilbl A 3arpyrkaiorcs
B KIII-IIaMSTh HA KaxKJIOi UTepalnuu MUK/ ¢ UHIYKTUBHON IepeMeHHOit Jp.
st xpanenust 3jieMeHTOB MaTpuilbl A ncrnosib3oBad Li, Tak Kak B oT/In4ne
oT Lo oH wale Bcero BUPTyaJIbHO MHIEKCUPYEMbIit [155]. BupryaabHas WHICK-
CHPYEMOCTD IIO3BOJISIET FapaHTHpoBaTh, 910 M. X N} 571eMeHTOB MaTpuibl A
He OyayT BbiTecHenbl u3 Ly, ecm M, < Wi, (cm. pasgen . YBendenne
M. ymeHbIaeT M3AepPzKKU, CBA3aHHbIE C BBIMOJHEHNEM WHCTPYKIUI MpeIBbI-
O0pKHU, W HPpUOINKAET 3HAUYEHUE 3aJIEPXKKU JIOCTYIIAa MaMSITH K €€ CpPeJHEMY

snadennto [36,37,156|. Corsacuo Tabr. 3Hadenne napamerpa M, psMoIpo-
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HOPIMOHAJILHO TOMY, CKOJIBKO Pa3 UCIOJIb3YIOTCs 3JIEMEHTBI BEKTOPA ¥, XPaHsi-
1ecst Ha BEKTOPHBIX PErUCTPaxX U UCIOJIb3YIONNEeCs KayK 10 nrepalueit miukia
¢ WHJIYKTUBHOI 1epeMeHHoil Jp. Tak Kak 3JeMeHTbl BEKTOPa i MOTYT OBITH 3a-
I'DY?KEeHbI Ha, PErUCTPHI IIepe/ BHIIIOJIHEeHNEM IIUKJIa ¢ NHIYKTUBHOMN IIepeMeHHOIt
1y, M. 571eMEHTOB BEKTOPA T UCIIOJIB3YIOTCS MEXK/IY JIBYMSI IIOCJIEI0BATETbHBIMI
uTepannsiMi MUKJIa ¢ WHYKTUBHOIN IepeMeHHOM jp u Li; 0OBIYHO BUPTYaJIbHO
nnjekcupyeM [155], o M, = Wy, — 1.

Corutacuo TabJ1. 2.2 yBesmdenne 3uadennit napamerpa N, yBeJndnBaeT Ko-
JITYECTBO MTOBTOPHBIX MCIOJIb30BaHNI 3j1eMenTa BekTopa . Ecmn N, > N, Cp |
TO HEKOTOPBIE dJ1eMeHThl MaTpuilbl A OyayT BeiTecHeHbl 3 Ly B Ly. UTobbI CO-
XPaHUTDH 3JIEMEHThI BEKTOPA 3 MEXKJIY JIBYMsl [10C/IeI0BaTeIbHBIMI UTePAIUSIMI
[UKJIa ¢ UHJIYKTUBHO IIepeMeHHOI 1., 110 KpaliHeit Mepe ojiHa K3III JIMHUS B KarK-
oM MHOY)KecTBe L jtosiKHa ObITE cB0GOHA. CrieoBarenbro, M. = min(Wp, —
1,Wy, —1) u N. = Np,Cp,. llpucsoum M, snauenne min(Wy, — 1, Wry,,), aro-
Obl ucnoJib3oBaTh OoJibiue 3HadeHust M.. Taxoii 1Mogxo0/1 MOYKET HPUBECTH K
BBITECHEHUIO HEKOTOPBIX 3JIEMEHTOB BekTOpa X B Lo. Ilpesmnosaraercst, 4to
M, BO3MOXKHO BBITECHEHHBIX JIEMEHTOB X MOTYT XPaHUThCA B Lo, Tak Kak
M, < W, < N, G, <« N,Cy,. CreoBaresbHo, 3HaueHns napaMeTpos M,
1 N, MOryT OBITb BBIYUCJICHBI CJIEIYIOIIIM 00Pa30oM:

MC = min(WL2 — 1, WL1)7 (25)
N. = N,Cy,. (2.6)

Y100BI BHIUMCIUTDL TIAr MpeBbIOOpKN [, npumMmenseTcs ypasHenue (2.1
Bestenersue sroro D = [Lypefeten/ B, T/le B — 9T0 KOJIMYECTBO TAKTOB IIPO-
1[eCCopa, BBIIOJIHAEMbBIX TEJIOM IUKJIa ¢ UHYKTUBHOI IIepeMeHHoil ;. PaccMor-
PUM IUKJI ¢ UHIYKTUBHON IEPEMEHHOIT 4. ITOOBI 3aIlyCTUTH BBIIIOJHEHIE BCEX
VMMA uncrpykimit, tpedyercst [ Ny /( NygcNyaa ) | TakTos mporieccopa. Kpo-
Me 9TOTO, Lyr,oAD TAKTOB JIOJIZKHO OBIThH BBIIIOJIHEHO, YTOOBI 3aIPY3UTh JI€MEH-

ThI BEKTOpa T Ha BEKTOPHBIH pernctp. /s 3amycka Bcex HHCTPYKINI TTPE/IBbI-
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OOpKM IUKJIA ¢ HHYKTUBHON repemennoii j, tpedyercs [ M, [ Ny/Cr, | /Nprefetch |
TakToB. CiiejioBaresbno, B Moxker ObITh Beraucien Kak [ M. [ Ny/CL, | /Nprefeten |+

Mc([Ny/(NvecNvama) ] + Lvroap). CienosareiibHo,

D = ’_Lprefetch/( ’—MC ’_NbSDATA/OLl-I /Nprefetch_‘ +

(2.7)
M([Ny/NvecNvumal + Lvroap))].
Takum obopazoM, B ciydae ajaropurMma || popMysIbl IMEIOT B
. Ny, C
Ny = min(max(Nvrya Lveva Nvec, (Nreg — 2) Nvec), [#—‘ Nvgce),
VEC®DATA

N, = Nygc, M. = min(Wy, — 1, Wr,), N. = N1,,CL,/Spara,
D :(Lprefetch/([Mc (NbSDATA/CLl—‘ /Nprefetch—l +
M ([Ny/NvecNvrmal + Lvroap))].

B pazjene |4.3| mokazaHo, 4T0 BO BCeX CJydasixX BbIBEJICHHbBIE (POPMYJIbI 103~
BOJISIIOT TIOJIYUNUTh 3HAUYEHUS [TapaMeTpoB OJIU3KUE K 3HAUCHUSIM, MOy YeHHBIM
PYYHOII HACTPOMKOIA.

Omnpeienienne 3Ha4ennii napamerpos ajgroputma (8. Beisemerst Gop-
MyJIbI, cBsi3bIBatotue napamerpol N, N, M, u D anropurvalgc Texmmaecknmu
XapaKTepUCTUKAMH peajibHOro mpoieccopa. CoracHo Tad.I. yKa3aHHbIe Ma-
paMeTpbl BIUAIOT Ha pa3sMepbl M KOJNIECTBO IMOBTOPHBIX HCIOJIb30BAHMIT 3Te-
MEHTOB BEKTOPOB & U Y. 3HadeHus napamerpa M. onpeuesisiioT KOJTIECTBO
9JIeMEHTOB MaTpuilbl A, 3arpyzkaeMbix B L Kaykjoil mrepanneil IMuK/a ¢ MH-
JIyKTUBHOM IepeMeHHoi j,. 3HadeHne mapamerpa [J)  omnpejessier  Imar
IIPEJIBLIOOPKU.

Pacemorpum MUK ¢ WHIYKTUBHOM mepeMenHoii j, agroputMa [§ Tax kak
3HaUeHne rmapamMerpa [V, oupeje/isieT TOJIbKO Al OINCHIBAEMOro IUKJIa U KarK-
nas nHerpykinss VMMA moxker Berancsnts Nygce YMHOXKEHN U CJIOXKEHNI,
TO Nr = NVECo

Kak un B ciaydae mapamerpa N ajroputma [f], HCHOIB3yeTCst HAMOOJIb-

1ee U3 BO3MOXKHBIX 3HadeHuii napamerpa M., 1o3Bossiioniee n3bexKarThb IIPo-
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CTOsI B KOHBeiiepe Ipolieccopa BO BPEMsI BBIYUCIEHUsI HOBBIX 3HAUEHUIT Bpe-
MEHHOI'0 MAaCCHUBa BEKTOPOB aCC TEJIOM MUK/ ¢ MHIYKTUBHON IepeMeHHO j,.
Omnpenenunm Cp, = CL./Spata. Crenosaresbuo, M. N, > Nynma Lvaviva NVvec.
Hns roro urober M, x 4Cy,, snementoB Marpuipl A n 4Cy, 3/1eMeHTOB Bek-
Topa X 3arpyzxaJuch B Lj paccMarpuBaeMbIM IUKJIOM, 3HadeHue M, JT0JIK-
HO ObITh He Oosibiie Wi, . Takne 3HaUeHUs HO3BOJISIOT COXPAHUTH 3arpyrKae-
Mble JlaHHble B Ly 06e3 uX BBITECHEHUsT (CM. pasjie . CieoBaTe/IbHO,
N, > Nygc [ Nyvesa Lvenia/ (Wi, — 1)] 1 M. = [ Nyema Lvevia Nvec /N, .
CorytacHo Ta0.1. yBeJInUeHne 3HadeHus napaMerpa N, MOBBIIIAeT KOJIH-
YeCTBO IIOBTOPHBIX HMCIIOJIb30BaHMil 3j1eMeHTOB BekTopa y. Onnako eciu N, >
N1, Cy,,, HEKOTODPBIE 3JIEMEHTHI BEKTOPa T OY/1yT BHITECHEHBI 9JIeMEHTAMU BEKTO-
pa y u3 Ly B Ly. YTo0ObI 136€:KaTh BHITECHEHUST 9JIEMEHTOB BeKTOPa X 13 Ly MeK-
Jly JBYMg IOCJIEI0BATCIbHBIMU MTEPAIUSIMU IIUKJIa C WHJYKTUBHON IEepeMeH-
HOI1 1., He MeHee YeM OJIHa JIMHUs KAIIIa, KaXKJ0r0 MHOXKeCTBa Ly 10/2KHA ObITh
csobonna. Crenosaressio, N, > Nygc [ Nypya Lyema/ min(Wy, — 1, Wy, — 1)].
Tak kak pegykiust M. semeHToB BekTopa y amoprusupyercst N./N, nrepariu-
SIMI ITUKJIa C WHJYKTUBHOM IIePEeMEeHHOIl 1., 11e/1ecoo0pa3HO YMEHbBIINTh 3HaTe-
Hue N, n ypesununthb 3Hadenune M,.. CienobaresibHo, N, MOYKHO BBIYUC/IUTH
kak N, = Nygc (NVFMALVFMA/ min(WLl, Wi, — 1)—‘ Takoit 1ojixo1 MOXKeT
IIPUBECTHU K BBITECHEHUIO HEKOTOPBIX 3JIeMEeHTOB BekTopa = u3 L. Onnaxo, sie-
MEHTBI BEKTOPa T MOT'YT COJIepKaThCsi B Lo MEXK Iy JIBYMSI TIOC/IE0BATE/IbHBIME

UTepallusMI UK/ ¢ WH/IyKTHBHON IlepeMeHHOIl 4., Tak Kak M, < Wp,. Cie-

JI0BATE/IBHO,
N, = Nygc [ Nvema Lyvesva/ min(Wy,,, W, — 1)1, (2.8)

M. = [ Nypna Lvema Nvec /Ny | (2.9)

N, = Ny, Cy,. (2.10)

Y106bl BEIYUCIUTS ITAl TIPEBBIOOPKE DD BOCTIOJIB3yeMcst ypaBHeHueM [2.1]

Crenosaresibio, D = [ Lpyefeten/ B, T7ie B — KOJIM4eCTBO TAKTOB IIPOIECCODA,
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TpeOyeMbIX [T BBIIOJIHEHNsI UKJIA C UHJLYKTUBHOI HepeMeHHol j,.. Pacemor-
pum 4Cp, /N, urepanuii gansoro mukjia. Irobbl HAYATH BBIIOJHEHNE BCEX WH-
crpyknuit npeaseibopku, tpedyercs [ (4Cr, (M. 4+ 1)) /(NprefetenCr, ) | =

[4(M; + 1) /Nprefeten | TaxtoB. 4Cr, Lyr,oap /N, TaKTOB HEOOXOANMO, ITOOBI 3a-

IPY3UTH 3JIEMEHTHI BEKTOPa, T Ha BeKTOPHBI peructp. YToObI HAYATH BLIIOJIHE-
aue Bcex VMMA uncrpyximit, Tpedyercest 4Cyp, [(M.N,.)/(NvaaNvec)] /N»
k0B, Clie/10BaTeIbHO,
B = [4(M. + 1)/Nprefeten | +
ACr, ([(MeN;) /(NvamaNvece) | + Lvroap) /N,
D = [ Lpsefeten/ ( [4(Me + 1) /Nprefeten | +
4Cy, ([(M.N,)/(NyvemaNvec) | + Lvroap)/N:)1-

(2.11)

(2.12)

Takum obpaszoM, B ciiydae ajropurma (8 hopmy/ibl UMEIOT BU/I:
N, = Nygc [/ min(Wy,, Wi, = )], M. = [v/N,],
N. = Np,C,/Spata,

rie v = Nymva Lvvva Nvec,

D = ’VLprefetch/< ’74(MC + 1>/Nprefetch-‘ +
4Cy, ([(M.N,)/(NvemaNvec) | + Lvroap)/N:) 1.

B paznene IIOKa3bIBAETCS, YTO BO BCEX CJIyUasiX BbIBEJICHHbIE (POPMYJIbI 1103-
BOJISIIOT TIOJIYUNUTh 3HAYEHUS [TapaMeTpoB OJIUM3KUE K 3HAUCHUSIM, MOy YeHHbBIM
PYYHOII HACTPOMKOIA.

YUuUThIBasi, YTO KOMAHJIbI JIJIT PA0OTHI C MaMATHIO MOTYT BBITOJHATHCS
pacmupennem mojesn LHAIT Jloy onHoBpeMeHHO ¢ KOMaHIaMI apu(PMETUKN €
IJIaBAIONIEel  TOYKOIl, W3 IIPUBEJCHHLIX paHee paccyzKJAeHuil O  Bbl-
Oope 3HavYeHUil IapaMeTpoB  aJICOPUTMA 1 ajJropuTMma (2.3 ciemyer

cJIeJIyIollee yTBepzKIeHne.
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YT1BepKaeHne 2.2. Ecin JaHable MOI'YT ObITh MIHOBEHHO 3arpyrKeHbI
13 TaMATH Ha BEKTOPHDLIE PETUCTPHI, TO CYIIECTBYIOT 3HAUEHUS TTApaMeTPOB [V,
Ny n 3nadenuns napametrpos M, n N, mo3BoIdIONINE M30€KATH TPOCTANBAHUISI
KOHBeliepa BeKTOPHBIX HHCTpyKIuit paciumpenust mogean LIAIL Jloy Bo Bpemst
BBITIOJIHEHNS aJropuT™Ma[7| 1 NKJIa ¢ NHLyKTHBHOI IIepeMeHHOi 4, ajropuTmas]

COOTBETCTBCHHO.

2.4. AnropuTMm cokpalieHusi BpemeHnn BbinojiHenus TC

[Toctponm ajropuT™m cokpailtiennusi Bpemenn BbinosineHust TC Ha ocHOBe
anropuTMoB Bbraucaeangs MMM n MVM, 00001menabIX Ha 3aMKHYTBIE TOJTY-
KOJIBI[A, C JIEMEHTAMHU M3 MHOXKECTBA BEIECTBEHHBIX THCesT (CM. pasJieibl
1 [2.3). B xo/1e BbIIOJIHEHHS AIrOPUTMA UCILOJIB3YIOTC ONTHMUBAIUE [IUKJIOB,
pUMeHsIeMble K N0Ausdpasvhot modeau (polyhedral model) win noausdpans-
nomy npedcmasaenuto (polyhedral representation) mporpaMmbl, siBJSTEOIIEiiCsS
MaTeMaTHuIecKM (PPeiiMBOPKOM JIJIsi MOJIETUPOBAHUS 1 ONTUMUBAIINN JTOCTYIIA
K HAMATH, ITPOU3BOUMOIO B IPyIIIaxX BJIOYKEHHBIX IUKJIOB, HE paccMaTpuBast
oT/IebHbIe BhIaucaeHus [157).

[ist onpesiesieHnst KOMIIOHEHT MOJINSPAILHOTO PEJICTABICHIST TPOIPAM-
MBI HCIIOJIB3YIOTCs 1EJ0UNCIeHHbIe MHOTOIPAHHUKN U OTHOIeHus [IpecOypre-
pa [158,|159]. Paccmorpum omnpenenenne ornorenuii [IpecOyprepa, mnpejcras-
Jernoe B pabore [159)].

Omnpenesienne 2.1. Curnarypa ¥ = (P, F, C, p) — Habop MHOXKeCTB, IJie
P — MHOXKeCTBO NpeJIMKATHBIX CUMBOJIOB; I — MHOXKeCTBO (DYHKIIMOHABHBIX
cuMB0JIOB; C' — MHOYKECTBO CHMBOJIOB KOHCTAHT, SIBJISIFOIINXCS (PYHKITHOHAJIb-
HBIME cuMBoJiaMu apHocTr 0; p — DYHKINSA, COMOCTABIISIIONIAS dJIeMeHTaM [ 1
F' ux aprocTh.

Omnpenesierne 2.2. Tepm — 6o cumsost nepemenHoit, 6o f(ty, ..., t,),

rie f — GYHKIMOHAJBHBII CUMBOJI apHOCTH N, & ti,...,t, — TepPMBbI.
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Omnpenenenune 2.3. Qopmysia JIOTUKHA [I€PBOIO MOPSJIKA OIPEICITCTCsT
KaK:
Ey AN By, rie E; — dbopmysia JJOMUKH TIEPBOTO MOPSAJIKA;
Ey VvV Es, e E; — dopMyiia JIOTUKH IIEPBOTO HOPSIJIKA;
Ey — Es, rie E; — dopmysia JIOTUKU TIEPBOIO MOPSJIKa;
—F, rne £ — dopMmysia JJOTUKN TIEPBOTO MOPSIIKA;

VuFE, rjie v — nepemennas, £ — ¢dopMyiia JIOTUKHI IIEPBOIO MOPSIJIKA;

A

JuE, e v — nepeMmennasi, I/ — dpopMyiia JIOTMKHI 1IePBOTO HOPSIIKA;
7. P(ty,...,t,), vae P — npeuKaTHBIN CUMBOJI apHOCTH 1, & t1, . .., 1, —

TEPMBI.

Omnpenenenune 2.4. A3bik [IpecOyprepa — curnarypa, uMeromast ToJbKO
OJINH TpeanKaTHblil cuMBoT < (tq,t2) U ciemyoniue (byHKIMOHATBHBIE CHMBO-
JIBL:

1. +(t1,t2), rye t — mepm;

2. —(t1,19);

3. MHOKECTBO CUMBOJIOB KOHCTAHT Jyisd Vd € N;
4.

MHOZKeCTBO QPYHKITMOHAIBHBIX cuMBosioB Buzia: Vd € N [|(t,d) = [t/d],
rje t — repwm;

5. MHOKECTBO CHUMBOJIOB KOHCTAHT C;.

Onpenenenne 2.5. Ornomenne IIpecOyprepa — dopmyria JOruku mnep-
BOI'O IOpsiJiKa, oIpejie/ieHHas Ha OCHOBe s3blKa [IpecOyprepa.

PaccMoTpuM MHOZKECTBO MHCTPYKIINN ITPOrPAMMBI, JIJIsT KOTOPOTO MOYKET
OBIThH TIOCTPOEHO TOJINIAPAIBHOE IIPEICTABICHNE,

Omnpenesienne 2.6. SCoP (Static Control Part) — maxcnmasbHoe 10

BKJIIOYCHUIO MHOZKECTBO MHCTPYKIUA, IPEeACTABUMBIX B CJICAYIOIIEM BU/IEC:

® JHCTPYKIHNHN HE coAepzKaT KOMaH/bl IIEpedadl YIIpaBJI€HNA, 3a NCKJIIO9YCHNEM

oreparopos if u for.
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® y KaK/JIOr0 IMUKJIA TOJHKO OJHA WHAYKTUBHAA IepeMeHHad, KOHCTAHTHDLIN
1rar, orpaHnyeHns Ha UHAYKTUBHbBIE IIepeMeHHbIe IIpeJICTaBUMbI B BUJIC Hepa-

BEHCTB ¢ apPUHHBIMU (PYHKITIIMU.

e yI00aJILHBIE InepeMeHnbIe NHBapraHTHbLI BO BpEeM# BbIITOJTHECHI I/IHCTp}/KHI/IVI

SCoP.

st KazKJioro yTBepzK/IeHUsT PACCMATPUBAEMON TPOrPAMMBbI TOJIN/[PaAJIb-
Has MOJIEb OIKUCHIBAET 00JIaCTH UTepupoBannsd, adpuHnble IIaHbl 1 PYHKITUN
JIOCTYTIa K TaMATH. B KadecTBe mpuMepa mporpaMmmbl, sproreiics SCoP, pac-
cMoTpuM peasmzaruio MMM:

for (i =0;1 < M; i++)

for (j = 0;j < N; j++)
for (p =0;p < K; p++)
S: CIllil +— Alillp] * BlpIfil

Onpenenenne 2.7. Ilycts I — BekTOp, cocTOSIUl U3 MHIYKTUBHBIX
nepemennbix SCoP; I, — Bekrop robasnbubix mapamerpos SCoP. B sTom
ciaydae obacTb urepuposanus nHcTpykimn S oupejessercs kak {S (I, Lyp,) |
f (L)}, tne S(I, Lyp) — rouxa nesouncientnoro muororpannuka; f(I Iy,) —
otHotenne IIpecOyprepa, cBoOO/IHbIE TPEMEHHBIE KOTOPBIX — 3JIEMEHTHI BEKTO-
pos I 1 L.

O6JtacTb UTEpUPOBAHUS JI/IsT YTBEPKIACHUA S paccMaTpuBacMoiil peainsa-
mun MMM mveer Bug {S(i,7,p) [0 <i < M —1A0<j<N—-1A0<p<
K —1}.

Onpenenenne 2.8. [Iycrb I — BeKTOp, COCTOSIMII 13 NH/IYKTUBHBIX I1€-
pemennbix SCoP; Iy — BekTOp BpeMeHHbIX ciiejioB; Iy, — BEKTOp I7100a/bHbIX
napametrpoB SCoP. B srom ciryuae adduHHBIN 1aH THCTPYKIUI S OIIPeIeIs-
ercst Kaxk {S(I, Lyp) — (L) | f (I, Lgp)}, rme S(I, Lyp) — (L) — Touxa mestoumnc-
sennoro muororpannuka; f (I, Iy, I;) — ornomenue IIpecbyprepa, csobouble

IIePeMEeHHbIe KOTOPbIX ABJISIOTCA d1eMenTaMi BeKTopos I, Iy, u I
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Addbunnbrii mraH jyig yTBep:KieHus S paccMaTpuBaeMOil peasn3aliin
MMM uwmeer Bug {S (i, 7,p) = (t1,to,t3) | t1 =i Nto = j ANt3 =Dp} .

Omnpenenenune 2.9. [Iycrs I — BekTOp, cocTosmuil 13 MHYKTUBHBIX TIe-
pemennbix SCoP; Iy, — BekTop ry1obaabubix napamerpos SCoP; M — maccus,
K KOTOPOMY IPOUCXOAUT obpalienne WHCTPyKiuu S (drenue 60 3auch); Iy,
— BEKTOp 3HaveHnii MHJEKCOB MaccuBa M, MCIOIb3yeMbIX B MHCTPYKIUN S.
B stom ciaydae dyHKIMA AOCTyHa K MaMSITH HHCTPYKIH S Jiisi MaccuBa M
onpenessercst Kax {S(I, Ly,) — M (L) | f (L L)}, roe S(I, Ly,) — M (L) —
Touka nejounciaennoro muororpanunka; f (I, Lyp, I,) — ornomenue IIpecypre-
pa, cBOOOJIHbIE IIepeMeHHbIe KOTOPLIX — 3jieMeHThbl BeKTopoB I, I, u Iy,

DOYHKINN JOCTYIIa K HaMsITH JIJIsT YTBEPKIeHusT S paccMaTpuBaeMoil pea-

Jsmsarun MMM:

{S(i,4,p) = Alir,i2) | i = i Niy = p}

1501, 4,p) = Clir,iz) | i1 =1 Nig = j}

{S(i,4,p) = Clir,iz) | i1 =i Nig = j}

st cokpartenust BpemeHn oinosiHernst T'C aBTOpoM BBOIUTCS OIIpe e ie-
uHue TC-110100HOIO sjIpa, JaCTHBIM CIydaeM KOTOPOIO SIBJIsIETCsl CBEPTKa TEH-
30poB [3].

Onpegnenenune 2.10. TC-nodobroe adpo (Tensor Contraction like kernel,

TC-like kernel) — MHOYKECTBO MOJHOCTBIO BIIOYKCHHBIX IIHKJIOB, TAKOE UTO.

1. dnapo yiaosierBopsier TpeOOBAHUIM HOJIMI/IPAJIHLHON MOJIE/IN.

2. Bes orpannuenust obmaoctn TC-110/100HO€E s/IpO COJACPIKUT TPH HEIy-
CTBIX MHOXKECTBA IUKJIOB, UMEIONINX OJIHY WH/YKTHUBHYIO TEPEMEHHYIO U €JIl-
HUIHBIT mar. J[anasie MHOYXKeCTBa 00pa3yIoT Tpu HEMyCThIX Hadopa [ = 4. .. 1,1,
J=7J0...Jsc1m P=mpy...p_1.

3. Teno nukisa TC-momobHOTO sipa, UMEMIero HaubOJbIIYIO TJIYyOHHY,
MozkeT ObITh npencrasieno B suie Cr iy = E(Ax, 7p), Brypy)), tie Az, p),

B, pJ), Cro(ry) — obpamenus k renzopam A, B, C, coorsercrsenno; mo(1.J),
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74(IP) u mg(PJ) — nepecranoBku uHjiekcoB; B — BbIpakenue, cojeprkariee

grerns n3 Ten3opos A, B, C n mpons3BobHOE KOJTHIECTBO YTEHUI U3 KOHCTAHT.

st roro, arodnr SCoP sapisticst T C-110/100HBIM SIIPOM, MOYKHO IIPUBECTH
CJIeJIYIOIIUE JIOCTATOYHbIE YCJIOBHSI B COOTBETCTBUM ¢ ero onpejeneHneM: SCoP
COJIEPZKUT TOJIBKO OJHO YTBEpKIAeHHe S NMeeTCsI t 3aBUCUMOCTEIl 110 yIIpaBJie-
HUIO, t AaHTU3AaBUCUMOCTEl, t 3aBUCHMOCTE! 110 BBIXO/Y; BCE 3aBUCUMOCTH OIIpe-
aesstorest Kak Vi € 0...t—1 S((po, ..., pis iy — 1, .oy mp, , — 1) x (1)) —
S((po,---,pi +1,0,...)x7w(IJ)), vae ty * to — ynopsijioueHHblit HAGOP, COCTOsI-
Ui 13 3JIEMEHTOB YIIOPsI0UEeHHBIX HADOPOB t1 1 t9, ¢ COXpaHEHUEM OTHOIIEHUIT
HOPsiJIKa, YCTAHOBJIEHHBIX B t1 U to.

B coorBercrBun ¢ onpejenennem TC-mogodHOrO siapa nukjiasl I u J Mo-
I'yT OBITH IIepecTaB/IeHbl Oe3 HapylleHus 3aBucuMmocTeil. Ecim accoruaTnbHast
orepalnsl UCIOJb3yeTcsl /st BeraucaeHust C', TO MOXKHO I1€PeCTaB/IsSTh ITUKJIbI
P 6e3 napymenns 3apucumocteii. Bece arenns n3 maMsaTH 3a UCKIIOYEHIEM KOH-
crant umetor sy S(...) — Ar gpy, S(...) = Brypyy, S(..) = Crog-
Tosbko nocsiegHee obpalleHne K maMsiTH BBIIIOJIHSIET 3allliCh B Hee.

st paciosnaBanust TC-1101006HOTO sijipa JOCTATOYHO IIPOBEPUTH OIIICAH-
HbIE paHee J0CTaTOYHbIE YCI0BUs 1 oOpallleHns K maMaTu. [IpoBepsist mocieinee
obpallieHne K MaMsiTi, MOYKHO MOy IuTh Habop meo([J). 3aBucnumMoct mporpam-
MBI cojiepKaT nadopmalmio o Habope P. IIpoBepsist ocTasibHble 0OpalleHns K
HaMSATH, MOXKHO BBIYUCIUTHL HAOOPH! [ u J 1 IPOBEPUTH acCONUATUBHOCTD OIle-
palu, UCIoJib3yioleiics s Bbranciaenunst C'.

Pacemorpum anroputwm [9], mo3Bosistioniuii BLITOJIHUTE COKPAIEHIE BPEMe-
Hu BbInoiHeHns T C-110/100HOI0 sijipa, UCIIOJIB3Ysl OIUCAHHBIN B pas3eJie [2.2| 11o/1-
xoJ1 K Bbraucjaennto MMM. JIjis mpocToThl OyjieM Ipejro/araTb, 9T0 TeH30PbI

TC-110106H0TO s1/Ipa JJOTNYIECKH IIPEJICTaBIeHbI B BUJIE MATPUIIL, UCIIOJIB3YsT (DOp-

MyJIbl 13 pasjiena [1.3]
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AaroputM 9: Onrmvumszanus TC-mogo6rOr0 A1pa
Bxoanbie nanubie:

YTBepKIeHNe S MOTUIAPATLHOTO TPEICTaBIeHNsT ITPOrPAMMBL. S
siBjisieTcst dacTbio TC-11000HOTO siipa U, BCJIEJICTBLE 9TOIO,
npegcrasumo B Bugie Clil[j] = E(A[i][p], Blpllil, Clil[j]), tme i, j, p —
nHyKimonnbie epemennnie 1ukI08; Alil[p], Blp|lj], C[i][j] —
obparenust Kk Mmarpuiiam A, B, C, coorBercTBenno; E — Bbipaxkenue,
cojiepzKaiiee oneparnun drenust nu3 marpui; A, B, C.

1 OTOXKIeCTBUTH KazKJIbIil UK/ C €r0 WHJIYKIMOHHO ITepeMeHHOI .

2 IlepecTaBUTH NMUKJIBI TaK, YTOOBI i, ], p TpUOOPE HANOOIBITYIO
IyOuHy W CJIeYIONN MOPSI0K: j, p U 1, T/ie 1 UMeeT HauMeHbIITYIO
rJIyOuHy.

3 Pasours i, j, p #va 6siokn pasmepa M., N., K., cOOTBETCTBEHHO;
MOJIYYUTD IUKJIBL ¢, Jeo U Pe; NEPECTABUTD &, U Pe.

4 Pazburs 1., j., p. Ha 070K pasmepa M,, N, u 1, cOOTBETCTBEHHO;
HOJIYYUTh UKL &y Jp, Dy YIAJIUTD Py

5 BoiienTs Oe3ycsioBHbIE 00J1ACTH UTEPUPOBAHUA I, , j, U BBITOJHUTD
X Pa3sMOTKY.

6 BbIoIHSATH KOlnpoBaHue s1eMeHToB MaTtpuil A u B Bo BpeMeHHbIe
maccussl A., B,.

7 BekTopmzosarh Kom B P,.

BpixoagHble JaHHBIE: ONTUMI3UPOBAHHBIN KOJI.

B mporiecce BbimoTHEHNST TIEPBBIX TpeX IMAroB ajroputma 9 cozmaiores
TPU IUKJIA ¢ UHJAYKTUBHBIMU [E€PEMEHHBIMU %, 7 U P, COOTBETCTBYIOIIUE UK~
JaM ajroputMa [0, UCIOB3yst MEePeCTAHOBKU MUKJIOB U pasbueHne Ha OJIOKH.
Ha deTBepTOM Tmare mcmo/ib3yeTcs pasdnenne Ha OJIOKN JIId TOJYyIeHUS K-
JIOB C UHJ/IYKTUBHBIMHU MEPEMEHHBIMU I, j. U P.. Ha MITOM 11are BbIJIEISIIOTCH
6e3yc/I0BHBIE 00/1aCTH UTEPUPOBAHUS ITUKJIOB C WHIYKTUBHBIMU IT€pEMEHHBIMU
Uy ¥ Jp. DTO MO3BOJIET BBINOJHUTH ITOJHYIO PA3MOTKY BBIJIECJIEHHBIX 00JIacTeil.
Ha mrecrom miare B mporpammy JI00aB/ISIIOTCA BpeMeHHble MaccuBbl A, u B,
XpaHsiiue 3eMeHThl MaTpuil A u B ¢ 1e/bio J1abHelero ucrioab30BaHns B

apudMeTHIeCcKuX olepanusx. [ eHepupyoTcs NHCTPYKIMI, KOIUPYIOIIUe dJie-
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MeHTbI MaTpuil, A u B B Bo BpeMennble MmaccuBbl A, u B, coorBercTBento. Ha
CeJIbMOM ITare BBITIOIHAETCH BEKTOPU3alld Pa3MOTaHHDBIX ITUKJIOB.

st kazkjioro otaeabHo pacemarpuBaemoro TC-11o1o00HoTo sipa pa3mep-
HOCTH TEH30POB, YUACTBYIONIUX B TEH30PHOI CBEPTKE, HE BJINUAET Ha, BHIIOJIHE-
rue ajroputma 9. Besegcrsue sToro anroputym [9] nMeer KOHCTAHTHYIO BDEMEH-
HYIO CJIO2KHOCTh OTHOCUTEJILHO Pa3MEPHOCTH T€H30POB. AJITOPUTM MMeeT HEKOH-
CTAHTHYIO BPEMEHHYIO CJIOYKHOCTH OTHOCUTE/ILHO PAHI'OB TEH30POB, OT KOTOPBIX
3aBUCUT KOJIMYECTBO ONepalnii ¢ MHJEKCAMI MaTPUIL, JJOTMIECKH PeJICTaBIIsd-
IOIINX TEH30PhI ¢ IIOMOIIbI0 popMyJ u3 pazjena |l.3|

B ciayuae tpusnasbioit peanusaiuu MMM anropurm [9] mossostsier mosty-
auth peasmsanno MMM, omuceiBaemyto amropurmonm [0 st Haxoxk ienns 3ua-
JeHuil mapaMerpos agroputma [9) ncrnosb3yoTest GOPMYJIbI, IPEICTABICHHBIC B
pazzese[2.2] Ommcanublil MoaxX0/] CX0K ¢ METOJIOM, TIPIMEHSIEMbIM B (hpeiiMBOD-
ke TBLIS. TBLIS cogepxkut rorossie peannzanun TC, co3jaHHble ¢ HCIOIB30-
BaHUEM PYYHOI HACTPOMKHU M YacTeill oNTUMU3UPOBAHHBLIX peasm3aruii MMM
6utuorekn BLIS (em. pasgen [1.3). B nanublii MOMEHT Takue 9acTu He OLU-
ceiBatorcst maTEpdeiicom BLAS u goctymnabl Toibko B Oubanoreke BLIS, mos-
JIEPKUBAIOIIEH OTpaHIIeHHOE KOJIMIECTBO IeJIEBBIX alllapaTHbIX miaTdopm. B
OOJIBIIMHCTBE CJIydaeB paccMaTpuBaeMbie dacT peasnsannun MMM coznatorcst
BPYUHYIO CIEIMAINCTOM Ha s3bIKe acceMOsepa. [Ipumenenne omnmcanmoro moj-
XOJIa TIO3BOJIAET aBTOMATHUYECKHU IOJYINTH ONTUMU3UPOBAHHYIO PeEaJIM3alIlnio
TC, Brintodast yKazanuble yactu peasmanuii MMM.

Ecu mpe o oKnTh, 9T0 OJIMH U3 HADOPOB UHIYKTUBHBIX ITepeMEHHbIX [
1 J TC-1o106H0T0 sijipa MMycT, HCHOIBb30BAHHBIE B CJlydae aaropurMa (9 onrumu-
3aIliN IUKJIOB MOTYT OBITH MPUMEHEHB! JIJIs Moy denns peannsamnmit MV M, onm-
canubix ajaropurMami [7] u [§, Omimanem siBiiseTcst HEOOXOMMOCTD TeHEPAIIN
MHCTPYKIUI TPEBLIOOPKN BMECTO MHCTPYKIINN KONMUPOBAHWS BO BpPEMEHHbBIE
MaccuBbl. B cirydae ajaropurMma [§f iepe BHITIOJTHEHUEM BEKTOPUBAIUN HEOOXO-

JINMO CI'€HEepUPOBATh OlEPAIUI0 PEJIYKIIUN.
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2.5. BeiBoJbI

Bropasi ry1aBa mocssieHa pa3pabOTKe OPUTHHAJIBLHOIO aJIlOPUTMa aBTO-
MaTUYECKOTO COKPAIeHNs] BPEMEHU BBITIOJTHEHUS TEeH30PHBIX oreparnii. JLs
perienns Oojiee MUPOKOTO KJjacca 3aJad BLITOJHEHO 0000IIeHne ajiropuTMoB
Berancaenng MMM n1 MVM na 3aMKHyTbIe TTOJTYKOJIBIA € 3/IEMEHTaM U3 MHO-
JKECTBa BEIEeCTBEHHBIX YHce . Bblunucaenne mpecTaBICHHBIX aJlOPUTMOB JIIsd
BoinostHeHnss MVM moxker ObiTh cmomenuposano Ha LIAIT s BeiBoma dhop-
MYJI, OIIPEJE/ISIONINX 3HAUYeHN UX MapamMeTpoB. [locTpoeH ajropuTM aBToMa-
TUYECKOT'O COKPAIIEHNsT BpDEMEHU BBITIOJTHEHUSI CBEPTKU TEH30POB 38, KOHCTAHT-
HOe BpeMs OTHOCUTETHHO Pa3MEPHOCTU M3MepeHUil TeH30POB U 0e3 JoCTyIa K
1esieBoit anmapaTHoit mraTdopme. B Xoje BBITIOTHEHNS aJrOpuTMa COKpAaIllle-
HUE BPEMEHU BBIMOJTHEHUS CBEPTKU TEH30POB CBOJUTCS K COKPAIIEHUIO BpeMe-
nn BoinotHennsa 0600merasix MMM u MVM. 11 9TOTO MCHOIB3YIOTCS OTI-
TUMW3AIIN [UKJIOB JIOCTYITHBIE B OOJIBLITUHCTBE COBPEMEHHDBIX KOMITIATOPOB.
Omnuceiaercs pacmupenne mozenn LIAIT Jloy, ucronbsyomnuiics st HaXoxk 1e-
HUs 3HaYeHUl mapaMeTpoB aJropuTMoB. [Ipeioxkennoe pacuimpenne mo3BOJIs-
eT CMOJIEJINPOBATH BLITTOJIHEHNE TTPEJIBLIOOPKH JTAHHLIX B KII-ITAMATH C 11EJIHIO
olIpejiesIeHusI ee IIara 1 JIpyrux mapaMmerpon; 0000muTb FMA Ha 3aMKHYyTbIE 110-
JIYKOJIbITA, C 9JIeMEHTaAMU 13 MHOYKECTBA BEIECTBEHHBIX THCe/T JIJIsT COKPAIeHIS
BpEMEeHN BBITTOJTHEHWS peIeHuil oo1eit 3a/1a9n o My TX JIJIs CIydas 3aMKHYThIX
MIOJIYKOJIEI C 3JIEMEHTaMU U3 MHOYKECTBA BEIlEeCTBEHHBIX YHuces. Pe3ynbrarol,

IpeJICTABJICHHbBIE B 9TOM IiaBe, olyOsmKoBanbl B paborax [160-162).
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['naBa 3

IIporpammuas cucrtema aBTOMATUYECKOI

OINITUMU3AINNA TEH30PHBIX Olleparuni

Hamnnas ryraBa mocsiiena pa3paboTKe MPOrPaMMHOIl CHCTEMBI ABTOMATH-
geckoii onrumusarn Terzopubix ornepaiuii (IIC AOTO) Ha ocHOBe Mozeei,
aJIropuTMOB 1 GOPMYJI, IpeIozKeHHBIX BO BTopoil riase. [IIC AOTO aBromarn-
YeCKH ONTUMU3NUPYET BPEMsI BBIIOJIHEHUSI TEH30PHBIX Ollepariiii 6e3 gocryma K
1IeJIEBOI alnapaTHoii 11aTdopmMe 1 0e3 BbIITOJHEHNs] aBTOHACTPONKK U PYYHOIT
Hacrpoiikn. [IpuBonurcs onucanne apxutekTypsbl [IC AOTO. Paccmarpubator-
cs Bo3mozkubIe peasnsarun [IC AOTO. Ilpemioxken MeTos aBTOMaTHIECKOTO
pacnapaJsuienuanus nporpamm I1C AOTO ma MHOrosiIepHBIX IIPOIeccopax 00-
IIero Ha3HAYeHMs ¢ OOIIEil maMsIThIO.

[IC AOTO mo3BoJisieT BBIIOJHATD CJIe/IyIOIIee:

1. Kommmrsanmst mporpaMmbl.

2. ITocTpoenne monsapaabHOTO IPeICTaB/IeHNUSI.

3. Pacnosnasanne TC-110100HBIX si/iep U UX ONTHMUBAIIS.
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3.1. ApxurekTypa ONporpaMMHOIl CCTEMbI

aBTOMAaTU4eCKOI OIITUMMHN3all1 TEH30PHbIX OHepaJ_[I/Iﬁ

[IC AOTO umeer Tpu B3auMOJEHCTBYIONNE MKy COOOH YACTHU, IPE-
cTaBjIeHHBIE Ha puc. [3.1]

1. ®porTEH, BHITOJIHSIONNN JTeKCUIECKIil, CHHTAKCUICCKIIT 1 ceMaHTH-
YeCKUIl aHaJn3 MPOrpaMMbl, & TaKzKe OCTPOCHUE IPOMEXKYTOYHOrO KOJa, AB-
JIAIONIErocs MPOrpaMMOil B KOJIaxX BUPTYAJIbHON MAIINHBI HA A3bIKE S9KBUBAJICHT-

HOM MCXOJHOMY.

2. ndpacTpyKrypa s MO IPAIbHBIX ONTUMI3AIII, BBIIOJIHAIOMAS
IIOCTPOEHNE TIOJINIIPAJIBHOIO IIPEJICTABICHNsI U ero MOAMMDUKAIINN, TaKne Kak
ONTHMU3AINs UKJIOB U JOCTYIOB K IaMsTH. B pesynbrare paboTbl MHOpa-
CTPYKTYPbI JJIA ITOJIN3/IPaJIbHBIX OHTI/IMI/ISaﬂ;I/Iﬁ coziacrTcd HpOMe}KYTOqulﬁ KO/,
COOTBETCTBYIOINIUI ONTUMU3NPOBAHHOMY IIOJINIPAILHOMY IIPEJICTABICHIIO. B
paMKax JIaHHO#I paboThl ObLIa CO3JaHa W peaaln30BaHa ONTUMU3AIIST TOJINS]I-
pPaJIbHOI'O IIpeJICTaB/IeHHsI IIPOrpaMMbl, II03BOJIsiomast pacio3HaTb 1C-110100-
HOE SIJIPO, OIpPeesnTh 3HaueHns peannsannn 1T C-ogo00HOro siapa, OnTIMI3H-

poBaTh Bpems BbinosHennst TC-mo06H0T0 siyipa (em. pasjet [2.4)).

3. Daken i, BBIIOJTHAIONII ONTUMHI3AIIIO TTPOMEXKYTOTHOTO KO/Ia ITPOTpaM-
MbI, HCIIOJIb3Yysd HU3KOYPOBHEBBLIC 1 BBICOKOYPOBHEBbLIE OIITUMHU3AIlUN. ﬂﬂ?{ BbI-
[OJTHEHUSI OINTUMU3AI, B YaCTHOCTU, IIpUMeHsIeTcs NHMPACTPYKTYpa J1JIs 110-
JIMIPAJIbHBIX oNTUMu3aIuii. B gaabHeitmem O63KeH reHepupyeT acceMmobsiep-

HBIHT KOJT JIJIST OJTHOM M3 MOJIJIEPYKUBACMBIX TEJIEBBIX AIIapaATHBIX MLIAT(OPM.
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WHdpacTpyKTypa ANA NonvMaapanbHbiX ONTUMU3aunii
MocTpoeHne OnpepenexHve
Mporpamma PacnosHasaHue o OonTumMunsauma
porp: nonMaapanbHoro TC 3Ha4YeHumn TC

npencTasneHna napameTpos TC

MpomexxyTo4Hoe [MpomexxyTouHoe

npeacTaBneHne npencrasneHve

Y

®poHTeHA BakeHp,

MpomexyTouHoe

npeacTaBneHve

MocTpoeHne >»
NPOMEXXYTOYHOro

npencrtaBneHnA

'eHepaumna Koga ana
ueneson
apXUTEKTYpbI

v

OnTMmMsaumAa koga

AccembnepHbIn Kog,

Puc. 3.1. /ImarpaMma porpaMMHO#l CHCTEMBI; TEMHBIM IIBETOM BBIJICJIEHBI YACTHU, CO3/IaHHbIE

B paMKax JIAHHON PabOTHI.

B cuiy Toro 4rto, B OOJIBIIMHCTBE CydaeB (BPOHTEH/IbI HCIIOJIb3YEMOI'O
KOMITIJIITOPA TeHePUPYIOT IPOMEKY TOTHBIN KO Ha OJTHOM BBHIOpAHHOM 3apaHee
SI3BIKE, ONTUMU3AIINN ITPOMEZKYTOIHOTO KOJIa MOI'YT IIPUMEHSIThCS HE3aBUCHMO
OT sI3bIKa, Ha, KOTOPOM HAalllCaHa KOMIIMINpyeMas IporpaMma. B gajibHeiinem
ONITUMI3UPOBAHHBIN KOJ MOXKET OBITH IIPpeodpa30oBaH B MAIIMHHBIN KOJI s JIIO-
OBIX IOJJIEPYKUBAEMbBIX O9KEHJIOM apXUTEKTYpP IIpolieccopoB. BeiencTBre 31010
npezacrapiennas crpykrypa [IC AOTO nosBosisier obecriednTsh TECTHPYEMOCTE
OIMCAHHBIX YacTell 1 UX B3aUMO3aMEHSIeMOCTb. DTO 00JIerdaeT MOJJIEPKKY Pas-
JINUHBIX sI3BIKOB, MCIIOJIb3YeMbIX JJISI HAIIMCAHUST ONTUMI3UPYEMBbIX ITPOTPAMM,
1 obecrieunBaeT reHepaliio MAIIMHHOTO KOJIa, JIJIsI MHOYKECTBa, IIEeJIEBBIX Alllla-

PATHBIX TLIAT(OPM.
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3.2. Peajmu3anus nporpaMMHOII CICTEMbBI aBTOMATHY€CKOI

OIITUMMN3all TEH30PHbIX OHepaI_[I/Iﬁ

erann peasm3anuu. B pamkax jannoit padotsr ppeiimBopk Polly mpu-
MEHEH B KadecTBe MH(MPACTPYKTYPHI JIJIsi TOCTPOCHUS OJUIPAIBLHOTO TIPE/I-
CTaBJICHUS, a TaKyKe B KaueCTBEe OCHOBBI JIjId peaju3alun pacrno3napanus TC-
M0/TOOHOTO s1/Ipa W ONMTUMUBAINK €TI0 BPEMEHU BBINIOJTHEHWA, OMMMCAHHBIX B pas-
nene 2.4 g cayaas MMM, 06001eHHBIX HA 3aMKHYTBIE TOJIYKOJIbIA C DJ1e-
MEHTaMW U3 MHOYKECTBA BEIECTBEHHBIX UNCEN, YKa3aHHasg ONTUMI3AI ObLIa
BHEIpeHa B ocnoBHOI Ko Polly mpoexkTa LLVM.

®peiimBopk Polly 1mo3BossieT BBITOJIHUTD ONTUMU3AINN ITPOMEXKYTOTHOIO
IpeJICTaB/ICHIs ITPOrPaMMbl HE3aBUCUMO OT BhiOpanHoro dpoutena. C 1esbio
UCIIOJIb30BAHUST BOBMOXKHOCTE MHOTIOsIJIEPHBIX ITpotieccopoB ¢gpeiiMmBopk Polly
reHepupyeT Ipoleaypbl 0ubnoTekn libiomp, pean3yrolieil TEXHOJIOIUIO I1a-
paJsuiesbHoro nporpamvupobatnsg OpenMP. Polly ucnonbsyer 6udianorexy ISL
(Integer Set Library), o yMo/r9aHmio MPUMEHSIOILY 0 AJITOPUTM HAIIPABJICHHbIH
Ha OJHOBPEMEHHOE YyBeJNYeHHe KPYITHO3EPHUCTOrO IapaJsiie/in3Ma U JIOKAJIb-
HOCTH JaHHbIX [163-165]. OmnmcaHHblil aJroOpuT™M HE BJIHSIET Ha PEATH3AIIIIO
TC. C nemnpio nosblieHust 3pEPEKTUBHOCTU UCIOJIB30BaHUST BEPXHUX YPOBHEN
K3II-MIAMSITH TIporieccopa st ciaydaeB orndubix or MMM Polly Bbimosnsier
pasdmenre NMUKJIOB Ha OJIOKM pa3MEpPHOCTH 32-a MOMUMO OIHMCAHHOI panee Orl-
TUMWI3AIUN.

Buemnusas oubimorexka LLVM Core ncriosib3oBaHa B KauecTBe O9KeH/Ia, BbI-
HOJIHSIONIEr0 ONTUMUBAIIIO IIPOMEXKYTOUHOIO KOJia IPOrpaMMBbl U eHepaIuio
acceMOJIEPHOIO KOJIa JIJIsd T1eJIeBOil armapaTHoii miardopmMbl (puc. . buo-
muoreka LLVM Core mno3BoJisieT crenepupoBaTh KOJ JIJIsi TAKUX apXUTEKTYP
Kak, Hanpumep, x86-64, x86, ARM, SPARC, MIPS, Xcore, PowerPC, NVPTX,
Qualcomm Hexagon, SystemZ. /Ijss LLVM Core co3nanbl pazinaabie (hpOHTEH-

AbI, 3aMCHAIOIINE Clang JJIg KOMITMJIAIINA IIPOTPpaMM, HallMCaHHBIX Ha A3bIKaX
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C, C++, Java, Objective-C, C+#, Python, JavaScript, Ruby, Rust, Haskell,
Fortran, Ana, D, GLSL u Kotlin.

B kadecTBe (ppoHTEHIa, BBHITOJJIHSIIONIETO JEKCUUECKUl, CHHTAKCHICCKU
U ceMaHTU4YecKuii aHajns, ucnosib3oBad dporrens Clang. @ponreny Clang
HOJIIEPXKIBAET UCXOAHBIN KoJ mporpamM Hbl sa3bikax C, C+-+, Objective-C,
Objective-C++ n OpenCL C. Clang ucnoib3yercsd COBMECTHO ¢ OMOINOTEKOI
LLVM Core, renepupysi ONTUMU3UPYEMbIi B JlajbHEHIIIEM TPOMEKYTOU-
HbIA KOJ.

OjHuM 13 aJIbTEePHATUBHBIX IMOJIXO0I0B K peasn3ainn apxuTekTypbl [1C
AOTO moxket 6bITH ucnob30BaHne KoJutekinn komnuagTopos GCC u dpeiim-
BOPKa JIJIs1 ToJIm3ipasibHoi kKommusinun Graphite.

Komnuasiusa n 3aiyck. PazpaboranHas mporpaMMHast CHCTEMa, STBJISI-
eTcs npuiokenneM koMmanHoi ctpoku. [lepsast Bepcus [1C AOTO, moaaepxu-
Balolasg aBTOMATUYIECKYIO ONTUMMU3aINI0 BpeMeHn BbimojHennsds MMM, 0606-
IIIEHHOI'0 Ha 3aMKHYTBIE MOJIYKOJIbIA € dJIEMEHTaMU U3 MHOYKECTBA BElleCTBEH-
HBIX 4HCeJI, JOCTYIHa 10 ajpecy http://github.com /llvim/llvm-project.git. ITo-
cJie 3arpy3ku Hy:kHo ckomrminposats [IC AOTO:
mkdir llvm _build && cd llvm _build cmake -DLLVM _ENABLE PROJECTS=
‘polly;clang’ ../llvm_ git /llvm && make.

Mg kommursinun porpamm, ucnosb3ys [1C AOTO, HykHO 3amycTuTh
ckoMmImnpoBanubiil pporTen Clang ¢ HY>KHBIME OIIUAMEI U 3HAYCHUSIME T1a-
pameTpoB 1eseBoit arnmnaparaoil miardopmbl. [IC AOTO npunumaer Ha BXO/1
clleIylomne 3HadeHns mapaMeTpos pacmupenus mogenn LIAITL Jloy: Wi, Si,,
Nyvanvia 1 Lyniva - Ocradibible mapaMeTpbl pacliipenus 38 NCKIOUeHUEM Lyyefetch
1 Nprefetch BeIBogATcs IIC AOTO aBromaTntieck, NCHOIb3Ys B TOM UHCTIE, HH-
dopmarnuto, goctynnyto B Clang o 1esnesoit annaparHoii miardopme. [lo ymolr-
YaHWIO IIPUMEHSIOTCs MapameTpbl mporeccopa Intel Core-i7-3820.

PaccmoTpum nipumMep apryMeHTOB KOMaHI0if CTPOKM €O 3HAYEHUSAMI TTapa-

METPOB NVMMA; LVMMA; WLN WLQ, SLN SLQ.

78



llvm_ build/bin/clang -mllvm -polly -target-throughput-vector-fma=Ny prp74
-mllvm -polly-target-latency-vector-fma=_Ly j;p74 -mllvm
-polly-target-1st-cache-level-associativity=Wrp,, -mllvm
-polly-target-2nd-cache-level-associativity=W7r, -mllvm
-polly-target-1st-cache-level-size=Sy,, -mllvm
-polly-target-2nd-cache-level-size=St,, -fip-contract=fast -ffast-math.

[Tostrast Bepeust ITC AOTO, nojieprkuBaroriasi aBTOMaTHIECKYIO OITHMI-
3alnio BpeMenn BoinostHeHns: TC, 10CTyIIHA 110 CChLIKE
http://bitbucket.org/gareevroman /polly-groman-fork.git. ITomepkka ontumu-
3alun BpeMmenu BoinoiHeHuss MV M, 000011eHHOIo Ha 3aMKHYThIE MTOJTYKOJIBIA C
9JIEMEHTAMI N3 MHOYKECTBA BEIECTBEHHBIX UHCEI, He SIBJISIETCS 1e/IbI0 JTAHHOM

paborel. Ee peanmzanns mianupyercsa B oyaymmx Bepcuax [1C AOTO.

3.3. ABTomMarndecKoe pacliapaJujie/;iiBaHne mporpamMM Ha
MHOTOSIJIEPHBIX IPoIleccopax obIIero Ha3HaAYEeHUs C

oOI11eil maMAaThIO

IToaxon, ncmonb3lyemsbrii B Polly. udpacrpykrypa Polly aBromarnte-
CKU ITPOBEPsIeT BCE CI'eHEPUPOBAHHBIE C €€ TOMOIIBIO IUKJIbl 1 CO3/IaeT BbI3OBbI
nportietyp 6mbanorexu libiomp J71g caMoro BHENIHEro TUKJIa, paciapaJsiienBa-
HUe KOTOPOTO HEe HapyIliaeT 3aBUCHUMOCTH 110 JIaHHbIM [166].

B ciyvae MMM muk/bl ¢ MHAYKTUBHBIMU TTEPEMEHHBIMU 2, j, P aJrOPUT-
Ma [0] BBITIOJTHSTIOT KOTMPOBAHIE 9JIEMEHTOB MATPHIL BO BpEMEHHBbIE MaCcCUBbI A,
n B, co3maBast 3aBUCHMOCTH IO JIAHHBIM, MPENSITCTBYIONIIE PaciapaJsiie/ TiBa-
HUIO OTMMCHIBAEMBIX ITUKJIOB (CM. pasjies u pazzen 2.4). Benencrsue sroro
IAKJI C NHAYKTUBHOI IePEMEHHON J, anropnTMa [6] siB/iseTcsl BHENTHIM ITIKJIOM,

pacnapaJuieanBaeMbiM Polly.
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CorytacHo pabore [167], MOCBSIIEHHON BBICOKOIPOU3BOAUTEILHBIM MHOTO-
noTo4YHbIM peasusarusaym MMM, paccmaTpuBaeMblil ITUKJI ¢ THIYKTHBHOI mIepe-
MeHHOIl j. aaroputMa [6] siBJIsleTcs XOPOIM KaH/IMIaTOM JIJIsl paciapaJuienBa-
HUsl, TAK KaK B OOJIBIIMHCTBE CJIydaeB OTHOIIEHUEe 3HadeHus napamerpa N, K
3HaUYeHNIO napameTpa [V, BBICOKO, U paclapaJiLie/nBaHie JaHHOIO ITUKJIa I103-
BOJISICT CHU3UTDH M3JIEPXKKI KOINMPOBAHMS 3JIEMEHTOB BO BpEMEHHbBIE MACCHUBHI.

Ecym Lg coBMecTHO He UCIIOIb3YeTCs TOTOKAMM, CO3/IAHHBIMU paciapaJiie-
JINBaHUEM ITUKJIa ¢ UHYKTUBHON ITepeMeHHO’ j., TO BO BpeMs BBITTOJIHEHUS BEK-
TOPHBIX OIlepalnil MPOn30iijIeT KOIMPOBaHUe 3JIeMEHTOB BPEMEHHOI'O MacCHBa
A, B Ly KaxK10ro uCIOIB3yEMOro MOTOKA. AJIBTEPHATHBHBIM IIOIX0I0M MOYKET
ObITH pacliapaJsiie/liBaHie HUKJIa ¢ UHIYKTHUBHOI 1epemeHHoil i. Beieacrsue
9TOI'0 KayK/Iblil IIOTOK OyeT padboTaTh cO CBoeil pacrojaraemoii B Lo 1ojmar-
puneii Marpurisl A. st Toro 4Todnl n3beKaTh TOHKU ITOTOKOB IIOCJIE pPaciia-
paJie/IMBaHnusd MUKJIa ¢ UHIYKTUBHOIT IlepeMeHHOo ¢, JIJI KayKJI0ro CO3aHHOIO
IIOTOKa, JI0JIKHA ObITh HCIIOJIL30BaHa CBOsI KOIMS BpeMeHHOTo MaccuBa A.. B
ciaydae TC-110100HOTO sIpa IPUMEHNMbI TaK1e »Ke PacCyzKIeHusl, TaK Kak JIJIsi
ontuMmusanun ero spemenn soinosinennst B [IC AOTO ucnosb3yercs cBejieHne
K MMM (cm. pasznen 2.4).

dopmysa IJis aBTOMATUYECKOTO BbIOOpa IUKJIA JIJIsT pacliapaJi-
JleJImBaHUsi. ABTOPOM IipejiaraeTcs: pyHKIUSI CJIEIYIONIEro BUIa

F(L) = No/(Cpar + CwCRr), (3.1)
riae L — omnennBaeMblit UK, N — KOJMYIECTBO OIepallnii ¢ IaBalomieil 3arsi-
TO, BBIYUC/ISIEMBIX HUKJIOM L; CpaARr — KOJIMYECTBO TAKTOB IIPOIECCOPa, TPedy-
eMBbIX JIJIsl CO3/IaHusi IPyIIbl U3 NTHREADS HOTOKOB; Cyw — KOJIMYECTBO CEKYH/I,
TpeOyeMbIX JIJIsI BBIIIOJIHEHUs KK L mocse pachapaJuieanBanusi; Cr — Tak-
TOBasl 4aCTOTa IIPOIECCOPA.

CdhopmynupyeM U JIOKazKeM CJieIyIoliee yTBepzK/IeHue.
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YrBepxkaeane 3.1. Eciau nuki L coiep:KuTcest B IPyIIIie HOJHOCTHIO BJIO-
JKEHHBIX IIMKJIOB, TO 3HAYEHUE MHOI'OIIOTOYHOM IPOU3BOINTE/ILHOCTH IIPOrPaM-

Mol (I'@Jiom/cex) mMoxer 6bITH BbrancaeHo Kak F(L)CR.

Hoxaszameavcmeo. Ilycrb onennBaemblit nuki L nmeer riryouny d, a S; — mar
IUKJIa ¢ TJIyOmHOI ¢. KoymmaecTBo onepalinii ¢ rraBatonieil 3a1raToil, BbIUYUC/Is-
eMbIX TPYIIIOH MOJIHOCTHIO BJIOYKEHHBIX IHUKJIOB, B KOTOPOI COJIEPYKUTCS IUKJI
L, moxeT ObITh BbruncieHo kKak N = NpSy_1...S1 1o onpenenennio No. s
pacrapasutesuBanust mukiaa L tpedyercss Cpar/Cpr cexynj. CienoBaresbHo,
T = (Cpar/Cr+Cw)Sq-1. .. S1 cekyn TpebyeTcst Ha BBITIOJHEHNE TPYIIIIBI TT0JI-
HOCTBIO BJIOYKEHHBIX ITUKJIOB MIOC/IEe Paciapasie TMBAHIs COJIePKAIIerocs B Heit
muka L. CregoBare/ibHO, MHOIOIIOTOYHAST TPOU3BOIUTE/IHLHOCTD ITPOIPAMMBI,
KOTOpasi MPEJICTABICHA IPYIIION TOJTHOCTHIO BJIOKEHHDBIX IUKJIOB, COJCPIKAIINX

Uk L, MoxeT ObITh BhIYncieHa 1o onpejenennto kak N/T = F(L)Cgr. O

Eciu L copepkuTest B rpyTiiie He OJHOCTBIO BJIOKEHHBIX IUKJI0B, F'(L)Cp
sIBJISIETCS TPYOOil OlIEHKOI TTpon3BouTEeIbHOCTH. Ha mpaxkTuke MOryT HCIIOJIb-
30BaThCsl POPMYJIbI JIjIs TPUOJIMKEHHOTO Bhrunciaenns 3Hadexuii No u CwCR.
st BBIBOJIa (DOPMYJI UCIIOJIB3YIOTCs XapaKTePUCTUKI BEKTOPHBIX HHCTPYKIINI,
onucbiBaeMbIX paciupenneM mojesan LIATL Jloy. Cpagr olleHUBaeTCsS ¢ UCIIOJIb-
soparmeM makera EPCC [168§].

Pacemorpum npubimkennasie oneHkn No nu CywCR /I TUKJIOB aJICOPUT-
ma [7 1 [§ Ykasanuble jajee 3nauenns CRrocCE,BbI3BaHbI TOHKOI IIOTOKOB 1 BbI-
BE€JICHBI Ha OCHOBE SMIINPUICCKIX HAOJIIOICHII.

MOKHO HOJIyIUTD CJIeIyIONIe TTPUOJIIYKEeHHbIE OIEHKH JIjIst aaroputma |7
B ciyuae nuksia ¢ WHIYKTUBHOM TepeMeHHoOl j,.

No = 2Ny, CwCr = [[Ny/(NvmmaNvec) ] /Ntareaps] -

B cinydae nukia ¢ WHIYKTUBHON ITepeMeHHOI 1,
No=2N,M., CywCr= [ M./Ntareaps| ([ No/(NvecNvaa) | +Crace, +Lvama ),

rje Crace, = VVTHREADS NTHREADS LvMMA -

B ciydae nukia ¢ WHAYKTUBHOI ITepeMEHHON Jp,

81



No = 2N.M,,CywCr = CwCr = [N./(NyNrureaDSs) |

re 6 = [ M. [Ny/Cy,, ] /Npreteteh | + Mc([ Np/(NvecNvema)| + Lvroap)-
B ciydae nmukia ¢ UHAYKTUBHON TTepeMEHHOI 7.
No =2N.M,CywCr = [M/(M.Ntureaps)] (6 + M.Cracg,)Ne/Ns,

rie 0 = [ M. [Ny/Cr, | /Npreteten | + Me([No/(NvecNvenma)] + LvLoap),
CracE, = V NTHREADS NTHREADS LVFMA -

B ciydae mukia ¢ UHIYKTUBHON TIepeMeHHO j.
N.M

No =2NM,CwCpr = [N/(N:NTHREADS) ] 5NbM :
rae & = [ M. [Ny/Cr, | /Nprefeten | + Me([No/(NvecNvena)] + Lyvroap).

Yrobbr 100uTHCA Oosiee 3PEKTUBHOIO paclapaJie MBaHus IUKJIa ¢ UH-

JIYKTUBHOI IIePEeMEHHO ., MOXKHO IIPUMEHHUTD JPYToil MOIX0/I K OIPEIeIeHNI0
snavennit napamerpoB M, u N.. Ectu M, = Wy, — 1 u N, = N, Cyr,, To nHa
KazKJI0i uTepalun 1uKJia ¢ NHIYKTUBHON TlepeMeHHoil 4. [V, 3JIeMeHTOB BEKTOPa
y OyayT xpanuTbcd B Ly, a He Lo. Takoil nogxon npuBoguT K HedhDHEKTUBHO-
MY HCIIOJIb30BaHUIO Lo M yMeHbIIaeT KOJMYECTBO IMOBTOPHBIX MCIOJIb30BaHUIT
N, 3JIeMEHTOB BEKTOpa Y, XpaHUMBbIX Ha perucrpax. OJIHaKO 3TO MO3BOJISIET UC-
1oJ1b30BaTh L Bcex ydacTByromux B Boruncaenun MMM siiep npoueccopa u
ycTpaHsieT IpobJieMbl o0IIero jpocryna K Lo mpu pacuapaJiieinBaHum.

B pesysibrare paccMOTPEHHOIO MOJIX0/1a MMEEM

N.M
= |N/(N.N p—
CwCr = [N/( THREADS) | ( NoL

rie Ly moxer ObiTh orerero Kak Lx = (IN.M)/(5NyM,) coriacHo pesy/ibra-

+ Lx),

TaM SKCIIEPUMEHTOB.
MorKHO 1OJIyunTh cjepytoliue npudanzkentbie oineHkn No n CywCRr st

nukJoB asroputma [§. B ciydae mukia ¢ WHAYKTHBHON [IEPEMEHHO J,

N,
NO = ZNCMC, CWCR = |VN NTHREADS-‘ ('}/ + CRACE1)7

rne vy = (Nr ’_4(Mc + 1>/Nprefetch-‘)/(4CL1)+I_(Mch)/(NVFMANVEC)—‘ +LVLOAD7
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Crace, = V NTHREADS VTHREADS LVFMA.

B cinydae nukia ¢ WHIYKTUBHON ITepeMEHHOI 1.

No = (2N, + N, )M, CwCpr = [M/(M.Ntureaps) | (YNe/Ny + M N, Lapp),

riey = (N, [4(M. 4+ 1) /Npreteten | )/ (4Cr, )+ [ (M:N;) / (Nvenva Nvec) |+ LvLoab-
B cinydae nukia ¢ WHIYKTUBHON ITepEMEHHON J.
No = (2N + N.N/N.)M,
CwCpr = [N/(N:Ntureaps) | (YNe/Niy+Crace,+MeN; Lapp) M /M.,

raey = (N, [4(M; 4+ 1) /Npreteten | )/ (4Cr, )+ [ (M:N;) / (Nviva Nvec) | +LyvLoap,
Crace, = V' NrureapsNtaREADS Lvr.0AD M N, LADD.

[IpoBepka KOppeKTHOCTH (PyHKIINN BbilioJiHeHa B pasjene 4.3 Tloj-
JIeprKKa ABTOMATIYECKOrO paclapalelNBaHis Ha OCHOBe (DYHKINI [3.1] He sB-

JISieTCs TeJIbIo JTaHHO paboThl. Ee peaymsanys mianupyercsa B OYIyIINX Bep-

cuax [1C AOTO.

3.4. BeiBoIbI

B tperneit rinase onucana apxurexkrypa [1C AOTO. I[IC AOTO nospoJisier
BBINIOJIHUTH KOMITUJISIIIAIO ITPOIPAMMBI, TOCTPOUTH IO/ IPAJIbHOE TIPeJICTaBIIe-
Hue, pacrosnaarb TC-110/100HbBIE S/Ipa U aBTOMATHIECKH ONTUMU3UPOBATH MX
BpeMs BbinosiHeHus. [1C AOTO He BbINOJIHSIET aBTOHACTPOIKE U HE TpedyeT
JIOCTYIIa, K IieJIeBOil ammapaTHoii 1ardopme. B KadecTBe OCHOBBI HCIOJIB3Y-
IOTCST MOJIETH U aJICOPUTMBI, orcanubie B Tiase [l Pacemorpenbl Bo3MoOXKHBIE
peasuzaru [IC AOTO. B pamkax mannoit paborsr [IIC AOTO peasmszoBana ¢
ucnosb3oBanuem oubsmnorekn LLVM Core, npumensitomeiicst Ji/isi CO3aHns [1-
POKO HCHOJIb3YEMbIX ITPOMBIIIJIEHHBIX KOMITUISITOPOB /IS PA3TUIHBIX ST3BIKOB
IPOrpaMMUPOBAHUS U TI€JIEBbIX alllapaTHbIX maTdopm. [Tpesioxken meTo1 aB-
TomaTudeckoro pacnapaJsuieausanus mporpaMm [IC AOTO na MHOrOsIepHBIX
Ipolieccopax ooIero HazHadeHust ¢ odIelt maMsThio. [IpegcTaBiennbie pe3yJib-

TaThl oyb/IMKoBaHbl B paborax [160,169).
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[1aBa 4

Onenka 3 dekTuBHOCTH pa3zpadoTaHHBIX

aJrOPUTMOB

Hannast riasa nocssitiera onenkn s¢gpdexkrusnoctu [IC AOTO mst onTu-
vuzanuu TC, MMM nu MVM. Beimosineno cpaBuenne ¢ onTHMU3APOBAHHBIMI
OO IMOTEKAME, KOMIIIJISITOPaM 1 (bpeiiMBOpKaMU.

B kadecTBe NpuMEpOB HPUJIOKEHUs] AJI'OPUTMOB PACCMOTPEHa, OINTHMU-
3allis PelIeHNs] TPEXMEPHOI CTPYKTYPHOII 0OpaTHOil 3ajiaui IpaBUMETPUH O
BOCCTAHOBJICHUH pa3jieia MeXKJy CPeJlaMi 110 U3BECTHOMY CKAuKy ILJIOTHOCTH
1 IPABUTAIIMOHHOMY II0JII0, U3MEPEHHOMY Ha HEKOTOPOIl IO/ 3eMHOIl I10-

BEPXHOCTH,; OIITUMU3alld PEIICHM A O6HL€I71 3aJa4du O IIyTAX.
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4.1. ObparHas 3aJiada rpaBIMETPUN O BOCCTAHOBJIEHIN

pa3aeijia MezK/1y Cpe€ldaMin

4.1.1. ITocTtanoBKa 1 penieHne 3aJa49u I'PaBUMETPUN

TpexmepHast cTpyKTypHas odpaTHast 33/1a4a IPABUMETPUE O BOCCTAHOBJIC-
HUK [IOBEPXHOCTH Pas3jiesia MexKJly CPEJAMU COCTOUT B HAXOXKIACHUU (DYHKIUHI
¢ = ((x,y), onmchiBatommell MOBEPXHOCTh pazjiesa Cpejl MOCTOTHHON ILIOTHO-
CTU 01 U 09 10 rpaBuTaiinornomy mojio Ag(x, y,0), u3MepeHHOMY Ha HEKOTO-
POil ILIOINA/M 3eMHOM TOBEPXHOCTH, ¥ CKAUYKY ILJIOTHOCTH HA IPAHUIE Pa3/e/ia
Ao = o1 — 09. Ilyerb 2 = h — acuMmuToTHUecKas IJIOCKOCTL JIJisl JaHHOMN
MOBepXHOCTH pasjena ¢ Takasi, 9o lim  ((z,y) = h.

T,y—=+00

Saﬂaqa OIICbIBaE€TCA IBYMEPDHDBIM HEJIMHEHBIM WHTEIr'PpaJIbHbIM YPaBHEHN-

eM 1epsoro poja [170]:

0 0 1
Ao —
! Z;l V@ P P Cwy) -

1
- dr'dy’ = Ag(x,y,0),

V@ =2+ y—y)2+h?)

e f — I'PaBUTalIlMOHHAa: ITOCTOAHHAI.

[Tpe/IoI02KuM, 9TO 3HAYEHUs 1101 BHe HEKOTOPOIl IIPAMOYTOILHOI 00J1a-
cru IT = {(z,y) :a <z < b,c <y < d} nusku x mymo. [Iposegem juckperu-
saruio obsactu 11 wa cerke N x M : (x;,y;), i=1,.,N, j=1,...,Mc
maramMn Azx n Ay.

[Tocse anmpoKCUMAIIT HHTEIPAILHOTO OIIEPATOPA 110 KBAIPaTyPHBLIM (hop-

MyJIaM IIOJIYYUM YpaBHEHUE

N M
1
fAcAxAy x —
;; V (@i=20)? 4+ (y—y0)?+C3 (i, y))
1 Ad( 0) (1a)
- = xu; (%] )
N A R oA L ]
uv=1,...M, v=1,.. N.
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[IpaByto gactb Ag(xy, Yy, 0) IpegcTABIM B BUJIE BEKTOPA
F={Fo-ym+u} ={Ag(@u, y0,0)},
u=1,..M, v=1,...,N
1 UCKOMYIO ITOBEPXHOCTL HIPEJICTABUM B BUJE BEKTOPA
z={2-ym+iy = C(vi,yy), i=1,..., M, j=1,..,N}
Torna cucremy 3aIMIIeM B OEPATOPHOM BUJIE
A(z) =F. (4.2)
J11s1 perrennsi CuCTEeMBI Oy/eM HcIIoIb30BaTh MeTo 1 JIeBenbepra—Mapk-
Bapra |170]

M= 2y | (AT A () +al ;A'(zk)T(A’(zk)—F), (4.3)
rie z¥ — npubmurKennoe pemtenue Ha k-oif ntepanun, A’'(2¥) — npoussonnas
®pere onepaTopa A B Touke v, I — euHUYHBI onepaTop, ¥ — AeMidupyio-
MU MHOXKUTEIb, (¢ — IIapaMeTp PeryJispU3aliii.

B KauecTBe HauaIbHOrO IPHOIIZKEHNs Hcnob3yercs 20 = h. Kpurepuem
OCTAHOBA SIBJISIETCs YCJIOBHE HA(zk) — FH/HFH < €1 upn nekoropom €1 > 0 .
BMmecTo BBINOJIHEHUS TPYIO0EMKOH IPOIELyphl OOpalleHnst MATPUIILI BOC-
HOJIB3YEeMCsl CJICAYIOIUM IIpUeMOM. Ha KarkaoM miare UTepamnuoHHOro MeTOJA
JlesenGepra—Mapksap/ra [170] pemraem cucremy JIMHEHHBIX aIreOPaNIecKIx
YpaBHEHUIA
Bz =b, (4.4)
rie B = (A’(zk))TA'(zk) +al,
b= [(AR)T A + al] 2 — ARG - ).

st pemernms (4.4) ncronb3yercst METO/ MEHIMAIBHBIX HEBsI30K [171]

B(Bz' —b), Bz! — b
Zl+1:Zl_< (Bz ), 22 >(le—b), (4.5)
1B(B=! = b
rie 20 — npubJIMKEeHHOE pellleHre Ha [-0if uTepaluu MeToJa MHHUMAJIbLHBIX

HEBAS3O0K.
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B xauecTse HavaabHOrO MpubamzKenns ncrosabsyercd 2 = 0. Kpurepuem

ocranosa sBstercs ycnosue ||Bz! — b||/[b]] < e npu nexoropom g5 > 0 .

Bameuanue 1. Meroj JIesenbepra—Mapksap/ira (4.3]) 1 MeTo MUHUMAIBHBIX
HeBs130K (4.5]) Ha KaxkjoMm mmare ureparonuoro nporecca (4.3) TpeGyoT Bbi-
MOJIHENNA 3HAUNTE/IbHOTO KomdecTBa oneparuit MMM n MVM g merparic-
MOHUpPOBaHHBLIX MaTpull, pasmepuoctu NM x N M. Ilosromy mpeioyKeHHbIi
AJICOPUTM aBTOMATUIECKOH onTuMu3alun spemenn BoiosiHennst TC-110100HBIX
siJIep MOYKET ObITh MCIOJIb30BaH JIJIT aBTOMATU3UPOBAHHOM 1 3(hPEKTUBHOI OT1-

TUMM3AIUNA COOTBETCTBYIONIEH TPOrPaMMBI.

Sameuanue 2. CyriecTByI0OT MHOXKeCTBO MeToji0B pemierust CJIAY. B 60J1b-
IINHCTBE CJIy4aeB OMOJIMOTEKN pean3yIT OrpaHuYeHHbII HaOOp METOHO0B JIJIs
aHajm3a 1 pertenns kazkoro tuna CJIAY. Ecim tpebyercst cpaBHUTH pas3/ind-
Hble MeTO/bI pertenns oxHoro tuia CJIAY, coorBeTcTBYIONIEro paccMaTprBae-

MOIT 3aj1a4e, METO/Ibl peain3yI0TCsd BPYYHYIO.

4.1.2. Pe3ynbTaTbl 9KCOEPUMEHTOB

Onpejesmm yekopeune S = Tyeriar/Tparatiels T1€ Tseriqr — BPEMS BBIIIOJIHE-
HU¢ [IOCJIEI0BATEILHOIO KOJIa IIPOIPAMMBI € IIPUMEHEHUEM CTaHIaPTHLIX OIITH-
Musanuit komiusTopa Tperbero YposHs (O3), Tharaier — BPEMsl BBIIOJIHEHHs
apaJljIeIbHOTO KOJI& IIPOIPAMMBI C UCIIOJIB30BaAHIEM OHOJIMOTETHBIX IPOIELY],
00 KoJia, ONTHUMU3UPOBAHHOTO C IIOMOIIBIO IIPEJI/IaraeMoro aJrOPUTMA.

J11s1 BBIIIOJTHEHUSI KCIIEPUMEHTOB UCIIOIb30BaINCh JiBa 18-saepHbix Intel
Xeon E5-2697 v4 cynepkoMIibioTepa «YpaHy. XapaKTepUCTHKa, OJHOTO ITPOIIEC-
copa Intel Xeon E5-2697 v4: wactora 2.3 I'T'n, Sy, = 32 Koaiit, Sp, = 256
Kbaiir, SL3 = 30 Mbaiir, WL1,2 =g, W, = 20.
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== ANITOPUTM 6 —»- BLIS
-=+- |ntel MKL -e--- OpenBLAS

10

10

KoadpduumneHTt S
L1 a1l

10 T T T T T
96 112 128 144 160

Pa3wmep kBagpaTHou ceTkn N X M

Puc. 4.1. Yckopenue, nojydennoe iyt 0OpaTHON 3a/1a9u TPABUMETPUI

Ha puc. n300pazkKeHbl KO3(MMUITUEHTHI YCKOPEHUs JIJI PEIIeHIs 00paT-
HOIT 3a/1a91 TpaBUMETPHH MeTo10M JIeBenOepra—MapkBap/ITa ¢ 1CI0/1b30BaH!-
eM MeTO/Ia MUHUMAJIbHBIX HEBS30K Ha KayKJIOM Iare NTEPAIMOHHOIO MpoIecca
Jutst 36 TTOTOKOB Ha KBaJIPATHBIX CETKAX € pa3MepaMiu, U3MeHdImuMucsa oT 96
10 160 ¢ marom 4. Tabu. COJIEPZKUT COOTBETCTBYIOIIIEe BpeMs pellleHusl B
MUHYTaX JIjI 0OPaTHON 3a/1a9i I'paBUMETPUN Ha ceTKax paszmepHocTr 96 X 96,
128 x 128 m 160 x 160.

[TpecraBiennbie KO3MDPUIMEHTHI YCKOPEHUS MTOJTYYeHbl [T PErIeHns 3a-
Jladi T'PaBIMETPHN Ha OCHOBE aaroputMa[§ a Takxke Ji/isl peansaliiii pereHnst
3aJiaun Ha ocHoBe Koja oubsmorek Intel MKL, OpenBLAS, u BLIS. Bee Bbrduc-
jnennsgs MVM, BoinostHAEMbIe ONMMCAHHBIM paHee PelleHreM 3a/1a9l TPaBUMET-
pun B ypaBHEHUIX n , OBLIN CJIeJIaHbl C UCTIOJIL30BAHUEM PacCMaTpH-
BaeMOro ONTHUMMU3UpPoBaHHOTO Kojga MVM 1y ciaydasd HeTpaHCIIOHUPOBAHHON

MarTpuibl. Bxonnasie ganabie nmesn Tl double. Memnob30Bainch I0THBIE MaT-
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PUIIBI. YCJIOBHEM OCTAHOBA OBLIO BBIOPAHO HA(zk) — FH/HFH <e=1073u
| Bz — b]|/]|b]] < &2 =1075.

Tabnuma 4.1. Bpemsa pemnienusi B MEHYTax JIjisi OOPaTHO# 3a/la49i I'PaBUMETPUM Ha, CETKaX

pasmepnoctu M X N.

M=N 96 128 160
Peaymzanus
Anroput™m 6 0.573 1.222 3.62
Intel MKL 0.59 1.196 3.5
OpenBLAS 0.762 2.777 6.068
BLIS 6.029 10.159 28.576
bes onrumuzanimn 14.39 88.76 351.992

DKCIIEPUMEHTBI TI0Ka3aJ/Ii, 4TO peasn3alis pelleHus 3a/adil IpaBUMeT-
pUI Ha OCHOBE aJrOpuUTMa [§ cpaBHIMa ¢ pean3alisgMu Ha OCHOBE Koja Omd-
qmuotek Intel MKL, OpenBLAS u BLIS mis Bcex paccMOTpeHHBIX pas3MepoB
ceTok. OTMETHM, UTO Ha Pa3HBIX CETKAaX pa3HOe UNC/I0 UTePAInil, I09TOMY Bpe-
Msi cueTa pas3jndHo. B cpejineM pesysbTarhl aJropuTMa OTJINYaoTcs He bosee

geMm Ha 1% u npesocxogar 6ubanorekn OpenBLAS u BLIS.

4.2. OneHka aJropuTMa BbIYUCJIEHNs 0000IIeHHOTO

MAaTPpHUYHOI'O IIPpOU3BEACHMNA

BrimosiHuM cpaBHEeHNEe OIHOIMOTOYHO M MHOIOIIOTOYHOM ITPOU3BOIUTE -
nocteit [IC AOTO ¢ bubmorekamu, cogepzKaliiMi OITUMI3UPOBAHHYIO PeaJll-
sarmo MMM (Intel MKL, ARMPL, OpenBLAS, BLIS), u coBpemenHBIME KOM-
musaropamu (GCC, IBM XLC, ICC) u dponrrenmom st kommustinn Clang.

J171s1 BBITIOJTHEHN ST SKCIIEPUMEHTOB UCII0JIb30BaJIICh Iporeccopbl IBM Power
8, Intel Xeon Phi, Intel Sandy Bridge, APM883208-X1 u Intel Kaby Lake (cm.
tab1. [4.2), umeromue pasimunyio apxurekrypy (ppcbdle, x86_64 u aarch64).
Tabur. COJIEPKUT MHMOPMAIIIO O BEPCUN U JOMOJHUTEIbHBIX OIIIAX HC-
110JIb3YEeMOr0 IIPorpaMMHOIo obecredenusi. B ciydae kommuisgropa ICC ncrosib-

30BaJIach OIIKs -qno-opt-matmul, 4ToOBI IPEJIOTBPATUTH paclioO3HaBaHUE 1 3a-
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meny MMM na Bbi30oB peasuzannun MMM, noctynnoit B oubsmoreke Intel MKL

(em. Tabu. [4.3)).

Tabmuma 4.2. OcobeHHOCTH TEIEBBIX allapaTHBIX IIAT(MOPM.

Haszanue LIy LI((}C;ET (1%22;) . ;]{V gggblc Lyrma | Nvraa (ngih) Wi, (ngi;m) Wi,
San(ll;téll'idge Corili‘;c—13820 3.6(3.8) 16 4 8 1 32 8 256 8
Kaé?fti}ake coril?;-)l??oo 36(42) | 32 4 4(6) 2 32 | 8 | 256 | 8
Xeloriell)hi Xeonlgt}il 710 | 13 110 8 6(7) 2 32 | 8 | 1024 | 16
IBM Power 8| POWERSNVL | 4.023 | 256 2 5.5(12) | 2 64 | 8 | 512 | 8
ARM APMS83208-X1 | 2.4 32 2 936) | 0.5 32 8 | 256 | 8
Xel,f)lltle}'35 Xeon g;t-e;esgo va| 22061 ) 64 4 5(6) 2 32 § | 256 | 8

Tabnuma 4.3. Bepcun m J10moHUTEIbHBIE OMITUN UCIOIB3YEMOTO ITPOrPaAMMHOI0 obecrieve-

HNAg.
Hazpanmne | Bepcus [lomnotTHUTETHbHBIE OTITITIH
polly 6.0.0 -0O3 -march=native -mllvm -polly
-03 -march=native -mllvm -polly
AOTO 6.0.0 -polly -target-throughput-vector-fma=Ny /a7 4
-mllvm -polly-target-latency-vector-fma=_Ly psp7 4
-mllvm -polly-target-1st-cache-level-associativity=Wr,
-mllvm -polly-target-2nd-cache-level-associativity=Wrp,,
-mllvm -polly-target-1st-cache-level-size=St,
-mllvm -polly-target-2nd-cache-level-size=S5t,,
-fip-contract=fast -ffast-math
clang 6.0.0 -0O3 -march=native
gee 4.9.2 -0O3 -march=native
icc 17.0.2 -0O3 -march=native
IBM XLC | 13.1.5 -0O3 -qarch=auto -qtune=auto
Intel MKL | 11.3.3
BLIS 0.2.2
OpenBLAS | 0.2.19
ARMPL 2.4.0

[Toniepkka Texnosiorun Intel Turbo Boost Oblta BK/TIOUeHa Ha BpeMsi BbI-

MOJTHEHNSA SKCIIEPUMEHTOB. BepxHme TeopeTndecKne IPaHUIlbl ITPON3BOIUTE -

HOCTH, TIPEJICTaB/IeHHbIe Ha I'PaduKax, YIUTHIBAIOT TAKTOBYIO YacTOTY IIPOIIEC-

copa ¢ ucnosbzoBannem Texxosornn Intel Turbo Boost. 3uauenns: rakToBoit

JaCcTOTHI Iporeccopa ¢ ucrnojb3oBanneM Texuojorun Intel Turbo Boost moka-

3aHbl B CKOOKaX.
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Suauenust Ly pa4, YKa3aHHbIe B CKOOKax, OOJIbIe peasibHBbIX 3HAYeHUil
Lypya. YKazanuble 3HaYeHUs ObLIN OIPEE/IeHbl SMIIMPUIECKH TaK, ITOOBI
onennBaemas peanuzaius [IC AOTO sddekTuBHO HCIOIB30BaAA KaK MOXK-
HO 0O0JIbIIIe BEKTOPHBIX PErUCTPOB IIpoleccopa. Kak mokaszaHo B pazjere [4.2.1)
HPUINHON sIBJIsieTCs Hed(EKTUBHAS aBTOMATHIECKAs BEKTOPU3AIINsI, [TPIIMe-
Hsiemasi paccmaTrpuBaemoii peasmsanueii [IC AOTO.

Pesyiibrars, IpuBejieHHbIE B JJAHHOI TJIaBe, SIB/ISIIOTCS CPEJIHIME apudgMe-
TUYECKIMU 3HAYEHUSIMU, TIOJIYUeHHBIX JIJIsI IPOBOIMMBIX SKCIIePUMeHTOB. Kak-
JIbIIT 9KCIIEPUMEHT IPOBOJIMJICS MOBTOPHO, TIOKa JIOBEPUTE/ILHBIII MHTEpBaJ C
yposHeM jtoBepusi 95% #e 661 B 10% o1 coobiaemoro cpejero apudmernde-

CKOI'O 3Ha4dYeHu4d.

Theoretical peak —v¥— polly-prefetch -- Eollé-1-4 O enBLAS
— AOTO e+ polly-1-6 LI MPL
polly polly-1-5
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Puc. 4.2. MMA[x, +| maa ARM.

4.2.1. Orenka norpentnoctu BekTopusarmu s MMA[x, +]

Yrobbl oleHuTH HorpeniHocTh BekTopusaiun oubsnoreku LLVM Core,
npumennM aiaroputsm [9 k SCoP, copepkaiiemy yrBepKeHne S 1 sIBISTIONEMY-
¢ TIOJIMIpAJIbHBIM TIpesicTaBaenneM peanusarnuun MMM, ommcannoit B pase-

ge 2.4
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Tabmuna 4.4. Bpemst Boraucienus MMM B cekyH1ax /i IJIOTHBIX KBaIPATHBIX MaTPUIL U

Tuma double ma ARM.

N=M=K1 5y 2016 3008 4000
Peasmzarus
AOTO 0.63 4.92 16.39 38.22
OpenBLAS 0.56 4.2 13.93 32.93
BLIS 0.57 4.24 13.94 33.29
ARMPL 0.54 4.05 13.45 31.73
polly-prefetch 0.61 4.56 15.11 35.48
polly-1-6 1.72 11.39 35.62 83.83
polly-1-5 2.96 12.66 50.04 103.98
polly-1-4 4.076 15.43 4453 93.23
polly 10.17 28.94 96.73 235.12

Puc. 4.2 npescraBisier rpaduk 0HOIOTOUHOM TPON3BOAUTEILHOCTH JIJTs]
ARM (em. rabo. [4.2), maros amropurma [9 n onepamun MMA[X, +| Buua
C +« C + A x B, peamuzoBannyto B Habope TectoB Polybench 3.2 [172].
Tab1. COJIEP’KUT COOTBETCTBYIOIIEE BPEMsl BLIUUC/IEHUSI B CeKyHIax. Pac-
CMaTPHUBAJINCH IIJIOTHBIE KBaJpaTHbIE MaTPHUIIBI, COJAEprKAIle SJIeMEHThI THUIIa
double. Polybench 3.2 spisiercss HAabOpOM NPUKJIAJIHBIX IIPOrPpAMM, YacTO
IPUMEHSIIONUXCA B Pa3/JUYHbIX HAYYHLIX JUCHUILIMHAX 1 TPEOYIONUX
OITUMUBALIIHL.

11t IpocTOTHI OyJ1eT 3aMEHSThH JIEBbIE YACTU paBeHCTB apPUHHBIX PYHK-
i UX IpaBLIME YaCTsIMU, €CJIU APYrie OrpaHndenns B oTHomeHusax [1pecoyp-
repa orcyrerBytor. Hampumep, {S(i, 7, p) — (t1,ta,t3) | t1 = iAte = jAL3 = p}
obozmaunm kak {S(i,7,p) — (i,7,p)}.
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for (j = 05 j <= g —1; j += 1)
for (p = 0; p<:K£C—1; p += 1)
for (i = 0; @ <= 35 —1; i += 1)
for (jo = 0; je <= Re—1; jo += 1)
for (i. = 0; i. <= %:—1; ic += 1)
for (p. = 0; p. <= K.—1; p. += 1)
for (j, = 0; g Nl e 1)

for (i, = 0; 4, <= M,—1; i, += 1)
S(M, * i + M, x i. + i,,
Ne * j + N je + Jr,
Kc*p+pc),

Puc. 4.3. SCoP nocsie npuMeHeHns: nepBbIX Tpex maros ajropurma [9)

for (j = 0; 7 <= 31; 5 += 1)
for (p = 0; p<=31; p +=1) {
for (tmp; = 32 % j; tmp; <= 32 % j + 31; tmp; += 1)
for (tmpy = 32 % p; tmpy <= 32 % p + 31; tmpy += 1)
Copyo (0, tmpy, tmpy);
for (i = 0; ¢ <= 31; ¢« += 1) {
for (tmp; = 32 x i; tmp; <= 32 % ¢ + 31; tmp; += 1)
for (tmps = 32 % p; tmps <= 32 * p + 31; tmpsz += 1)
Copy, (tmpy, 0, tmps);
for (jo = 0; j. <= 15; j. += 1)
for (i, = 0; i, <= 15; i, += 1)

for (pc:O; Pe <— 317 De = 1){
S(32 % 4 + 2 % 4., 32 % j + 2 % j.,
32 % p+ pe);
S(32 % i+ 2 x4, + 1, 32 x j + 2 % j,
32 % p+ pe);
S(32 % i+ 2 % 4., 32 % j + 2 *x j. + 1,
32 % p 4 pe);
S(32 % i + 2 % d. b 1, 32 %5+ 2 % j.+ 1,
32 x p + pe);
}

Puc. 4.4. SCoP nocsie npuMeHeHns NEePBBIX MIECTH NIAr0B ajroputma [9)

[Tocsie iprMeHeH st TIePBBIX TPex Maros ajroputMa 9 B pesyibrare mnepe-
CTAHOBOK IUKJIOB 1 UX pa3duneHus Ha 0J10KK1 adDUHHBIN [J1aH yTBepKieHns S
Oyner npeodpasosan u3s {S(i, j,p) = (i,5,p)} 8 {S(i,4,p) = &), [&]. 5],
j mod N, i mod M., p mod K.} (cm. puc. 4.3)). ITocse pasbuennst nukios Ha

OJIOKH, BBIIIOJIHAEMOI'0 YeTBePTHIM Iarom ajaropurmald), adbdunubii mian yreep-

Kienns S oyner mvets Bug {S(i, 7, p) — LNLCJ, \_K%j, LMLCJ, | {mod Ne | | imod M |
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p mod K., j mod N,,i mod M,}. [Ipeobpasosanusbiit SCoP npejicrasien Ha Jji-
crunre[d.3 dust npocrorst M mod M. = N mod N, = K mod K, = 0. Ilepsbie
geTbIpe mara ajroputma [J) mossosstior goctuub 23% BepxHeil TeOpeTHUECKOil
IDAHUIBL Ha IPOU3BOANTENLHOCTD (eM. polly-1-4 na puc. [4.2)).

PasmoTka MUKJIOB, BBIMOJHSIEMAs MSITHIM MIArOM ajaroputMa [, He Biims-
eT Ha MPOU3BOIUTEbHOCTH (cM. polly-1-5 Ha puc. . Konmposanue smeMen-
TOB MaTPHIL BO BpEMEHHbIE MAaCCHBBI Ha IIECTOM Inare ajaropntMa [J mossoJser
noctuab 26% BepxHeil TeopeTHUecKOl IPAHUIbI Ha TIPOU3BOJANTELHOCTD (CM.
polly-1-6 ma puc. . [Ipeobpazopannsiit SCoP npencrapien Ha puc. .

Bekropusanus«, somosngemas LLVM Core, nossosger goctuab 73% Bepx-
Hell TeopeTnyecKoil rpaHuipl Ha npoussoguTebHocTb (eM. AOTO na puc. [4.2)).
st ajibHeitIero yBeJimdeHust Npon3BOAUTEIbHOCTH MOYKHO BOCIIOJIb30BaThCA
aBTOMATHUYECKOIT ITpeIBbIOOPKOIT laHHbIX, jJocTyiHO B LLVM Core jiy1s1 HeKoTO-
pBIX IaT(OPM 1 OTKJIIOYEHHON 10 YMOJT9aHnio. e ncnoab3oBanue mo3BosseT
noctudb 75% BepxHeil TeopeTHUecKol IPAHKIbl Ha TIPOU3BOJANTEILHOCTD (CM.
polly-prefetch na puc. . OJ1HaKO 9TOT0 HEJIOCTATOTHO JIJIs JIOCTUYKEHIS TTPO-
U3BOAUTE/ILHOCTU ONTUMU3UPOBAHHBIX OMOJINOTEK.

CoracHo pabore [173|, mist co3manusi BBICOKOIPOM3BOANTEBHBIX PEAH-
sarmit MMA|[ X, +] Heo6xonnmo 3dhdeKkTrBHOE HCIOTBb30BAHNE BEKTOPHBIX Pe-
rucTpoB U 3PMEKTUBHBIN MTOPSIJOK BHITOJHEHUS KOMaH . [IpmMeHnM pyKoBo/I-
CTBO, TIpeJjicTaBjIeHHOe B pabore [173|, 4T0ObI BPyUIHYIO ONTUMU3HPOBATEL Bpe-
MeHU BbinoiHeHnst peasinsaiuun MMA[X, 4| u onpegesnTs To, 910 Memaer J1o-
CTUKEHUIO TTPOU3BOUTEIBHOCTH PACCMaTPUBAEMbIX ONTHMU3UPOBAHHBIX ONO-
JINOTEK.

Puc. 4.5 npejcrapiisger rpaduk OJHOIOTOTHON POU3BOAUTEHLHOCTU JIJIsT
Sandy Bridge (cu. Tab.1. u oneparm MMA|[ X, +|. Pacemarpuaiics miot-
Hble KBaJIpaTHble MaTPUIIbI, cojepzkalue 3jgeMeHThbl Tuia double. I'padukn

IPEJICTABIAIOT OO0 HAMJTYUIITYTIO TPOM3BOINTEIHLHOCTD, TOJTYYEHHYIO C UCTIOJTb-
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sosanneM KoMmmgTopa GCC u dponrenga CLang. Taour. COJIEPKUT COOT-

BETCTBYIOIIEEC BPpEMs BbIYUCJ/IEHNA B CEKYHIaX.

—— Theoretical peak —<— pure-Cc —<—: sse-asm BLIS
AOTO naive-sse Intel MKL OpenBLAS
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Puc. 4.5. MMA[X, +| mua Sandy Bridge.

Tabnuma 4.5. Bpemsa soraucierns MMM B cekyHtax /g IJIOTHBIX KBaJIPATHBIX MATPUIL U

tuna double Ha Sandy Bridge.

N=M=KT" 5y 2016 3008 4000
Peasmzarus
AOTO 0.095 0.68 2.26 5.29
OpenBLAS 0.08 0.58 1.91 4.49
BLIS 0.082 0.6 2 4.82
Intel MKL 0.086 0.59 1.89 4.44
sse-asm 0.08 0.61 1.99 4.79
sse 0.086 0.65 2.12 5.13
naive-sse 0.093 0.72 2.39 5.76
pure-c 0.62 4.39 14.49 34.19

JImHus, oTMedenHas pure-c, IpeJicTaB/IsgeT OIEHKY OJHOIOTOYHON TPOns-
BOJIUTEILHOCTHU JIJIsT yTBep:KieHust S peanuzanun MMM, mnpencrasiennoit B
pasuese 2.4 mociie npumenenust nepBbIX IIECTH Maros ajroputma 9 Ho Ges
Pa3MOTKH IHKJIOB, BBINOJIHSEMON Ha TsATOM mrare ajgropurma [ Peammsaris
nocruraer 12.31% Bepxueil TeopeTndecKoil IpaHuibl Ha TPOU3BOJAUTEILHOCTD.

JlasbHeiiast pasMOTKa HKJIOB TSATHIM IArOM aaroputMa [J) n BeKTopusa-

111, BBIIIOJTHEHHAs ¢ UcIoJib3oBanneM x86 SIMD nHTpUHCHKOB, 1TO3BOJISIIOT J10-
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crudb 79.74% BepxHeil TeOpeTHUECKON TPAHUIIBI HA TIPOU3BOJUTELHOCTD (CM.
naive-sse na puc. [L.5)). Pesyibrararsl BbIUUC/ICHUH, BLIIOJHACMBIX BHYTDEH-
HUM IIHKJIOM IOJIYUYEeHHO! peau3allii, MOI'YyT ObITh IpeJicTaBieHbl Kak O <—
C.+ [AC(],pC)IB%C} .rnel € i....1.+M,—1, B, — nogmarpuna Mmarpursl B Bua
Bi(pe, jeije + Ny - 1). st mocTizkeHust G0JIbIIeil MpON3BOUTETHHOCTH JJIeMEH-
ThI MATPUIIBI A TaKKe JOJKHBI XPAHUTHCS Ha BeKTOPHBIX peructpax [173]. O-
HAKO BO BCeX ciIydasx BeKTopusalusd, BeirnosHsemas LLVM Core, He mospoJisier
ciesath 910, renepupysa C. < C. + [AC(I,pC)IBC].

st nasibHeiinero yaydiiennsi TpOn3BOIUTEIbHOCTH 3JIEMEHThI MATPHUILbI
A 3arpy»KaroTcs Ha BEKTOPHBIN peructp. [lajee BBIMUCISIOTCA BCe BO3MOYKHBIE
IePEeCTAHOBKU JIAHHOTO PEruCTpa U Pe3yJIbTaThl X mepemenoykerus ¢ B, [173].
Taxum 0Opa30M, BBIUNC/IEHNsI, BBIITOJIHsIEMbIe BHYTPEHHUM I[UKJIOM I10JIy Y€HHOIT
peasm3anui, MOryT ObITh ormcanbl Kak C. < C. + Ac(ic @ i. + M, — 1,p,) -
Bi(pe, je : je+ N.—1). llpeacrasiennas peasmsarust jocruraet 83.91% Bepxueit
TEOPETUYIECKOIT TPAHUIIBI HA [TPOU3BOINTEIBHOCTD (CM. sse Ha puc. [4.5)).

[Topsi/IoK BBINIOJIHEHUST acCeMOJIEPHBIX MHCTPYKITHI YCTaHABIMBACTCS KOM-
nusTopoM Tipu peobpaszosarun x86 SIMD unrpuncukos [173]. st Toro
ITOOBI IMOPSIJIOK BBIIOJIHEHUSI UCIIOJIb3YyeMbIX KOMaH/ I OblL1 Hanbosiee apdexTn-
BeH, 1peodpaszyem x86 SIMD mHTpuHCHKE B acceMOJiepHble MHCTPYKIIUU BPYU-
ayto [173]. Kpome 31010, BBIIOJIHIM MPEIBBIOOPKY JAHHBIX U OCYIIECTBUM JIO-
HOJIHUTEIBHYIO PAa3MOTKY BHYTPEHHErO NMUKJIA JIJIsi UCIIOJIb30BAHISA OOJIBIIErO
qUC/Ia BEKTOPHBIX PErUCTPOB I XpaHeHus 3jeMenTos Marpury A u B [173).
[Tosryuennast peasmsaliust jgocTuraer rnpousBojutesbuoctu BLIS u cocrasisier

86.92% BepxHeii TeOpeTUIeCcKOil IPAHUIBI HA TPOU3BOUTEILHOCTD (CM. Sse-asm

Ha pUuC. .
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4.2.2. Pesynbrarsl sxkcnepumenToB st MMA[x, +]. Coryuaii

O,HHOIIOTO“IHOfI IIpon3BOANTEJIbHOCTHA

Pacemorpum onepannio MMA|[X, +| Buna C < C' + A X B, peajm3oBaH-
Hy1o B Habope Tectos Polybench 3.2 [172].

—— Theoretical peak clang IBM xlc OpenBLAS
— AOTO e gCC —- Intel MKL BLIS
polly icc

Mnatdopma c Intel Sandy Bridge
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Puc. 4.6. MMA[X, +| miug marpur, cogepxKammux aeMentsl Tuia double.

Puc. [4.6], puc. 4.7, puc. 1 pHC. IPEJICTABJISIIOT PE3Y/IbTAThI OIEH-

KU OJHOIIOTOYHOMN ITPOU3BOIUTEILHOCTHU JIjIsT IIJIOTHBIX KBAJIPATHBIX U HE KBa/I-
PATHBIX MATPUIL, COJIepKaINX d71eMeHThl Tuia double. PasmeprnocTtu nsmepe-

HUI MaTPUI] U3MeHs/Mch ojiHoBpeMenHo oT 32 0 4000 ¢ marom 32. B ciaydae
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He KBa/[paTHLIX MaTpuIll uaMepenue K OblLio pukcuposano n pasusiioch 2000.
Tabur. 1 Ta0Jl. COJIePZKaT BpeMsl BbIUUCJICHUS B CEKyHJaX [ KBaJIpaT-

HbIX 1 HE€ KBa/JApPaTHLIX MaTpHI], COOTBETCTBEHHO.

—— Theoretical peak clang —+- Intel MKL BLIS
AOTO e goC ~we OpenBLAS --«-- ARMPL
--+-= polly icc

Mnatdopma c Intel Kaby Lake
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Tabnuna 4.6. Bpems sorauncienunss MMM B cekyHmax /sl IJIOTHBIX KBaIPATHBIX MATPHUIL U

turta double na Sandy Bridge.

N=M=EK1" 5 2016 3008 4000
Peanmzarust
AOTO 0.095 0.68 2.26 5.29
polly 1.14 4.94 16.37 39
clang 6.85 64.33 232.38 658.04
gce 6.53 64.42 227.52 659.24
icc 0.15 1.11 3.68 8.56
OpenBLAS 0.08 0.58 1.91 4.49
BLIS 0.082 0.6 2 4.82
Intel MKL 0.086 0.59 1.89 4.44
—— Theoretical peak clang IBM xlc Olg_)enBLAS
— AOTO e gCC —=-Intel MKL BLIS
polly icc
Mnatdopma c Intel Sandy Bridge
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Tabnuma 4.7. Bpems Berauciaenuss MMM B cekyHmax st IJI0THBIX MaTpuil u Tuia double

na Sandy Bridge.

N =M K =20001" 5, 2016 3008 4000
Peanuzarus
AOTO 0.18 0.68 1.5 2.77
polly 2.34 1.94 10.99 19.9
clang 14.89 63.8 146.96 300.58
gcc 14.79 63.91 147.23 306.52
icc 0.3 1.11 2.47 4.26
OpenBLAS 0.15 0.58 1.27 2.24
BLIS 0.16 0.59 1.34 2.36
—— Theoretical peak clang —+—- Intel MKL BLIS
— AOTO e gCC OpenBLAS  --+-- ARMPL
polly icc
Mnatdopma c Intel Kaby Lake
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Tabnuma 4.8. Bpema soraucienunsg MMM B cekyniax /g IJIOTHBIX KBaJIPATHBIX MATPUIL U

tuna float na Sandy Bridge.

N=M=KI"5 2016 3008 4000
Peanuzaius
AOTO 0.06 0.43 15 3.27
Intel MKL 0.048 0.29 0.96 2.25
ICC 0.082 0.588 1.92 4.55
OpenBLAS 0.046 0.33 1.089 2.57
BLIS 0.042 0.3 1 2.38
polly 1.12 4.66 15.49 36.91
clang 6.45 57.08 202.34 | 530.95
gcc 6.43 57.03 202.43 | 523.059
Tntel MKL 0.163 0.589 1.262 2.22
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Puc. 4.10jm puc. 4.11| mokasbIBaloT pe3yabTaThl I IMJIOTHBIX KBaIPATHBIX
MaTPUIL, CojepzKaIX 31eMenTsl Tuira float. Tao. COJIEPZKUT COOTBETCTBYIO-
Iee BpeMsi BBIUNC/ICHNS B ceKyHaax. MoxKHO caenaTsh BbiBog, 0 ToM, uTo [1C AO-
TO nocruraer 1.63-KpaTHOrO yCKOPEeHHs 110 cpaBHeHUIO ¢ KoMiisgTopom [CC
n 20-KpaTHOrO YCKOPEHHUs 110 CPABHEHMIO C OCTaJbHBIMH COBPEMEHHBLIMU IIPO-
MBIIILJIEHHBIME KOMIIIgTOpaMu. OTMeTUM, 4TO JJIsi MATPHUIL, pa3Mep KOTOPbIX
Menblne 807, ONTHMM3AIUS BPEMEHH BbINOJIHEHNS JIOCTUIAET TPOU3BOIUTE b

HoCTh peanmsain MMA|X, +] mocrynnoit B 6ubanoreke Intel MKL. Omgraxo
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eCJI MATPUIIBI COJIEPKAT MEHbIIe 322 3/1eMEeHTOB, IeIeC000pPasHO HCIIOIb30BATh
JpyTHe TOJXO/bl K onTuMu3anuu Bpemenn soinosnenuss MMA|X, 4+|. Do co-
OTBETCTBYET Pe3y/IbTaTaM, IPeJICTaB/IeHHbIM B pabore [53].

B ciayuae Kaby Lake, kpanparabix marpuil u tuna double mporpamuast
cucrema AOTO npocruraer 83.33% npoussogurennbuocru OpenBLAS. B ciry-
gae IBM Power 8 nporpamuas cucrema AOTO nocruraer rosinko 75.54%. Kak
OBLIO IIOKAa3aHO paHee, PA3HUIA 00bSICHSIETCA HEOUTUMAIbHBIM HCIIOJJIL30BaHU-
eM peructpoB. OleHnM KOJIMIeCTBO BEKTOPHBIX PErUCTPOB, UCIOJIB3YEMbIX Ha
KayKJI0fi UTeparnun MuK/aa ¢ UHIYKTUBHON mepemeHHoit p. ajropurma [0 Kak
OBLIIO PACCMOTPEHO paHee B JAHHOM paszjesie, Bbrauciserca M. N, s1eMeHToB
matpuibl C' u ucnosnsyercs M, + N, snementoB marpun; A n B. Tak kak
TOJILKO 3JIEMEHTHI BTOPOT'O OIIEPaH/1a XPAHSITCS Ha BEKTOPHOM PErucTpe, TO HC-
nosib3yercst He 6osiee uem (M, N, + N,)/Nygc BEKTOPHBIX perucTpoB. B ciydae
Kaby Lake a0 kosnmgectBo pasho (8-6+48)/4 = 12, aro cocrasisier 87.5% Beex
PEerucTpoB, JOCTYIIHBIX Ha JAHHOI 1e/1eBoil armaparHoit miardopme. B ciydae
IBM Power 8 ncnosbsyercst ToIbKO 48.43% 10CTYIHBIX BEKTOPHBIX PETUCTPOB.
B ciayuae Sandy Bridge 1 ARM ucnosnbsyerces 62.5% u 65.62% nocTynnbix pe-
I'ICTPOB, cOOTBeTCTBeHHO. Besegcreue sToro B ciydae ¢ Sandy Bridge u ARM
nporpamuas cucrema AOTO nocruraer roapko 80.35% u 84.61% upoussoau-
tesbHocT OpenBLAS na stux miardopmax, coorsercrBerno. st tuna float
u nponeccopoB Kaby Lake, IBM Power 8, Sandy Bridge u ARM nporpamuast cu-
crema AOTO nocruraer 83.33%, 54.54%, 70%, u 86.25% npoussoauTeLHOCTI
OpenBLAS, coorsercrBenno. IIpu 3T0M IPOIEHTHOE COOTHOIICHIE UCIIOIb3Ye-
MbIX peructpos 87.5%, 42.18%, 56.25%, u 65.62% Jyist 1eJIeBbIX anmapaTHbIX
mwiatdopm ¢ Kaby Lake, IBM Power 8, Sandy Bridge u ARM, coorBercTBerHO.
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Puc. 4.12. MMA([X, +| asa tuna double.

Tabnuma 4.9. Bpems sorancienns MMM B cekyH 1ax /1 KBaJIpATHBIX MATPUIL PA3MEPHOCTH

8000 x 8000 mast pasHoro kKojmdecTa moTokoB Ha Intel Xeon E5-2630 v4.

KommmaecTso moTokoB 1 5 10 20
Peaymzamus
AOTO 29.83 7.07 4.06 2.73
Intel MKL 21.84 4.93 2.78 1.68
OpenBLAS 30.33 7.13 4.03 2.07
BLIS 24.06 5.46 3.13 2.18
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4.2.3. Pesynbrarsl skcnepumenToB st MMA[x, +]. Coryuaii

MHOT'OITIOTOYHOI IIpoOn3BOANTE/IbHOCTH

J1J1sT OTIeHKN MHOT'OIIOTOYHOM ITPOU3BOJIUTEIBHOCTH PACCMOTPUM ILJIOTHBIE
kBaipaTHble MaTpuIlbl pa3zMepHocTn 8000 X 8000, cojiepzKkaliiie 3/ieMEHTbI TH-
na double, n paznmuHoro KojmyecTBa MOTOKOB. [[Jjist TecTUpoBaHus UCIOJIB30-
Basinch ABa 10-aaepubix Intel Xeon E5-2630 v4 u ogun 64-saepusrit Intel Xeon
Phi, sarpyskennbiii B mwiockoM pexxume (em. tabo. [4.2). Ha puc. IpeJICTaB-
JIEHbl pe3yJIbTaThl TecTupoBaHusi. TadJI. COJIEPXKUT BpeMsl BbIUNC/IEHUs B
cekynmax mig MMM, ksagparasx Mmarpui pasmepaocta 8000 x 8000 n pasHo-
ro koyimdectBa 1moTokoB Ha Intel Xeon E5-2630 v4.

B caygae Intel Xeon E5-2630 v4 nporpammuast cucrema AOTO mnosBosisier
noctuub 86.18% muOromoTouHol mpousBoauTeIbHOCTH peansaruit MMA|X | +|
JIOCTYITHBIX B paccMaTpUBaeMbIX ONTHMU3UPOBAHHBIX OmOInorekax. B ciaydae
Intel Xeon Phi npemioxKeHHbI 1101X0/1 IPEBOCXOANUT 110 IPOU3BOIUTETbHOCTH
OpenBLAS, #e nmerommnii peanusammun MMM st sToit miardopmbl. Besre-
CTBHE 9TOro Ha paccmarpuBaemoil mwiaardopme OpenBLAS npumensier obmryio
JUTSl IIAPOKOI TPYIIIRI T1aTdopM peasnzaruio MMM, yerynatomyto criernualin-
3UPOBAHHBIM peain3alusaM B Ipou3BoguTebHocT. B caydae Intel Xeon Phi
uporpammuas cucreMa AOTO pocruraer rosbko 69.02% npoussoanTebLHOCTH
oubsmmorekn BLIS, Tak Kak mpuMeHsieMasi CTpaTerus paciapaJiie/InBaeT UK/
C UH/IYKTUBHOII TIepEMEHHOI j. ajropuTMa (0], SBJISIONIErocs caMbiM BHEITHUM 1
He cojlepzKallliM 3aBUCUMOCTHU 110 JlaHHBIM. Kaxkable jiBa siapa Intel Xeon Phi
NMEIOT OT/IeJIbHBII pasiensieMblii Mexk 1y HuMu Lo. B pesysibrare pacnapaJiiein-
BaHUsI OIMCHIBAEMOI'O ITUKJIA ITPOUCXOIUT KOITMPOBAHKIE JIEMEHTOB BPEMEHHOTO

maccuBa A. B Lo Kaxk0r0 u3 sjaep (cMm. pasjen .
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4.2.4. MMA[X, +] n nenovucsaennnie Tunbl gaunabix. Coryyaii

O,HHOHOTO“IHOI';'I IIpon3BOANTEJIbHOCTHA

MMM maTpuil, cojepzKaliix 3JIEMEHTbI 13 MHOXKECTBA, [IeJIbIX I1CeJI, NMe-
eT OTJIe/IbHYIO 00JIaCTh IIpUMeHeHus. B JacTHOCTH, 1le/iounc/ieHnbie 16-0uTHbIe
TUITBI JIAHHBIX UCIIOJIb3YIOTCA B TUIYOOKMX HEHPOHHBIX CETSIX C IEeIbI0 yMEHbIIIe-
HUs U3JIeprKeK Iepeladn JaHHBIX BO BpeMs BhinoaHenndg MMM 3a cuer ymeHb-
IeHnst TOYHOCTH Bbrancaenuit [174). MMM jyist nieioqucIeHHbIX 1 JIOTHIeCKIX
TUIIOB JIaHHBIX He onuchiBaroTcss narepdeiicom BLAS. Benencrsue sToro pea-
gmsanmn MMM g Takux TUTIOB JTaHHBIX HEJOCTYITHBI JJId MHOTHUX IIEJIEBBIX
mwiatdopm. Pacemorpum npumenerne [1C AOTO s onTuMusanyum BpeMeHn

BoimotHeHnss MMM B ciyvae 1meio9nc/ienHbIX TUIIOB JTAHHBIX.

—— Theoretical peak — AOTO icc Intel MKL

Mnatdopma c Intel Broadwell
120
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Pasmepbl M =N =K
Puc. 4.13. MMA|X, +| mus tuna short.

DKCIEPUMEHT ITIPOBOJMJICSA Ha IiaTrdgopme ¢ nporeccopoM Intel Xeon
E5-2697 v4 ¢ wacroroit 2.3 I'T'n, Sy, = 32 Koaiit, St, = 256 Koaitt, St, = 30
Mbaiir, Wy, = 8, Wi, = 20. Puc. COJICPXKUT TI'paUK OJIHOTOTOIHOM
pousBoauTebHOCTH peasu3armiit MMM mist I0THBIX KBaApPaTHBIX MATPHUIL 1

1EJIOYUCJIEHHOrO 16-0MTHOIrO THIla JaHHBIX. PasMepHOCTH M3MepeHUil MaTpuil
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u3Mmensiinck opnospemento ot 4000 1o 8000 ¢ marom 32. Tabur. COJIEPIKUT

BpeEMs BbITUCJICHUA B CEKYHaX JdJIA THEJIOIUCICHHBIX 16-OUTHBIX TUIIOB JaHHDbIX.

Tabmuma 4.10. Bpemsas MMM B cexynmgax s Tuia short.

N=M=K 4000 6016 8000
Peaymzanus
AOTO 1.78 5.57 12.73
Intel MKL 1.17 3.97 9.26
1CC 2.16 7.35 17.33

MoxKHO ciesaTh BBIBOJ, O TOM, UTO 10 cpaBHeHHIo ¢ KoMmmisgtropom 1CC
nporpammuas cucreMa AOTO gocruraer 1.36-KpaTHONO YCKOPEHNS B CJIyUasX
16-6uTHBIX THIOB HaHHBIX. OTMernMm, uro MMM s memodnc/ieHHbIX THIIOB
JaHHBIX HejgocTyHO B Oubsmorekax OpenBLAS u BLIS, paccmorpenHbix B pas-
nene[d.2.2) Beaencrsue storo [IC AOTO mozkeT npuMensThes B cJIydae Iporec-
copoB ot AMD, 11 KoTophix ncnosibdytorces oudanorekun OpenBLAS u BLIS
B CHJIy OTCYTCTBUsI CIEINaIM3MPOBAHHON OMOJMOTEKN, peanunsyomnieii mHTep-
deiic BLAS. B ciayaae 6udimorekn Intel MKL mporpammuas: cucrema AOTO
nocruraer 72.74% oanonorounoit nponssoauTeabnocTn peaansannn MMM s
paccMaTpuBaecMoro THila JaHHbIX. Kak ObLI0o mokaszaHo B paszjele [4.2.1, yerpa-
HeHue pobjieM BeKTopu3anuy, BoinosHsemoit oudanorexoit LLVM Core B I1C
AOTO MoxkKeT MO3BOJINTE AOCTUYL IPOU3BOIUTEILHOCTH ONTHMI3NPOBAHHBIX

ONOJINOTEK.

4.2.5. MMA|X, +] n nenouucsuensble Tunbl JaHHbIX. Ciryyaii

MHOT'OITIOTOYHOI IIpon3BOAMTE/IbHOCTH

CpaBHUM MHOTONOTOYHYIO MMPOU3BOINTEILHOCTE peasaum3aiun MMM s
16-6UTHBIX TUIIOB JAHHBIX JOCTYIHYIO B Oubsmoreke Intel MKL ¢ peauzarnims-
Mu, oty deHabME ¢ ncnosb3oBannem [1C AOTO, kommrsaropa ICC. Dkenepn-

MEHT INPOBOJUJICA Ha ItaTdopme ¢ JByMs 18-sjepHbIME Ipolieccopamu Intel

Xeon Eb5-2697 v4 ¢ uwacroroit 2.3 I'T'm, S1, = 32 Koaiit, S;, = 256 Kobaiir,
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S, = 30 Mbaiit, Wy, , = 8, W, = 20. Puc. CosepKUT rpaduKk MHOIO-
MOTOYHOI TPOU3BoInTeIbHOCTH peasm3aruit MMM 1/1g mIoTHBIX KBaIpaTHbIX
MaTpUIL U TeJI09ncIeHHoro 16-0ntuoro tumna ganabix. PasMeproctn m3mepennit
MaTpul n3Mensanch ogHospementno ot 4000 mo 8000 ¢ marom 32. Mcnoab3oBa-
Jmch 36 roroko. Tabui. COJIEPKUT BpeMsl BBIUNUCIEHUS B CEKYHJIax JIJIsI

[EJIOYUCJIEHHBIX 16-OUTHBIX THUIIOB JIAHHBIX.

— Theoretical peak —— AOQOTO icc Intel MKL

Mnatdopma c Intel Broadwell
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Puc. 4.14. MMA[X, +| musa tuna short.

Tabnuma 4.11. Bpema MMM B cekynax s Tura short.

N=M=K 4000 6016 8000
Peaymzanus
AOTO 0.217 0.5 0.91
Intel MKL 0.0885 0.264 0.554
ICC 0.222 0.61 0.98

MoxkHO ciemaTh BBIBOJ O TOM, 9TO B CIydasX 16-OMTHBIX THUIIOB JTAHHBIX
[IC AOTO pocruraer 1.22-KpaTHOro yCKOPEHHS 110 CPABHEHHUIO ¢ KOMITAJISATO-
pom ICC. B ciyuae 6ubmorexku Intel MKL nporpamvuast cucrema AOTO J1o-
cruraer 60.87% MHOronoTo4HOI Hpou3BoAnTeALHOCTH peasnsanyn MMM s
paccMaTpuBaeMoro THIa JJaHHbIX. Kak ObL10 mokazano B pasjuerne [4.2.1] npoms-
BOJIUTETLHOCTD MOYKET OBITH YJIydIlieHa 3a CUeT YCTpaHeHU MPo0JIeM BEKTOPH-

3annn, BoinostageMoit oubsmorexoit LLVM Core B I1C AOTO.
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4.2.6. YacTHbIe ciiy4dam obmieii 3aga4uu o myTax. OJHomoToYyHast

IIpon3BOANTE/IbHOCTDb

C cepeaubbl 1970-bIX 10/10B OBLJIO YCTAHOBJIEHO, UTO OIpPEJIe/ICHHbIE HaJl

pa3/IMYHbIMN 3aMKHYTBIMU IIOJIYKOJIBIIAMU OIl€pallln MMA MOI'YT MCIIOJIB30-

BaThCsl JIJIs pelenusi 3ajad u3 Kiaacca APP [10]. Pacemorpum creyromiue

3ajiaun 3 Kjiaacca APP: maxoxjaenue myreil HauMeHbIIe U HauOOJIbIIEH Ha-

JIe’KHOCTH, HaxXOXKJeHne myTeil HanboIbIeli BMECTUMOCTH, HAXOXK/IeHNe Ty Teil

HAMOOJIBITeHl CTOMMOCTH, HAXOXKICHNe KpaTdafmux myrTeit (eM. paszer [2.1)).

Tabmna 4.12. Becs wHab6op tecroB APP st Tuma double.

gee | clang icc polly | AOTO | Bepxusist rpanuna
Sazaua | Pasmepet| o | gy o | gy | (%) | (TDaon cex)

198 | 10.99 | 10.86 | 87.83 | 22.17 | 75.26
1024 | 2.17 | 2.17 | 89.41 | 12.3 | 88.42

MMA[+, max] 2000 | 1.84 | 1.64 | 89.87 | 21.91 | 90.99 15.2
1000 | 1.32 | 1.32 | 89.67 | 21.97 | 91.64
198 | 42.11 | 42.76 | 81.58 | 42.76 | 82.24
1024 | 21.71 | 21.05 | 88.16 | 44.74 | 88.16

MMA[/, max] 2000 | 16.45 | 16.45 | 88.82 | 44.74 | 88.82 1.52
4000 | 13.16 | 12.5 | 89.47 | 45.30 | 89.47
198 | 10.07 | 11.05 | 94.14 | 21.01 | 76.84
. 1024 | 211 | 2.11 | 88.03 | 11.71 | 88.16

MMA|[min, max| a7 67167 [ 88.16 | 21.84 | 92.04 15.2
1000 | 1.32 | 1.25 | 90.92 | 2151 | 92.43
198 526 | 5.39 | 47.76 | 11.02 | 56.18
1024 | 1.09 | 1.05 | 46.94 | 6.15 | 76.61

MMA(x, max] 2000 | 0.82 | 0.86 | 47.63 | 10.86 | 76.97 304
4000 | 0.66 | 0.66 | 4842 | 10.92 | 79.14
128 533 | 543 | 49.54 | 11.15 | 55.69
. 1024 | 1.05 | 1.05 | 4753 | 5.92 | 76.94

MMA[x, min] 2000 | 0.82 | 0.82 | 46.94 | 10.85 | 77.43 304
4000 | 0.66 | 0.63 | 4859 | 10.76 | 78.52
128 533 | 543 | 48.36 | 11.18 | 55.03
1024 | 1.09 | 1.05 | 46.64 | 6.09 | 76.38

MMA(x, -] 2000 | 0.82 | 0.82 | 47.8 | 1080 | 77.73 30.4
4000 | 0.63 | 0.66 | 47.34 | 11.05 | 78.52
128 [10.99 | 10.99 | 88.36 | 22.57 | 76.78
. 1024 | 2.11 | 2.11 | 89.21 | 12.04 | 88.42

MMA(+, min 2000 | 1.64 | 1.64 | 91.18 | 21.91 | 91.38 15.2
1000 | 1.25 | 1.25 [ 90.92 | 21.78 | 90.79
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st permenus 3aj1a9 3 kjiacca APP uctiosib3oBasicss ajropurm 1mociejo-
BaTEJILHOTO BO3BEJ/IEHNS MATPHUIILI BECOB B KBaJIpaT C MMPUMEHEHNeM Ollepariuii
MMA (em. pasmen . B kadecTBe JONOJHEHNA PACCMATPUBAIOTCS OIEpaIlun
MMA[x, —] w MMA|/, max]|, ubn coorTBeTcTByIOIINE OHHAPHBIC OMEPAITIN HE
00pa3yIoT 3aMKHYTOE TOJIYKOJIBIO. Bymem obosnauars 3agaun n3 kiaacca APP

cooTBercTByIouMN onepanusamun MMA.

Tabmuma 4.13. Bpems Boimosinenust Bcero Habopa tectoB APP B cekymmax mrs tuna double.

Sajada Pazmepnr gcc clang icc polly | AOTO
128 0.018 | 0.018 |0.0022 | 0.0087 | 0.0025

1024 65.68 | 65.76 | 1.58 | 11.49 | 1.59

MMA|+, max] 2000 | 710.74 | 715.17 | 12.8% | 52.83 | 12.73
4000 | 7757.87 | 7874.29 | 112.73 | 459.73 | 110.27

198 0.046 | 0.045 | 0.023 | 0.045 | 0.023

1024 65.52 | 66.56 | 16.05 | 31.69 | 16.05

MMA/, max] 2000 | 690.77 | 71548 | 130.37 | 258.75 | 130.25
4000 | 7741.08 | 7941.24 | 11305 | 2240.26 | 1127.04

128 0.019 | 0.0015 | 0.002 | 0.008 | 0.0025

. 1024 6722 | 0017 | 1.6 | 12.06 16
MMA[min, max| a6t e e = 1314 | 52.96 | 12.58
4000 | 772154 | 717 | 111.15| 469.8 | 109.33

128 0.018 | 0.0179 | 0.002 | 0.0088 | 0.0017

1024 65.16 | 6641 | 15 115 0.02

MMA[x, max| 2000 | 695.18 | 687.73 | 12.16 | 53.31 | 7.52
4000 | 7712.35 | 7650.57 | 104.35 | 462.37 | 63.85

198 0.018 | 0.0177 | 0.0019 | 0.0087 | 0.0017

. 1024 66.95 | 67.53 | 149 | 11.94 | 092

MMA([x, min] 2000 | 70223 | 7021 | 12.34 | 53.38 | 7.48
4000 | 7860.59 | 7941.80 | 103.99 | 469.13 | 64.36

198 0.0181 | 0.0178 | 0.0019 | 0.0086 | 0.0017

1024 65.68 | 68.068 | 1.51 | 1158 | 092

MMA[x, -] 2000 | 703.52 | 705.28 | 12.11 | 53.24 | 7.45
4000 | 7920.18 | 7788.63 | 106.76 | 456.99 | 64.34

128 0.018 | 0.018 |0.0022| 0.0086 | 0.0025

. 1024 66.10 | 66.32 | 158 | 11.76 | 1.59

MMA[+, min] 2000 | 706.39 | 703.77 | 12.69 | 52.83 | 12.67
4000 | 794211 | 7970.94 | 111.11 | 464.50 | 111.31
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Tabsmna 4.14. Becs wab6op tecroB APP st Tuna float.

gee | clang icc polly | AOTO | Bepxusist rpanuma
Sajaa Pagvepst | oy | oy | o) | (@) | (%) | (Pmon/cex)

198 6.05 | 6.15 | 91.94 | 11.38 | 70.99
1024 | 1.09 | 1.09 | 84.01 | 6.18 | 89.28

MMA[+, max] 2000 | 1.02 | 1.02 | 87.73 | 11.58 | 89.38 304
4000 | 079 | 079 | 86.61 | 11.55 | 89.34
128 | 23.68 | 23.68 | 80.02 | 23.68 | 90.13
1024 | 10.86 | 11.18 | 89.47 | 24.01 | 94.41

MMA(/, max] 2000 | 102 | 10.2 | 88.49 | 24.01 | 95.07 3.04
4000 | 789 | 7.89 | 90.79 | 24.01 | 95.39
128 533 | 6.18 | 90.89 | 11.35 | 71.22
. 1024 | 1.09 | 1.09 | 85.26 | 6.15 | 89.47

MMA[min, max| 56751702 [ 8797 [ 11.64| 89.74 304
4000 | 0.79 | 0.79 | 86.41 | 11.58 | 90.39
198 903 | 2.03 | 47.71 | 5.66 | 62.38
1024 | 054 | 0.54 | 43.10 | 3.11 | 62.38

MMA|[x, max] 2000 | 051 | 051 | 46.3 | 5.74 | 61.38 60.8
4000 | 0.39 | 039 | 46.05 | 5.76 | 62.23
128 903 | 298 | 47.6 | 5.67 | 43.37
. 1024 | 054 | 0.54 | 43.32 | 3.06 | 56.74

MMA[x, min] 2000 | 051 | 051 | 46.88 | 5.71 | 62.1 60.8
4000 | 039 | 039 | 46.73 | 5.76 | 62.86
128 901 | 298 | 46 | 5.74 | 42.35
1024 | 054 | 0.54 | 43.63 | 3.11 | 58.38

MMA(x, -] 2000 | 051 | 051 | 47.27 | 5.74 | 62.83 60.8
4000 | 0.39 | 0.39 | 46.25 | 5.77 | 59.77
128 6.09 | 6.18 | 91.94 | 11.38 | 70.99
. 1024 | 1.08 | 1.08 | 84.01 | 6.18 | 89.28

MMA[+, min| 155 T 109 8773 [11.53 | 89.38 304
4000 | 0.79 | 0.79 | 86.61 | 11.55 | 89.34

B Tab.s. u TabJ IIpeJICTaB/IEHbl PE3YIbTaThl M3MEPEHUit OHO-

notounoii npoussoaurenbHocT [IC AOTO 1n coBpeMeHHBIX KOMITIIATOPOB Ha

1esieBoii armaparHoii miardopme ¢ mporeccopom Intel Sandy Bridge (Ta6r. 4.2)

JUTs TTOTHBIX KBaJIPATHBIX MATPUIL, COJEpPrKaIlUX 3jJeMeHThl Tuna double n

ﬂO&t, cooTBeTCcTBeHHO. B CJ/Iydae KOMIIMJIATOPa ICC wucnosab3oBaigach OIlMA

-gqopt-matmul, 4uTobblI obecrieunTh pacnosnaanue u 3ameny MMM Ha BbIzOB

peasmzain MMM jjocrynnoit B 6utbinorexe Intel MKL (em. tabu. [4.3)). Pac-

cMaTpUBAJIICh, MaTPHUIbl pa3zMeprocTu 128 x 128, 1024 x 1024, 2000 x 2000 n
4000 x 4000. Tabr. n TabJI. COJIEPKAT PeasibHOe BPeMsl BbIYMCICHUS
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B cekyH 1ax g tuita double u float, coorBercrBerHo. BricokomponsBouTe,ib-
Hble peasmz3anun nHTepdeiica GraphBLAS He paccmarpuBainch, B CHIy HUX

OTCYTCTBUS JIJIsI TAHHON TLIAT(OPMBI.

Tabsmna 4.15. Bpemst BoimostHenusi Bcero vabopa trecroB APP B cekynmax s tuna float.

Sajiaua, Pasmepnr | gce clang icc polly | AOTO
128 0.0159 | 0.016 | 0.0011 | 0.0085 | 0.0014

1024 6481 | 6481 | 084 | 1143 | 0.79

MMA[+, max] 2000 | 567.59 | 567.59 | 659 | 49.99 | 6.48
4000 | 6395.74 | 6395.74 | 58.34 | 437.46 | 56.05

198 0.04 0.04 | 0.011 | 0.041 | 0.011

1024 64.34 | 6373 | 7.8% | 2942 | 7.43

MMA]/, max] 2000 | 572.13 | 568.69 | 65.55 | 240.88 | 60.86
4000 | 6305.08 | 6296.93 | 556.046 | 2097.06 | 529.17

198 0.018 | 0.0156 | 0.0011 | 0.0085 | 0.0014

MMAmin, may] 1024 6498 | 64.16 | 083 | 11.46 | 0.79
) 2000 | 571.76 | 572.73 | 6.63 | 49.68 | 6.45

4000 | 6270.27 | 6275.81 | 58.46 | 436.66 | 55.88

128 0.016 | 0.016 | 0.001 | 0.0085 | 0.0012

1024 6430 | 6422 | 082 | 11.37 | 0.56

MMA[x, max| 2000 566.4 | 56837 | 625 | 5045 | 4.72
4000 | 6330.78 | 6317.34 | 54.85 | 439.47 | 40.59

198 0.016 | 0.016 | 0.001 | 0.0085 | 0.0011

. 1024 6448 | 6438 | 082 | 11.56 | 0.62

MMA([x, min] 2000 | 56820 | 567.18 | 6.17 | 50.65 | 4.66
4000 | 6290.39 | 6358.57 | 54.069 | 438.79 | 40.18

128 0.0165 | 0.016 | 0.001 | 0.008 | 0.0011

1024 6455 | 6426 | 0800 | 11.34 | 06

MMA(x, -] 2000 | 567.27 | 567.99 | 6.12 | 50.41 | 4.61
4000 | 6383.67 | 6330.16 | 54.62 | 437.13 | 42.27

198 0.016 | 0.016 | 0.0011 | 0.0085 | 0.0014

. 1024 64.23 | 64.3 084 | 1141 | 0.79

MMA[+, min] 2000 | 566.35 | 567.39 | 6.6 1995 | 643
1000 | 6306.33 | 6289.0 | 5833 | 437.7 | 56.56

JL1s1 BeIaucennd BepxXHeit TeopeTuaecKoil TpaHuIlbl KaxK 0 olleHnBacMOit
ormeparmun MMA Ha KojmdecTBO omepannii ¢ IIaBaroIleil TOYKON B CEKYHLY

(C'Dom/cex), npumensiercst cienytoras dpopmysa [175: BepxHsis TeopeTye-
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ckag rpanuiia — (Yacrora mporeccopa B I'Tn) x (Kosmdectso nHCeTpyKImit,
BBIMIOJIHSIEMbIX [TPOIIECCOPOM 38 OJIMH TaKT). BejieicTBue 3Toro reopeTnieckast
IrpaHuia onpejesdercs 3uadenneM Nyya . Harmpumep, eciu 3jieMeHThbl MaTpUIL
umeroT Tun double, 8 onepanuii ¢ maBatoieil TOYKO MOIyT ObITH BBIITOJIHEHbI
3a OJIH TakT mporeccopa B ciaydae MMA[X, min], MMA[X, max|, u MMA|[X,
—|. B caygae MMA|min, max|, MMA[+, max| 1 MMA[+, min| 3a ojun takr
MOT'YT OBITH BBIIOJHEHBI TOJIBLKO 4 olepalnun ¢ IiaBaolieii Toukoii. B ciaydae
MMA[/, max| Tosbko 0.4 onepanuii ¢ raBaolieii TOYKOH MOIyT ObITh BBIIOJI-
HEHbBI 32 OJIMH TaKT IIPOIeccopa, TaK Kak coorBeTcTBytorniee Nyyma pasao 0.05.

st 3a1a4d HaXOXKIeHUs IIyTeil HarMeHbIell 1 HanboJIbIeil HaJlesKHOCTU
IIC AOTO nocrursa 6ombiie 69% BepxHeii TeOpeTUYECKOl IPaAHUIIbLl IPOU3BO-
JUTEIbHOCTH. JIIg OCTAIBHBIX OLEHUMBAEGMBIX 33J1ad OHa JocTurIa 85% Bepx-
Hell TeopeTuvIecKoil TpaHnIlbl TPOU3BOINTEIbHOCTH. Kak ObII0 TTOKa3aHO B pas-
nese [4.2.1], yerpanenne mpobsieM BEKTODH3AINH, BBITOIHSIEMONH OUOIMOTEKOI
LLVM Core B IIC AOTO, Mo2KeT O3BOJIUTH JOCTUYL JIYUIINX 3HAUEHUN IPO-
U3BOAUTE/ILHOCTHU JJj1s1 pernenns 3agad APP.

B ciayuae onepannit MMA[x, —] u MMA[/, max| [IC AOTO gocrur-
na 78% u 89% Bepxueii TeOPETHUECKON IPAHUILI IIPOU3BOJANTEILHOCTU. TakuM
00pa30oM, JIaHHBII II0JIX0JI MOXKET ObITh NPUMEHEH TaKxKe B cJIydasx, KOIja Co-
crapstrore MMA OuHapHbIe orepar He 00pa3yioT 3aMKHYTOE OJIYKOJIbIIO.

st Becex pacemarpubaeMbix 3asad [IC AOTO npocrurna 1.56-kpatHo-
ro yckopenusi 1o cpaphennio ¢ komimigaTopom [1CC. MoxHO ciesiaTh BbIBO/I
O TOM, YTO CTpaTerusl ONTHUMUBAINHU, KCIoJb3yeMast Kommuasiropom [CC 1o
YMOJTIaHHIO, 1103BoJIsieT KoMiiaTopy ICC gocTudb 0HONOTOYHYIO IIPOM3BO/IN-
resbHOCTD 11C AOTO g MMA, onepaininn KoTopoif He MOT'YT BBIIOJIHSITHCS
Sandy Bridge oxnospemento (MMM|+,max|, MMA|min,max|, MMA |+ min]).
OrmernmMm, gaTo pacnosnaBanue u 3amena MMM na Bbi3oB peasmsarun MMM
noctynHoit B oudmoreke Intel MKL nHe nmosiusiyio B JaHHOM clydae Ha ITPOU3-

BOoAUTE/IbHOCTD KoMmIusitopa ICC.
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4.2.7. HacTHbIE ciaydyam oOImeil 3ajja9dm o ImyTdaX. MHOTronmoToYHast

IIpon3BOANTE/IbHOCTDb

Pacemorpum muoromnorounyito npouspogurenbHocts [IC AOTO n kommm-
jasropa ICC g pemennst 3a1a1 u3 Kiaacca APP. s Boimosinennst sKcire-
PUMEHTa, KCIIOJIb30BaIach mardopma ¢ 4-siaepHbIM mporeccopoM Intel Sandy
Bridge (Tabur. . B ciayuae kommnuisitopa ICC ucnosb3oBaiach omiust -qopt-
matmul, yTobn1 obecnieunTh pacnosnapanue n 3ameny MMM Ha BBI3OB peaJin-
saruu MMM nocrynuoit B 6utnnorexe Intel MKL (em. tabur. [4.3).

Puc. 4.15| cogepkut rpaduk MHOIOIOTOYHON IPOU3BOIUTEILHOCTH JIJIsi
3a/1a91 HAXOXKJICHUd KpaT4dallnx HyTeill W 3a/a4i HaXOXKJeHUs IIyTeil Hau-
O0JIbIIIEl HAJICYKHOCTH JIJIsi YeThIpex IOTOKOB. PaccMarpuBaJ/inch IJIOTHBIE KBaI-
paTHbIe MATPUIIBI, CoJleprKallre 31eMeHThl Thita double. PazmeprnocTs maTpuir
n3Mensiach ot 32 1o 4000 ¢ marom 2. Tabr. COJIEPXKUT peasibHOe BpeMs
BBIYUCICHUSA B CEKYHJAX /I 3aJaul HAXOXKJICHUA KpaTdafllnxX IyTeil n 3a-
Jadn HAXOKJIEHUsI IyTeil HamboJIbInell HajdesKHOCTH. 3ajgaqun u3 kiacca APP

0003HAYEHbI COOTBETCTBYOMUME omeparusimu MMA.

Tabmura 4.16. Bpems Boimosinenust pemennit APP B cekynmax mrs tuma double.

Sajgada Pazmepsr icc AOTO

39 0.000028 0.00017
1024 0.427 0.429
MMM|+, max] 5043 375 3.50
4000 98.09 928.19

39 0.000036 0.00019
1024 0.41 0.31
MMM|x, max| 2048 359 951
4000 98.36 20.17
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- Theoretical peak =~ —— AOTO icc

Mnatcdopma c Intel Sandy Bridge. 3agada HaxoxaeHust KpaTyanmx nyTemn
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Puc. 4.15. 3agaua APP jpia tuna double.

B ciyuae zamaun maxoxaenus kpardaiimux mnyrteit [IC AOTO mocrura-
et 90.11% nukosoit npoussoaureasnoctu. Kommuastrop ICC nocturaer 89.47%
MIKOBOI MPOM3BOUTENLHOCTH. MOXKHO ¢elaTh BBIBOJ, O TOM, YTO CTPATErus
ONTUMUBAINN, KCIOJIb3yeMmasi KoMmimmigTopom [CC 1o yMo/daHuio, 1M03B0JIsieT
koMmiisitopy ICC jgoctudb MHOrONMoTo9HyI0 1poussojuresnbHocts [IC AOTO
st MMM+, max], onepanuu Kotopoii He MoryT BbinojHsThCs Sandy Bridge

omnoBpemenno. Kak B ciaydae I1C AOTO, Tak n B ciaydae kommuasgtopa [CC
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HAOJII0/IaeTCsI IIOUTH 4-KPaTHOE YCKOPEHUE 110 CPABHEHUIO ¢ OJHOIOTOYHBIM pPe-
IIIEHIEM.

B ciyuae 3amaun HaxoxKaeHus: myTeil HanOoJibineit Hajgexkaoctu [1C AO-
TO nocruraer 64.55% 1UKOBOI IIPOU3BOIUTEILHOCTU U 3.3-KPATHOIO YCKOPE-
HUsI 110 CPaBHEHUIO C OJIHOIOTOYHBLIM peleHneM. Kak ObLIo IIOKa3aHO B pas-
nene [£.2.1], yerpanenue mpobJsieM BEKTOPU3AINH, BBITOJHAEMONH OUOIHOTEKOI
LLVM Core B I[1IC AOTO, MoXKeT 1M03BOJIUTD JIOCTUUD JIyUITHX 3HAUYCHUI ITPON3-
pojuTesbHocTy juid pemenns 3ajgad APP. Kommmasarop ICC nocturaer 47.09%
IIIKOBOI IIPOU3BOAUTEILHOCTI U TOUYTH 3.8-KPATHOI'O YCKOPEHHUsI 110 CPABHEHIIO

C OJHOIIOTOYHBIM pPEIICHUEM.

4.3. OneHKa ajJaropurMa BBIUHUCJIEHNS 0000MIEHHOTO

MaAaTPAYHO-BEKTOPHOTI'O IIPpOMU3BeJeHNA

CpaBHUM OJIHOIOTOYHYIO U MHOT'OITIOTOYHYIO MTPOU3BOUTE/ILHOCTH PEAJI-
sanuit aaroputmos [7 u [§] ¢ npoussouTenbHocThIO peasmianuit MVM, gocryr-
Hbeix B oubmorekax Intel MKL, BLIS u OpenBLAS. IIposepum, aTo dpopmysibt
JIJIST OIIPe/IesIeHnsT 3HaYeHNIT ITapaMeTpoB peajusanuit ajaropnt™os (7] u [§ mo3so-
JIAIOT TIOJIYYUTh 3HAUYEHUs, IMOJYyYeHHbIE pYUYHOH HACTPOWKOil, n OJm3Kue

K HUM.

Tabuma 4.17. OcobeHHOCTH TIeJIEBBIX AllllapaTHBIX ILIaT(OPM.

Yacrore o3y N
Haspanue 1Ty (SI:CI—I‘Z)I . (Déaitr) | s zlch)Ebl o Lyrna | Nvema | Nprefeten | Lvroap | Nrea | Lapp
Intel
Core Xeon E5450 3.0 16 2 8 1 1 4 16 3
Sandy Intel
Bridge Xeon E5-2660 2.2 % 4 8 ! 2 4 16 3
Broadwell Intel 2.3 256 4 5 2 2 4 6 | 3
FOAAWER | X eon E5-2607 v4 '
AMD
K10 Opteron 8354 2.2 16 2 8 1 2 4 16 4
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Tabauna 4.18. OcobenHocTn 1e/IeBbIX alaparHbix maardopm. Ksm-naMars.

Haosaume | MDY b Wit R | eamn | Wi | o) | M| N | N
Core XeolnntECé 150 32 | 8 | 6144 | 24| - i 64 | 64 | 4096 | -

E?ﬁiye Xeonhgg%m 32 | 8| 256 | 8 | 20 | 20| 64 |64 51216384

Broadwell | ];2'31697 | 8 256 8 30 20 64 64 | 512 | 24576
K10 optﬁrlgisz . 64 2 | 512 | 16 2 32 | 64 512 512 | 1024

JLJ1st BBITIOJTHEH NS 9KCIIEPUMEHTOB HCITOIb30BaICH ITpotieccopbl AMD Opte-
ron 8354 (rev. B3), Intel Xeon E5-2697 v4, Intel Xeon E5450 u Intel Xeon
E5-2660, mvetore pazimanyto apxurektypy (K10, Broadwell, Core, u Sandy
Bridge) u opranmsanuio K3Im-maMsTH  (pas3jndHOE  KOJUYIECTBO  YPOBHENd
KOII-TTAMSITH, Pa3JUIHBI  pa3Mep KIII-ypOBHEl U UX acCOIUATHBHOCTD )
(eM. Tabur. u tabur. [1.18)). Pesysbrarsl 9KCIEPUMEHTOB, IPUBE/CHHDIC B JlaH-
HOIl TJIaBe, SBJSIIOTCS CPEIHUM apuMMeTHIECKUM PE3yJIbTATOB, MOy YeHHBIX
JIJIST TIPOBOJIMMBIX 9KCIIEPUMEHTOB. KaxKIblil SKCIePUMEHT IIPOBOUIICS ITOBTOP-
HO, [I0Ka JIOBEePUTEIbHBI nuHTepBas ¢ ypoueM jgosepust 95% ue 61 8 10% or
COODIIIAEMOr0 CpeJIHero apuMeTnIecKoro 3HaUeHIs.

Tabmuma 4.19. Bpema serancirenuns MVM suga y = ATz + y B ceKyHmax i ITOTHBIX
KBaJIpaTHBIX MaTpuil pasmeproctu N X M na Sandy Bridge.

N=M 6400 12800 19200 25600
Peaymzanus
Anropurwm 5 0.0253 0.105 0.226 0.4178
Autropurm 5 (apyroit mogxon) | 0.031 0.106 0.267 0.426
Intel MKL 0.0241 0.116 0.252 0.465
BLIS 0.0556 0.2385 0.521 0.8654
OpenBLAS 0.0416 0.1169 0.3348 0.56

4.3.1. OgHonmoTovyHas TPOU3BOUTEILHOCTD

CpaBHUM OJIHOIIOTOYHYIO IIPOU3BOINTEILHOCTD Pean3aliil aJropuTMOB

1 8 ¢ OHOTOTOYHON MTPON3BOAUTENHLHOCTHIO peanusaruit MVM, mocTynasix B
oudsmorekax Intel MKL, BLIS u OpenBLAS. Puc. u pIC. CoJIeprKaT

rpaduKn OJHOIOTOUHON Tpon3BouTeabHocTH st MVM Buga y = ATa + vy .
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Puc. u puc. [4.19] conepzkar rpadukn 01HOIOTOUHON TPOU3BOIUTEILHOCTH

st MVM Buna y = Az + y, COOTBETCTBEHHO.

—=— Anroput™ 5 —— BLIS —— HacsbiweHuve k3wa L,
'IAJ’:F?R/I ™ 5 (gpyron nogxon,) —<— OpenBLAS —— HacsblweHune kawa L3
nte

Mnatdopma ¢ Core
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Puc. 4.16. y = ATz + y. OanonoTounas IpOU3BOANTEILHOCTD.
Taba. n TadbJI. coJiepyKaT BpeMs BBIYUCEHUS] B CEKyHJIax s
MVM Buya y = ATe +y u y = Az + vy, coorBercrBenno, na Sandy Bridge.
PaccmaTpuBaanch KBajpaTHbIe MJIOTHBIE MaTpUIlbl. MaTpuiibl 1 BeKTOPHI CO-

nepzkan 3yeMenTsl Tria double. Pazmeprocts marpur n3mensiach ot 1024
J10 25600 ¢ marom 64.
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—=— Anroputm 5 —— BLIS —— Hacsblwenne kawa Ly
/IAJ;IF?R/IVI}'(I'IIYI 5 (opyron noaxon) —<+— OpenBLAS ——— HacslwweHune kawa L3
nte
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Puc. 4.17. y = ATz + y. OHonorounas IpOU3BOIUTEILHOCT.

B ciyuae puc. 1 puc. peasim3aIuu ajaroputMa [7] B cpeaen Jo-
cturaercd 1.038-kpaTHoe yCKOpeHHe 10 CPABHEHUIO ¢ pe3yJIbTaTaMU, MOJIyYeH-
ubimu 1t OpenBLAS, Intel MKL, u BLIS. B ciayuae puc. 4.18 u puc. 4.19
peajuzalus ajaropurma |8 B cpejneM jgocturaer 1.098-kpaTHOro yecKOpeHus 110
CPaBHEHUIO C PACCMOTPEHHBIMEU OubmorekaMu. MoyKHO ¢ie1aTh BHIBOJL O TOM,

qT0 peasm3alu ajroputsMa [7|u aaropurMal§] He Tpebyromiue pyaHOIT HACTPOTi-
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KN " aBTOHaCTpOﬁKH, COIIOCTaBUMBI 110 IIPOU3BOJUTE/IbHOCTU C COBPEMEHHBIMUA

ONTUMU3UPOBAHHBIMU OUOIMOTeKaMu, peasusyomumu BLAS.

—=— Anroput™m 6 —— BLIS —— HacblweHne kawa L,
Intel MKL —<— OpenBLAS —— HacsbiweHue k3wa L3

Mnatdopma c Core

1.0700

U e ey
0.9700 — | B8 bt i e B

0.8700 —

[®non/cek

0.8200 —

0.7700 —

0.7267 T T T T T T T T T
1024 3712 6400 9600 12800 16000 19200 22400 25600

Pasmep M =N

Mnatdopma ¢ Broadwell

10.000
9.000 —
8.000 —

7.000 —
6.000 -

5.000 —

4.000

[®non/cek

3.000 —

[ , !'u’ !
RIS

2.000 —

1.457 T T T T T T T T T
1024 3712 6400 9600 12800 16000 19200 22400 25600

Pasvep M =N

Puc. 4.18. y = Az + y. OaHonorodnas IIpOU3BOAUTEILHOCTD.
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Tabsmna 4.20. Bpemst Boraucyenus MVM Buja y = Az 4+ y B ceKyHJIax Jijisi IJIOTHBIX KBaJI-

patubIx MaTpur pasmepaoctu N X M na Sandy Bridge.

N=M 6400 12800 19200 25600
Peanmzarust
Anroput™m 6 0.02436 0.092 0.222 0.3675
Intel MKL 0.0229 0.104 0.221 0.416
BLIS 0.0404 0.1642 0.43046 0.801
OpenBLAS 0.0343 0.161 0.6586 0.5871
—=—  Anroputm 6 —— BLIS —— HacsblweHne kawa L,
Intel MKL —<— OpenBLAS ——— HacsblleHne k3wa L3
Mnatdopma ¢ Sandy Bridge
7.000
6.000
5.000
4.000 —
% 3.000 ' l l‘
é’ : i “
§ 2.000 — '\m ‘ '“ '& ! ":"« e
1.000 —
0.754 T T T T T T T T T
1024 3712 6400 9600 12800 16000 19200 22400 25600
Pasvep M =N
Mnatdopma ¢ K10
1.2800
1.1800 —
1.0800 —
0.9800 —
x 08800
E 0.7800 —
e
0.6800 —
0.5800 —
0.4858 T T T T T T T T T
1024 3712 6400 9600 12800 16000 19200 22400 25600
Pasamep M =N

Puc. 4.19. y = Az + y. OgHonorodsas IIpOU3BOAUTEILHOCTD.
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OrmeTuM, 9TO JI/Isi pa3MepHOCTENl MATPHIl U BEKTOPOB HE KPATHBLIX pas-
MEPHOCTSIM OJIOKOB, HMCIOJIb3yeMbIX Jijisi pasOuenust B ajropurmax [7] u [§) Ha-
Ostro/1aeTes Kostebanne nponspoanTebHocTn B npegestax 0.1 I'Dgorn/cex. Dto
IIOKa3bIBAET, UTO JIJI TAKUX pa3MepHOcTell 3aga4un (hOpMYJIbI OIIpeIesIeHIsT 3Ha-
YeHUI ITapaMeTPOB pean3alifii aJropuTMa |(| 1 aJropurma (CM. pasiesn
MOTYT UCIIOJIb30BAThCS TOJIBKO KaK IPUOJIM3UTE/IbHast olleHKa. MOoXKHO cjie/1aTh
BBIBOJI O TOM, YTO IIOJXOJ, I OIlpejesieHust 3nadenuii mapamerpos M, u N,
aJITOPUTMA , OPHUEHTHPOBAHHBIIT Ha nuctoib3oBanme Ly(cm. pazzen [2.3)), pocTu-
raeT Jiydiieil 0JfTHONOTOYHON ITPOU3BOUTETHLHOCTH 110 CPABHEHUIO C TOJIXOJIOM,
OPUEHTHUPOBAHHBIM Ha HMCIIOJIb30BaHne Ly (cM. pasen .

Ormernm, ato B cirydae Core peasmsaiiuu ajroputma |7l aaropurma 8] mo-
CTUTAIOT MEHbIIIE TPOU3BOJIUTETHbHOCTH /I MaJIbIX pa3MepoB Marpuil. HecmoT-
psa Ha 370, B caydae Broadwell n Sandy Bridge mpomssoguTebHOCTb 15T Ta-
KuX pasmepHocteit 3aja4un 6osbiie. [lo cpaBuennio ¢ Core y Broadwell, K10 n
Sandy Bridge nmeercs Lg, coxpalaomimii KoJIm4ecTBo o0palleHnii K OCHOBHOIA
TAMSITH, BBI3BAHHOM TpoMaxamit Ly. B ciryaae airopurma[7]u anropurmal[§] mpn
MaJbIx pasMepax M u N sjieMeHTbl MaTpuIlbl pasMeprocTn M X N 1 BEKTOPOB
pazmeproctu M n N moryT octaBaTbcs B Lig BO BpeMs BCETO BBITIOJHEHUS aJl-
roputmoB. Puc. 4.16, puc. 4.17], puc. 4.18 u puc. 4.19| conepkaT BepTUKaJIbHbIE
quann M = N = 1982 u M = N = 1618, obo3Havdaronme coOTBETCTBYIONINE
pasmepnocTu 3aaa4n jii Broadwell u Sandy Bridge, coorBercTBenno. B ciryuae
K10, munug M = N = 512 ne npejcrapiena Ha rpadpukax. Tak xkak Lg dbu-
3UYECKH UHJIEKCUPYEM, TAKOE MPEJIIOIOKeHIe sIBJIsieTcsl TPyOoil O1eHKon (M.
pasjen . B gacTHOCTH, TPOM3BONTENHLHOCT YMeHbIaeTcst o1 5 ['@ior /cex
10 3 I'DJion/cex ¢ pocToOM pasMepHOCTH 3a/1a4, olleHnBaeMbIX Ha Broadwell. B
caydae Sandy Bridge nis paszmepnocreit 3ay1ad Menpinux yem M = N = 1618
He BUJIHA PA3HUIIA ITPOU3BOJINTEILHOCTEN 13-3a PU3NIECKOI NHIEKCUPYEMOCTH

L3 u ero menbieii yem y Broadwell pazmepnoctn.
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Hecmorpst Ha To, uro y Core orcyrcrByer Lg, Ipon3BOIUTEILHOCTE Y1y U-
maetcst o 0.97 I'Djiorn/cex 10 1.03 T'Drorr/cek 1o Mepe TOro Kak pasMepHOCTb
3ataqn yBeanunBaerca or 1024 no 6400 u Ly HaunHaeT ncosib3oBaThesd 3 dek-
tusnee. Ecim L conep:kut Bee asementnl M, X N, moaMarpullbl MaTpuiibl A
1 1I0JIBEKTOPa pa3MepHOCTU [N, UCIOJIb3yeMble UTepaliieil MIKJIa ¢ UHIYKTUB-
HOI1 ITepEeMEHHOI 7., TO 9JIEMEHTBI PacCMaTPUBAEMOIl 1TOJIMATPHUIIBI MOT'YT ObITh
3aMellleHbl 3JIEMEHTAMU STOM Ke TOJIMATPUILbI, UCIIOJIb3yEeMbIMI Ha CJIEJIyIONIEit
uTepanun JaHHOrO IKKJa. B Takom ciiydae mojBeKTop pasmepHocT [N, CMOr
Obl ocTaBaThest B Ly 0e3 BeiTecHenusi. OgHako, Tak Kak Lo dusnueckn ajgpecy-
€M, 9JEMEHTBl MATPUIIBLI MOI'YT BBITECHUTDH 3JEMEHTBHI OIUCHIBAEMOT'O BEKTOPA.
Tax Kak Bce BUPTYJIbHBIE aJIpeca OTJIeIbHO PACCMaTPUBAEMOI CTPAHUIIbI ITaMs-
TH UMEIOT pas3Hble pU3NIecKue ajpeca, U pa3sMep KarKJ0il CTpaHUIIbl aMATH
oberaro paser 4096 Gaiit, 4096W7,/SpaTa 9IEMEHTOB MOTYT COJCDKATHCS B
Ls. Puc. u puc. [4.18 comep:kar Beprukaabnyio junnio M = N = 1365,
0003HAYAIOILYI0 COOTBETCTBYIOmNE pasMmepHocTu 3agad s Core. B ciyudae
K10 Beptukambuble quaun M = N = 1170 u M = N = 2730 oboznagaior
COOTBETCTBYyIOMUE paszMepHocTH 3aja4 Ha puc. .17 u puc. £.19] coorBercTBen-
HOo. J/laHHOE IPeIoJIOXKEeHIe sIBJISIeTCsI TPYy0oii OIEHKOM, TaK KaK dTeHue 3Jie-
MEHTOB MAaTPUIbl He BBINOJIHAETCH ¢ eInHUIHBbIM Iarom. CjieioBaTesibHO, BO
BpeMsI BBINIOJIHEHU ST HOBOIT UTepalnn MUKJIa ¢ UHIYKTUBHO IlepeMeHHOil 7. 3J1e-
MEHTBI MaTPHUIIbl MOT'YT BBITECHUTH 3JIEMEHTBI II0JBEKTOPA, PaCIIOIaraionnecs
B Lo. Pazmep Lo, 3nauenne mapamerpa M. n Hajmaue L3 onpenessior KoJiu-
YECTBO JEMEHTOB, BBITECHSIEMBIX B OCHOBHYIO IaMsATh. Hampumep, B ciydae
K10 u y = Ax + y upousBojuTeibHOCTH yMeHbIaercst ot 1.1 ['Djiorn/cex Ji0
0.9 I'Dion/cek mo Mepe pocta pazmeprocTn 3ajga4u or 19200 mo 25600. TIpo-
U3BOJIUTE/ILHOCTb HE YMeHbIaeTcs B ciaydae Core, MMEIOIIEro IPUMEPHO B TPU
paza, Gosbie mamaTn Ly. B cayuae K10 n y = ATx + y, ncnonssyiores 6015b-
mne 3uagenust M,.. BejencTBue 3Toro nponsBoIUTE/IbHOCTL YMEHbBIIAETCsI IIPU

yBesimdenuu pasmepaoct ot 12800 ;10 25600.
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Tabmuna 4.21. 3navenus Cpag,

KoJjin1uecTBo 110TOKOB
IITY 1 2 4 8 16 32 36
Core 763 | 3886 | 4649 | 7958 | 39774 | 189503 | 179263
Broadwell 455 | 3410 | 4779 | 6501 | 8399 | 85658 | 14850
—=— Anroputm 5 Anroputm 5 (Loop 5 —<— Anroputm 5 (Loop 3 e Intel MKL
AnropuTm 5 (gpyroin nogxoa) Anroputm 5 éLoop 4§ -+~ Anroputm 5 gLoop 2; --- OpenBLAS
Core Broadwell

1.50

1.25
~© 100 = ~©
38 $
S 0.75 5
= =
© ©
= 0.50 =

0.25

0.00 0

T T T T T T T T T T T
1 2 4 8 1 2 4 8 16 32 36
KonuyecTtBo NoTOKOB KonuyecTtBO NOTOKOB

Puc. 4.20. y = A2 + y. MHOrOnOTOYHAA IPOU3BOIANTEIHHOCTb.

Tabmma 4.22. Bpemsa poraucienus MVM suna y = ATz +y B ceKynIax I IIOTHBIX KBaJI-

paTHbIX MaTpull pazmepraoctu 25600 x 25600 u pasHoro koymmdecTa 1oTokKoB Ha Broadwell.

KosmaecTBo 10TOKOB ! 5 4 g 16 29 26
Peanmsarus

Anropurm b 0.54 10.39] 0.23 | 0.158 | 0.165 | 0.17 | 0.163

Asropurm 5 (Loop 2) 0.628 | 0.77 | 0.91 | 0.875 | 0.927 | 1.095 | 1.147
Asropurm 5 (Loop 3) 0.628 | 0.58 | 0.44 | 0.466 | 0.5161 | 0.6693 | 0.744

Asropurm 5 (Loop 4) 1.311 | 5.15 | 8.69 |10.699 | 10.513 | 11.983 | 12.57
Asropurm 5 (Loop 5) 2.193 | 17.8 | 25.09 | 32.002 | 36.585 | 41.304 | 47.925

Intel MKL 0.72 10.44 1 0.25 | 0.18 | 0.199 | 0.208 | 0.199

OpenBLAS 0.66 | 0.48 | 0.23 | 0.167 | 0.171 | 0.22 0.24

BLIS 0.63 | 0.74| 0.65 | 0.74 0.73 | 0.696 | 0.68

4.3.2. MHoromoro4YHasi IIpon3BOANTEILHOCTH

CpaBHIM MHOTOIIOTOUHYTO TPOU3BOANTEIHHOCTD Pean3ariii aJropuTMoB 7]

1 [§] ¢ MHOrOIIOTOUHO#H TPOU3BOIUTEIBHOCTHIO peannsaruit MVM, nocTynHbIX B
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oubmorekax Intel MKL, BLIS u OpenBLAS 11 paziudaHoro KoJjimdecTna 1o-

TOKOB, paSMepHOCTeﬁ 3aJa9 U IIJIOTHBIX MaTpHII. PaCCManI/IBaeMbIe MaTpHulbI

1 BEKTOPBI cojiepKaT 3jieMeHThl Tumna double. DKcrepuMeHT MPOBOJUIICA HA

nByX 4-siiepubix Xeon E5450 u aByx 18-simepubix Intel Xeon E5-2697 v4 (cm.
Tabstmty (4.17)). Tabr. copiepzkuT 3HavdeHnst CpaR,, BbIYUCIEHHBIE C UCIIO/Ib-

soBanueM nakera EPCC [168).

—=—  Anroputm 6 —<— Anroputm 6 (Loop 3) -

Core

AnropuTtm 6 (Loop 1)

dnon/cek
o © =
()] ~ o
o [@)] o
1 1 1

0.25

0.00 <

drnon/cek

SN BV S
o - A

T T
1 2

KonnuyectBo noTokoB

Intel MKL

Broadwell

--#+- OpenBLAS

-1 A

- A

SN Y Y
- A

o4

1

32

KonnyectBo notokoB

Puc. 4.21. y = Ax + y. Muoromnoro4unas pon3BOUTETHLHOCTD.

36

Tabmuma 4.23. Bpems peraucienns MVM Buga y = Ax + y B CeKyH1ax JiJIsl IUIOTHBIX KBa/I-

paTHbIX MaTpull pazmepaoctu 25600 x 25600 n pa3HOro KojmdecTBa 1oToKoB Ha Broadwell.

KommrgecTBo norokos 1 9 A 3 16 29 26
Peammzanus

Anropurm 6 0.56 | 0.36 | 0.23 | 0.18 | 0.169 | 0.173 | 0.176

Asropurm 6 (Loop 1) 0.64 | 04 | 0.31 |0.213]0.217 | 0.241 | 0.239
Asropurym 6 (Loop 3) 4.698 | 65.89 | 66.91 | 60.79 | 63.09 | 77.1 | 71.15

Intel MKL 0.68 | 0.41 | 0.28 | 0.2 |0.191|0.193 | 0.194

OpenBLAS 0.65 | 0.45 | 0.27 10.168 | 0.169 | 0.22 | 0.23

BLIS 0.64 | 0.68 | 0.74 | 0.8 | 0.79 | 0.7 ]0.695
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Tabmuma 4.24. Iukisl, i KOTOPBIX (DyHKIUS BO3BpAINACT HAMOOJIBIIINE 3HAYCHUS Ha
Core (M = N = 25600).

KosmmaecTBo 110TOKOB
Cayuait MVM 1 2|4 8
y=A"x+y Loop 1 | Loop 1 (apyroit mojxon)
y=Ar+y Loop 1 Loop 2

Tabmuma 4.25. Hukabl, Jig KOTOPBIX (DOYHKIUA BO3BpAIaeT HAuOOJIbIINE 3HAYECHUSA HA
Broadwell (M = N = 25600).

Coryantt MVM KosmmuecTBo 1OTOKOB ] ol alsli6] 30 20
y=ATr +y Loop 1 | Loop 1 (apyroii mojxo)
y=Ar+y Loop 2

Puc. u puc. [4.21] comepkaT MHOTOIIOTOYHYIO IPOM3BOINTE/ILHOCTD Pe-
ammsamuit y = A'x +y u y = Ar + y g IJIOTHBIX KBaJIPATHBIX MAaTPHIL
pasmeproct 25600 x 25600, coorBeTcTBeHHO. TabUT 1 TabJ1 COJIEPIKAT
BpeMs BRIMNCIEHNd B cekynaax g MVM Buja y = AT +y ny = Az + v,
coorBercTBeHHO. Tak kaxk BLIS 0.2.2 noiep:kuBaer MHOTOIIOTOYHOCTD TOJIBKO
1U1st Tperbero yposast nnrepdeiica BLAS, dpeiimBopk BLIS B manxoM cpapHe-
HUM He paceMarpuBaercs. Taour. 1 TabJI. CoZlepsKAT IUKJIbI, BLIOpAH-
Hble JIJIs pacrnapaJjuiesnBanns #Ha ocHose dyukimu [B3.1] mst Core u Broadwell,
cooTBeTCTBeHHO. B cayuae y = ATz + y HanGosbinee 3HaucHne OyHKINIH
JIOCTUTAETCSA JIJIs IUKJIA ¢ WHJIYKTHBHOI ITePEMEHHOI J., MOJYUYeHHOTO aJbTep-
HATUBHBIM II0JX0/I0M K OIIpeJeieHnIo 3HadeHuii mapamerpos M. u N, ajropur-
ma [7] (em. paznen [3.3). JIunus, ormedennas “Anropurm 5 (apyroit nogxon)” Ha
puc. [4.20 n306pazkaer MpoOu3BOUTEILHOCTD, MOJTyUYEHHYO paciapaJlie iBaHy-
eM oIuchiBaeMoro 1ukJa. [lo cpaBHeHnio ¢ pesyabraTaMi, MOy YeHHBIMI PaCIia-
paJsiIeJInBaHueM JPYTUX [TUKJIOB aJrOPUTMA [7], MCIOIb3YeMbIil 110IXO0/T O3BOJISI-
er nosyunThb 1.075-KpaTHoe yckopeHue. B ciydae pacnapaJiieimBanus 1MUKIa
C MHJIYKTUBHOI IIepEeMEeHHOI j., IOJIYUYeHHOI'0 He aJIbTePHATUBHBIM I10JIXO0JIOM

K OlpejiesieHnio 3Hadennii mapamerpo M. u N, amropurma [7] mocturaercs
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MeHbIIee yeckoperue. [IpuanHoit ciyKuT HeJJ0CTaTOTHOe KOJIUIECTBO NTepaliuii
paccMaTpuBaeMoro nukJia. Hamnpusmep, JaHHbI UK IMEET TOJIBKO OJIHY UTepa-
o B ciydae Core. OT™Meuaercs, 4To GpyHKIW |3. 1| TpejraraeT HelpaBUIbHbBII
IUKJI JIJIsT pacuapaJuiemBanus B ciydae Broadwell n MeHee yeTbipex IIOTOKOB.
9TO 00bACHAETCS HETOYHON OIEHKOI IIOIPEIIHOCTH, BO3HUKAIOIIEH B pe3yJib-
taTe HeahdEKTUBHOrO ncnoib3oBanus Ly, B ciyuae y = Ax + y naubosbiiee
3HadeHne pyHKIWN [3. 1] qocTuraercs st UK ¢ NHYKTUBHON [1€PEMEHHOI ..
[To cpaBHEeHMIO ¢ pe3y/braTaMiu, MOJYIeHHBIMU pacliapaJiie/IiBaHueM JIPYTIUX
IIIKJIOB aJrOpUTMa [7], NCIOIB3YEeMbBIN MOJIX0/] TO3BOJIIET TOTYYnTh 1.28-KpaT-
HOe yckopeHue. MoxKHO ¢Jie/1aTh BBIBOJ, O TOM, UTO BO BCEX CIyYasixX peau3aliun
aJiropuTMma [7| n ajaropurma |8 IpeBoCXoAsIT ONTUMU3NPOBAHHbBIE OUOINOTEKN, J10-
cturas B cpeaneM 1.05-kparaoro n 1.07-KpaTHOr0O YCKOpPEHUsd 1O CpaBHEHUIO C

OpenBLAS u Intel MKL, coorBercTBeHHO.

Tabmumna 4.26. Bpems serauciaenns MVM Buga y = ATz + y B ceKyHmax IjIs IJIOTHBIX
KBaJpaTHBIX MaTpull pasmepuoctu N X M u 36 nmorokos na Broadwell.

N=M 6400 12800 19200 25600
Peasmmzarust

Asropurym 5 (ipyroii mogxon) 0.021 0.047 0.11 0.18
Anropurm 5 0.044 0.088 0.17 0.22
Ausropurym 5 (Loop 2) 0.15 0.43 0.87 1.17

Autropurm 5 (Loop 3) 0.19 0.49 0.71 1.1
Auropurm 5 (Loop 4) 0.951 2.79 5.93 104
Ausropurym 5 (Loop 5) 3.34 11.47 25.79 42.89
Intel MKL 0.019 0.061 0.108 0.23

BLIS 0.039 0.21 0.34 0.76
OpenBLAS 0.019 0.057 0.12 0.238

Puc. U puc. coJlepzKaT MHOTOIIOTOYHYIO [IPOU3BOIUTE/ILHOCTE Pe-
ajmsanuiit y = ATz + yuy = Ar + y JJs IJIOTHBIX KBaJAPATHBIX MATPHIIL.
Pasmeprocts Marpun usmensiiach ot 1024 1o 25600 ¢ marom 64. KoanuecTBo
IIOTOKOB cocTapisyio 8 u 36 B ciaydasx Core m Broadwell, coorBercTBeHHO.
Tabr. 1 TaoJI. coJiepKaT BpeMs Bbluncjenns B cekyHiaax jaiasgs MVM
Buga y = ATz 4+ y u y = Ax 4 y, COOTBETCTBEHHO, JIsl IIJIOTHBIX KBAJIPATHBIX

Marpuil pasmepaoctu N X M u 36 norokos Ha Broadwell.
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—— Anroputm 5 (Loop 2 —+— OpenBLAS

—=— Anroputm 5 —v— Anroputm 5 ELoop 5; —<— Anroputm 5 £Loop 3; —o— Intel MKL
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1024 3712 6400 9600 12800 16000 19200 22400 25600
Pasamep M =N

Puc. 4.22. y = ATz + y. Muoronoro4nas IpoU3BOIUTEIHHOCTD.

Tabsmna 4.27. Bpemst eraunciaernns MVM Buja y = Az + y B ceKyH1ax Jjis IJIOTHBIX KBaJI-

paTuHbIX MaTpuil pasMeproct N X M u 36 nmorokos Ha Broadwell.

N=M 6400 12800 19200 25600

Peanmzarus
Anropur™m 6 0.018 0.045 0.104 0.18
Autropurm 6 (Loop 1) 0.041 0.088 0.169 0.24
Asropurm 6 (Loop 3) 4.75 18.32 40.88 71.15
BLIS 0.042 0.162 0.369 0.73
OpenBLAS 0.016 0.061 0.149 0.231
Intel MKL 0.025 0.048 0.104 0.176
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—=—  Anroputm 6 —<— Anroputm 6 (Loop 3) —— Anroputm 6 (Loop 1) —eo— Intel MKL —+— OpenBLAS

Mnatdopma ¢ Core
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1024 3712 6400 9600 12800 16000 19200 22400 25600
Pasvep M =N

Puc. 4.23. y = Az + y. MHoronoro4dHast npou3BOANTEIHHOCTD.

B cayuae y = ATz + y HanGosbliee 3HaUeHIe (DYHKIINH JIOCTUTAeTCs
JUIsl IMKJIa ¢ MHJIYKTUBHOM II€PEMEHHOM J.., IIOJIYIeHHOIO aJIbTePHATUBHBIM I10/I-
XOJIOM K OTIpeJIeJIeHIIo 3HadeHnii mapamerpoB M, u N, ajroputma (7| (cM. pas-
Jiet . [To cpaBHEeHUIO ¢ pe3y/bTaTaMu, OJYUYEHHBIMU pacliapaJiie uBaHu-
eM JPYI'HUX INKJIOB aJrOPUTMAa [(], NCIIOIb3yeMBIi IT0/IX0/] T03BOJISIET HOIYINTh
1.27-kpatHoe yckopenue. B ciydae y = Ax + y naubosibiiiee 3nadenne pyHK-

i [3.1] jocTuraercst s HUKJI ¢ UHIYKTUBHON epeMentoii i.. [1o cpasnenuio
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C pegyJjibTaTaMU, IIOJIY9€HHBIMU pPacCllapaJiJICJIMBaHUEM JIPYTUX MUKJIOB aJITOPUT-

Ma [l MCIOJIB3YeMBIil O/IXO0J MO3BOJAET HMOMYYUTh 1.54-KpaTHOoe yCKOpeHHe.

MozkHO ¢/ies1aTh BBIBOJL O TOM, UTO BO BCEX CIyYasiX PEAM3allin aaroputma [7]

u ajgroputMma [§ B cpeanem He yerynaioT npousojutesbHoctn OpenBLAS, o-

crurag 1-KpaTHOTO yCKOpeHHusi 110 cpaBHeHuio ¢ Heil. B ciydae ¢ Intel MKL B

cpeaneM jocturaercs 0.98-kpaTHoe yCKOpeHHe.
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Puc. 4.24. Biuganue snadenuit N, u N, Ha OJIHONOTOYHYIO TTPOU3BOIUTE/THHOCTD.
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4.3.3. Onenka 3HaveHunii mapamerpoB Ny m N,

OrnennM TOYHOCTD BBLIUNCCHUS 3HAUCHUT TapaMeTpoB aJropuTMa 7| m aJi-
roputma |8 hopMyIaMi, BBIBEJEHHBIMU B pas3jiesie JIUTsST TTOTHBIX KBaIpaT-
Heix Marpull pazmepuoctu M = N = 19152 na Core u Broadwell. Tak kax
TaKON pa3Mep MaTpHUIl KpaTeH pasMepaM Bcex OJIOKOB aJlOpUTMa || 1 aJropuT-
Ma 8, MOryT ObITH HCIOJIB30BAHBI MPENOIOKEHNsT O 3HAYEHUSAX TapAMeTPOB
(em. pazzen 2.3)).

Puc. n300parkaeT 3HAYEHUs OJTHOMIOTOYHON MPOM3BOINTE/THLHOCTH J1J151
AByX 4acTHBIX ciydaes MVM y = ATo +y u y = Ax + y. Paccumarpusaior-
cd pas3janvnble 3Hadenus mapaMeTpoB N, n N, m3mensdroniuecs oT 4 10 256 ¢
marom 4. B ciyuyae y = ATz + y 3naueHne napamerpa N, IpUPaBHUBAIOCH K
3HaUYeHusAM rmapamerpa Nygc.

s Core npumensiembie (pOPMYJIbI ONPEJICISIOT HAWIYUIIIHe 3HATCHUST
Ny=28uN,=2nnay=A"z+yuy= Ax + vy, coorBeTcTBenHO. B ciyuae
y = Ax+y snadenune N, = 2 He 1pejicTaBieHo Ha puc. [4.24] st coorBeTcTBUS €
Broadwell, jy1s1 KoToporo Tpedyercst 110 KpaiiHeii Mepe JeThbIpe 3JIeMeHTa, YTOObI
3aII0JIHUTH BeKTOpHLII peructp. Ecian snadenus N, u N, Oosblie dem 28 u 2,
COOTBETCTBEHHO, TO CO3/Ia€TCS HEXBaTKa BEKTOPHBIX PErMCTPOB, YTO ITPUBOJIAT
K rotepu npousBoguTesbroctn ot 1.03 I'@rort/cex mo 0.77 I'DJion/cex B city-
qae y = ATz u or 1.03 I'®on/cex g0 0.79 I'®on/cex B ciaydae y = Ax + y,
COOTBETCTBeHHO. B ciyuae y = AT2 + y IponsBoauTeILHOCT BO3PACTAET OT
1.02 I'®omn/cex o 1.03 I'Dion/cex 10 Mepe yBeJnveHnsT 3HAUYCHUIT TapaMer-
pa Ny or 4 no 28, BeaeJcTBAE pOCTa KOJMIECTBA MCHOJIb30BAHMUI 3JIEMEHTOB
BEKTOPaA & U KOJUIECTBA MOBTOPHO MCIOJIB3YEMBIX 9JIEMEHTOB BEKTOPA Y.

B ciyuae Broadwell u y = Az + y npousBoUTE/IbHOCTH YMEHbIIACTCS
or 2.78 I'®omn/cex g0 1.78 I'Djior/cek ¢ yBeqnmdeHneM 3HAUCHUST [apaMeT-
pa N, or 4 5o 256 n HexBaTKOil BEKTOPHBLIX peructpoB. Vcmoabsyemast dpop-

MYyJla OIIpeae/isdA€T HEeOIITUMaJIbHOE 3Ha4YCHHE Nr = 8, B KOTOPOM OOCTHUI'a€TCA
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97.8% nanyurieit npousBognTebHOCTH. [IpuinHa 3aK/II09aeTCsT B 3/1eprKKax,
CO3/IaBAEMbIX PeIyKITHel 9J1eMEeHTOB BEKTOPa Y, AMOPTU3UPYEMBIX OTHOCUTE -
1o N./N, urepannii. B ciyuae Broadwell n y = ATz + y npoussoauTe bHOCTD
ymenbinaercs ot 2.85 ['@uon/cex mo 2.8 ['Duon/cex ¢ yBeamdeHneM 3Hade-
Huii mapamerpa N, ot 4 10 32. B ciyuae pacemarpubaemoii miardopmbl Clang
BBITIOJIHSIET PA3MOTKY IHKJIA 4 aJropuTMa [f] 9ToObl MCIOJIB30BaTh OOJIbIIee
KOJIMIECTBO BEKTOPHBIX PErUCTPOB JJIs XpaHenus BekTopa . [Ipoussoguresinb-
HOCTh yBesmauBaercs or 2.8 I'Duon/cex o 2.83 ['DJion/cek ¢ yBeamuennem
snadenusi mapamerpa N, ot 32 g0 56 u ymenbinaercs jgo 2.2 ['®gorn/cex ¢
JTAJIbHEHTIIM POCTOM 3HadYeHnil mapamerpa N oT 32 m3-3a OrPaHUYEHHOTO KO-
JINYECTBA BEKTOPHBIX PErncTpoB. MOXKHO ¢JIeJIaTh BBIBOJL O TOM, UTO (DOPMYJIBI
peICKa3bIBAIOT HeoTHMaabnoe 3nadenue Ny = 56, /71t KOTOPOro JJOCTUTAETCs

99.3% wHamydinei mpou3BOIUTETLHOCTH.

4.3.4. Onienka 3Ha4deHuii mapamera D

Puc. 1 pHuC. cojiepzKar rpaduKy N3MEHeHUs OJIHONOTOYHOIl 1po-
W3BOIUTEILHOCTH H KOJMYECTBA IPOMaxoB Ly gy = Ao +yny = Az + v,
COOTBETCTBEHHO. PaccMmarpuBaJiich pas/indHble 3HAYeHHs apamerpa D, m3me-
uatomuecs: or 0 o 40 ¢ marom 1.

B caygae Core n y = A2 + y KoamdecTBO MpoMaxoB L; yMeHbIaeTcs
ot 73030701 mo 66918671 ¢ yBesmuennem 3nadenuii mapamerpa D ot 0 10 2 n
yBesmunBaeTcd 10 224090891, eciim 3nadennsd mapamMerpa [ mpogo/KaloT pac-
TH. DTH U3MEHEHUs] BJIUAIOT Ha IIPOU3BOANTEHLHOCTH, Bo3pacTaolyo oT (.98
['@yion/cex g0 1.03 I'Duion/cex ¢ yBeaumuennem 3uadenuii mapamerpa D ot 0
10 2 u ymenbiraercst j1o 1 ['@urort/cek, ecoin 3Hauenust napamerpa D mpojioizKa-
foT pactu. Cxoxkee 1oBejienne Habsogaercs st y = Ax + y wa Core n obonx
ciyuaes MVM, pacemorpennbix Ha Broadwell. B ciyuae Core ny = Ax + vy
HalMEeHbIIIee KOJINIECTBO MPOMaxoB Ly 1 HamIydInas Ipon3BOAUTEILHOCTD J10-

crurarorcs npu D = 2. B ciydae Broadwell HaumMenbIlee KoJmiecTBO IpoOMaxoB
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L, nocturaerca ipu D =3u D =2 iay = Aox +y ny = Az + 1y, coorser-

CTBEHHO.
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drnon/cek
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Puc. 4.25. Onuenka BiusgHus 3Ha4YeHUil mapaverpa [ Ha mpon3BoguTeIbHOCTL Ha Core.

[Toydennnie ¢ momombio dpopmyst 3Hadenns napamerpa D s Core saB-

JIIioTes Hamtydmumu Jiist oboux ciaydaeB MVM. B ciayuae Broadwell mosty-

qeHHble 3HAYeHNd [ ABJIAI0TCS HAIIYHUIIIME TOJMBKO jad y = Alx 4+ y. s

y = Ax + y BbIUNC/IEHHOE 3HAYEHUE [103BOJIsteT noayunTh 98.28% wHamrydmiei
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IMPOU3BOJUTE/ILHOCTU N3-3a 3a/JICPZKKU JJOCTYIIa K IMaMATH, KOTOPOEC MOZKET OT-

JINYATHCST OT CPEJIHEro 3HAYCHUST, NCIIOJIB3yeMOoro B pacimupennn mojesn [TATI

JIoy no ymosuanuo (em. pasgedn [2.1)).
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4.3.5. Onenka 3HadeHnii mapamerpa M,

Puc. 1 pUC. COJIePrKAT 3HAYEHUE OJ[HONOTOYHON PON3BO/UTEb-

HOCTH 1 KOJIM4ecTBO HpoMaxos Lj u Lo mig y = ATe +y u y = Az + v,

coorBercTBeHHo. OnennBaeMble 3HadeHUs napaMerpa M, nsMmensmcs or 1 10

80 ¢ marom 1.

o y=ATx+y  --4- Tpomaxul;.y=ATx+y Mpomaxu Ly. y =ATx +y M.=8
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Puc. 4.27. Onenka Biausaus 3nadenuit mapamerpa M, Ha nmpousBojuTesbHOCTb Ha Core.
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Puc. 4.28. Onenka Biusiaus 3Hadennii mapamverpa M, Ha TpOU3BOANTEIHHOCTE Ha Broadwell

B cayuae Core n y = ATz + y npoussBognTesbHocTh Bospactaer or .96
['®on/cex o 1.03 T'DJion/cek ¢ yBesmdenueM 3Hadenuii napamerpa M, or
1 10 4 u ymenbinaercs 10 0.85 I'Diion/cek ¢ pasbreiimnm yBeandennem M.

Poct I[IPOU3BOAUTEC/JIBbHOCTH BbI3BaH KOJIMYECTBOM IIOBTOPHBIX HCII0JIb30BAHUI

QJIEMEHTOB BEKTOPa Yy MEXKAY ABYMA UTEpaludMN IUKJIa C HHﬂYKTHBHOfI rnepe-
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MEHHOII 7j, aJlrOpUTMa [7| I KOJIMYECTBOM 3JIEMEHTOB BEKTOPA T, XPAHSIINXCS B
L;. Beaencrsue sToro KosmmdecTBo npomMaxoB Ly ymenbinaercs ot 193665807 1o
49003837 ¢ yBenudenueM 3uadennit napamerpa M. ot 1 1o 20. YBeandenne 3Ha-
yeHnit mapamerpa M, IPUBOINT K BHITECHEHMIO 9JIEMEHTOB MATPHUILI A 11 BeKTO-
pa x n3 L1 B Lo, 9T0 BBI3BIBaET pocT KosmdecTBa mpoMaxoB Ly or 49003837 1o
226432208. BriTecHeHHBIE 3JIEMEHTHI MaTPUIIbl A 1 BEKTOpa T BBITECHAIOT dJIe-
MEHTBI BEKTOPa Y, PACIOJIOKEHHbIE B Lis 1 MCIIOIb3yeMble KaxK0i nuTepariueit
MUKJIA ¢ NHIYKTUBHOI nepeMenHoii ¢ aaropurma 7. Bemenersue sToro mpomaxn
Lo yBesmmuuBatoTest or 13845617 no 22117224 ¢ yBenudenueM 3HAYEHUi 1apa-
Metpa M. ot 1 10 54 n ocTatoTcd npuMepHo paBHbIMEU 22117224 ¢ nanbHeimmm
pocrom M.. B ciayuae y = Ax + y HabsiogaeTcst ¢xoxKast 3aBUCUMOCTb MEXKTY
N3MEHEHUEM ITPOM3BOJIUTEIbHOCTH U KOJIMYecTBOM 1poMaxoB L u Lo, OTiinune
COCTOUT B TOM, UTO KOJIMIECTBO ITOBTOPHO UCIIOJIBL3YEMBIX 3JIEMEHTOB 1 YBEJIN-
YuBaeTCd ¢ pocToM 3HadeHuil mapamerpa M.. MoxKHO ciieslaTh BBIBOJ O TOM,
YTO UCHOJIb3yeMble (DOPMYJIBI MTO3BOJISIOT OJYUYNTh HEONTHUMAILHOE 3HAUCHUE
napamerpa M, = 8, s koroporo jocruraercs 99.6% n 99.5% snavennii nau-
JTyHIIedi MPOU3BOJANTELHOCTH B ciydaax y = A'x +y u y = Az + y, coorsert-
crBenno. [Iprmauna B orcyTeTBun L3, KOTOPBIT MOXKET COXPAHUTH BHITECHEHHDBIE
n3 Loy sy1eMenThI BeKTOpa .

B ciyuae Broadwell u y = ATz + y n1pousBoANTENIbHOCTD BO3PACTAECT OT
2.48 T'DJion/cex g0 2.99 I'Djion/cek ¢ yBenndennem 3uadenuii mapamerpa M,
or 1 g0 22 n ymenbiaercs g0 1.6 I'@jon/cek ¢ maqbHERIIIIM POCTOM Tapa-
merpa M,.. B oriuune or Core koJimdecTBo mpomMaxoB Lo yBemdmpBaercs: oT
8228257 nmo 23162115 ¢ poctom 3nadenuit mapamerpa M.. Pazmep Lo y mnene-
Boil armapatHoil miardopMmbl ¢ Broadwell menbiie yem y Core. 9To MpuBOIUT
K pocTy mpoMaxoB Lo ¢ yBeamdenmem 3Hadenuit napamerpa M,.. KomndecTso
npomaxoB L ymenbiaerca ot 98158369 mo 18201677 ¢ ysesmuennem M, or 1
0 7 m Bo3pacTaeT 0 18201677 ¢ nanbHelinmeM yBeJanmdeHneM 3HaUYEHUI Iapa-

METpa Mc- B ormymune or Core KoJn4ecTBO IIpOMaxoB L1 Ha4YMHa€T BO3PacCTaTb

137



JUIS MEeHbINNX 3HadeHunii napamerpa M,.. Taxoe moBejieHre BbI3BaAHO TEM, UTO
3HaueHns napamerpon Ny u D 6oibiine yem y Core. PocT nponsBoauTe IbHOCTI
BBI3BAH KOJIMYIECTBOM IIOBTOPHBIX MCIIOJIB30BAHMI 9JIEMEHTOB BEKTOPA, I MEYK Y
JIBYMsI UTEPAIISIMU TTHKJIA ¢ NHIYKTHBHOI MepeMeHHoii 4, aaropurMalll B oru-
qpe OT IesieBoii armapaTHoil mrardopmbl ¢ Core ypoBenb kaiia Lg y Broadwell
XPaAHUT HEKOTOPhIE 3JIEMEHThI BEKTOpa Y, BbITeCHeHHBIe 13 Lo. [loxoxkee rmose-
nenne Habsomaercs n i y = Ax 4+ y. OpHako, KojamdecTBo mpoMaxoB L
yBesmauBaeTcs ot 2592027 no 92640947 ¢ yBenudenueM 3HaUeHH mapamMeTpa
M. or 1 go 80. Ilpuunna B ToM, uT0o Li MOXKET XpaHUTH 3JIEMEHTHI BEKTOPa
T MEXKIY JBYMs IOCJIeI0BATE/IbHBIMI UTEpaldsAMI UK/ ¢ WHIYKTUBHON ITe-
pemenHoit 7. jist N, = 4096 u menbpmnx 3HadeHnii mapamerpa M.. MoxkHo
cJiesIaTh BBIBOJL O TOM, YTO UCIOJIb3yeMble (DOPMYJIbl BHIYUC/ISIOT HEOITUMAIb-
nple suadenuss M, = 7 n M, = 5 nna xoropbix jocruraerca 94.6% u 95.6%
HAWLTYYIIeH TPOM3BOIUTEILHOCTH Iyid ciydaes ¥y = Ao +y ny = Az + v,
COOTBETCTBEHHO.

[Toaxon aBTOopa HallpaBJIeH Ha COKpallleHue KoJudecTBa IpoMaxoB Lo c
1IEJIbI0 COKPAIIEHNS KOJIeOAHMI IIPOU3BOIUTEILHOCTH U JOCTHXKEHHS JIYUIINX
pe3yabTaToB 1 orepangoB MVM, KoTopble MOTYT MOJIHOCTBIO XPaHUTCA B
Ls. B kaugectBe mpumepa paccmoTpuM puc. .29, comepkammii 0fHOMTOTOTHYIO
npousBoauTeIbHOCTb it Yy = ATz + y u Broadwell. Pacemarpuanics mioT-
Hble KBaJpaTHbIe MATPUIbl. MaTpuibl 1 BEKTOPHI COJIEpyKAIN SJIEMEHThI THIIA
double. Pasmepnr marpun u3mensianch ot 1024 no 25600 ¢ marom 64. Moxkuo
cJesaTh BBIBOJ O TOM, 4To ajisd M. = 22 B cpejanem jpocrurasioch 1.04-kparHoe
YCKOPEHHE 110 CPaBHEHUIO C IOJX040M aBTopa. OJHAaKO B 9TOM cJIydae JIOCTHra-
Jlach 0OoJiee BbICOKas IIPOM3BOIUTEIbHOCTD JIJIsi PA3MEPHOCTEl 3a/1a41 MEHbIIIel
yeM M = N = 1982. B caywae M. = 22 oTmeuaeTcd yXy/IlleHne TPOU3-
BOJUTEJILHOCTU U POCT KOJIM4YecTBa MpoMaxoB Lo Jjid pasmepHocTeil 3ajgadn

KpaTHbix 2048.
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4.29. Onenka Binsinus 3HadeHuil mapamerpa M, Ha npoussoaureibHocTh Ha Broadwell.

6. Ouenka 3Ha4deHnii mapamerpa N,

Puc. .30 u puc. 4.31] coneprkar 3uatenne ofHOMOTOTHON TPON3BOIUTETb-

HOCTH 1 KOJIHYecTBO npoMaxos Lj u Lo sy = ATe +y u y = Az + v,

coorBercTBenno. OreHnBaeMble 3HaUeHns apamerpa N, n3MeHsch ot 64 10

19168 ¢ marom 32.
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. Otenka BiausgHUA 3HaUeHuil mapamerpa N, Ha mpousBouTebHOCTD Ha Core.
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Puc. 4.31. Onenka Biustaust 3nadenunii mapamverpa N, Ha mpousBouTe/bHOCTD Ha Broadwell.

B cayuae Core n y = A"z 4y kKonmuecTso mpomaxos Ly ocraeTcs mpuMep-
HO 65579898 ny1g Bcex paccMOTpeHHBbIX 3HadeHnit mapamerpa N.. Kommdaectso
npomaxoB Ly ymenbimaerca ot 29409371 mo 17844660 ¢ yBenmdenmem 3Hade-
nnit napamerpa N, or 64 10 1344 u octaercs nmpumepHo paBabiM 17844660 i
6osibiux 3HavueHuit N.. OTmMedaeTcs MOCTOSHHBIN POCT MPOU3BOUTEIHLHOCTHU C
yBeJIMIeHneM KOJITYEeCTBa TOBTOPHBIX MCIOJIL30BAHWIT 3JIEMEHTOB BEKTOPa T 1

yBeJIMIeHneM pa3Mepa MMOJBEKTOpa BEKTOpa ¥, pacrojaraiorierocsd B L. M3-3a
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dusmdeckoit nnjpekcupyeMoctu Loy HEKOTOpBIE 3JIEMEHTHI 110/IBEKTOPa BEKTOPA
y BbITecHSIOTCS U3 Lo, HecmoTps Ha 3nadenus M.. BeiegcTBue 3Toro KoJimde-
cTBO TpoMaxoB Ly TiepectaeT ymenbInaThed. [loxoxkee noBejienne nad/rrogaeTcs
B caydae y = Ax + y. Ommmane 3aK/II09a€TCA B TOM, ITO KOJIMYIECTBO MTOBTOP-
HBIX HUCIOJIB30BAHUI 3JIEMEHTOB Y YBEINUUBAETCA, a KOJMIECTBO MOBTOPHBIX
UCIIOJIb30BAHUI 9JIEMEHTOB I OCTaeTCsd Heu3MeHHbIM. B oboux ciydasx Hau-
aydiriee 3Hadenne N, jgocruraercs st 32768. DTO COBIAIAET C PE3YJIHTATOM,
BBIYHIC/IEHHBIM UCIIOJIE30BAHHON (PYHKITUE.

B ciyuae Broadwell 1 v = ATz + y npousBOAHTENLHOCTh BO3PACTAET
or 1.1 T'®omn/cex g0 2.92 I'Dion/cek ¢ yBesudeHneM 3HAUEHUIT TapamMmerpa
N. ot 64 10 3392 u ymenbinaercst o 2.79 I'Djion/cek ¢ pagbHERIIINM POCTOM
snadenuil mapamerpa N.. Kak n B ciaydae Core pocT Mpon3BOINTETHLHOCTH BbI-
3Bal yBeJNUeHrneM KOJNIeCTBa MOBTOPHBIX NCIIOJIL30BAHUN 9/IEMEHTOB BEKTOPA
T U yBeJIMYEHHEM pas3Mepa IOJIBEKTOPa BEKTOpa Y, paclojaraiolierocd B Lo.
DTO HOJTBEPKIaeTCsd YMEHbIIEHIeM KoJIndecTBa IpoMaxoB Lo oT 48907412 1o
17607323 ¢ yBesmueHnneM 3Hadennii mapamerpa N, ot 64 1o 2624. YV Broadwell
pasmep K3MI-ypoBHsA Ly MeHbINle 10 CPABHEHUIO ¢ PA3MeEPOM TaKOTO YKe KdIII-
yposust Core. BesegcTBre 3T0oro Koam4decTBo MpoMaxoB Lo yBendnBaeTcs J0
20753599 ¢ poctom 3Hadenuit napamerpa N, BbI3bIBaS YXYAIIEHIE TTPON3BOIN-
TeabrocTu. KosmmaectBo mpomaxos Ly ymenbiaeres oT 88488415 mo 19105038
¢ yBesmmuenuneM 3nadennii nmapamerpa N, ot 64 10 256 1 ocTaeTcsd NpuMepHO Ha
yposue 19105038. B ciyuae Broadwell ncrnonb3syemble 3navenus mapamMeTpoB
Ny u D 6osibiiie yem y Core. JIoJizKHBI ObITH BBINIOJIHEHBI TIepBble [) nrepariuit
[UKJIA ¢ UHIYKTUBHON TepeMeHHOM J, aaropurMa [7, 91obbl MOXKHO ObLIO Ha-
JaTh 3arpyKaTh 9JeMEHThl MATpHuilbl A u3 K3m-naMsaT. Tak Kak 57eMeHTh
BEKTOPa & MCIIOJB3YIOTCA KarKIyIo UTepalnio MNKIa ¢ NHAYKTHBHON IepeMen-
HOIT j ajropuTMa [7] 1 3TH 371eMEHTHI He 3arpyrKaroTcsl B KII-IIaMITh BPYYHYIO,
3HaUeHus rapameTrpa N, 0OpaTHO ITPONOPIMOHAILHO KOJIUIECTBY ITPOMaxoB L.

AnaJjioruanoe HaOJIIOJICHIE MOXKHO cjiesiaTh B ciydae y = Ax 4+ y. Oriundue B
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TOM, YTO KOJM4ecTBO IpomMaxoB Ly yBenumunBaercsa ot 1127089 mo 18093749 ¢
poctoMm 3Hadennii mapamerpa N, oT 64 1o 352 m ocraeTcd MPUMEPHO PaBHO
18093749. ¥YBenmmdenne KOJIMYIECTBA ITPOMAXOB K3IIa BBI3BAHO HEIDPEKTUBHO-
CTBIO TPEJBBIOOPKN 3JIEMEHTOB It 3HaYeHuil mapamerpa N, MEHBIIUX YeM
DACy, B cayuae Broadwell. MoxxHO cenaTs BBIBO O TOM, 9TO (DOPMYJIBI OIIpe-
nensior 3uadenue N, = 4096, aia koroporo jgocruraerca 98.3% u 98.6% nan-
JTydITIel TPON3BOINTEILHOCTH B ciydasgx y = Alx +y u y = Ax + y, cooTBer-
ctBeHHO. Tak Kak Lo dpusmyeckn mHIEKCUpyeM, MPEe/IToI0KEeHNs, Ha KOTOPBIX
OCHOBBIBAIOTCS (POPMYJIBI /I BHIYUCIEHIS HAMTYIIINX 3Ha9eHU i TapaMeTpoB,

SIBJISIIOTCST TPYOOIl OIEHKOI.

4.4. OneHKa aJropuTMa CoOKpalleHlsI BpeMeHN

BbBIIIOJIHEHA CBEPTOK TEH30POB

Pacemorpum npumepst TC u3 6ubinoreku, npejicraBieHHoit B pabore [17].
Ucnonbzyemas dubmoreka cojiepxkut TC pa3Hoii pa3sMepHOCTH, IPUMeHsieMble
B METO/IaX CBSI3AHHBIX Ky1acTepos [62] n kBanToBoiit xumuu [176]. Onernm omo-
MOTOYHYIO0 1 MHOTONOTOUHYI0 npouspoauTenbrHocT [IC AOTO, coBpemeHHBIX
KOMIIIJIATOPOB U (BPEiiMBOPKOB, HO3BOJISIIOIIIX Oy INTH OITUMU3HPOBAHHY IO
TC (TCCG [17]|, TBLIS [16]). Paccmarpusajinch TeH30pbl ¢ TUIIOM 3J7IEMEHTOB
double.

JIJ1st 9KCIIepUMEHTOB UCIIOJIH30BAJIACH allllapaTHast aTdopMa ¢ mporec-
copom Intel Sandy Bridge (ra6u. [4.2). Tabu. COJIePZKUT MH(POPMAIHIO O
BEPCUM U JIONOJTHUTEIBHBIX OIIUSX HCIOJb3YEMOTO ITPOTPAMMHOI0 obecrede-
Husi. B ciyuae kommusstopa ICC ucnosb3oBasach orrust -qopt-matmul, aTo-
Ob1 obecrieunTh pacrnoznasanue n 3aMeny MMM na Bb3oB peanuzanun MMM
pocrynnoit B Gubsmoreke Intel MKL (em. tabor. [4.3). OGosnauum TC Buga

Crorry = 2o pAraap) Brypy) ¥ax mo(1J)-m4 (1 P)-mg(PJ). Torna, nanpumep,

=1 — e
Cijit = >y S om0 Aimjn:Brimk MozkeT 6bITb 0603HaueHa Kak ijkl-imjn-nlmk.
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4.4.1. OgHONOTOYHASA HPOU3BOJIUTEILHOCTD

Ha puc. IIpeJIcTaB/IeHa OJHOIIOTOYHAS IIPOU3BOINTEIbHOCTD JIJIsi CBEP-
Tok Buja abcede-efbad-cf u abed-eafc-bdfe. Tabu. COJIEPKUT BPEMsl BBITUC-
neHust B cekyHax st abede-efbad-cf. Pesynbrarer Becex npumepos TC u3 pac-
cMaTpuBaemoii 6ubsmoreku npusesiensl B Tabsr. [£.29, B caygae abede-efbad-cf
HCII0JIb30BAJIUCh Pa3MEPHOCTH Ny = Ny = 8 u ng = n, = 4. PasmepHoctsb N,
IpuUpaBHUBAJIACHL K 1 f U u3Mensach oT 4 1o 1024 ¢ marom 4. B ciayuae abed-
eafc-bdfe mcrosb3oBasnch paBHbIe pa3MepHOCTH, M3MeHsiBIInecss oT 4 10 64 ¢
marom 4. Puc. TaKyKe COIepKUT pesysabrarel ayist MMM|x, +|, peanmuso-
BaHHOIT B Oubsmorexke BLIS, 11 MaTpuil SKBUBaJICHTHON Pa3sMepHOCTH.

Tabnumna 4.28. Bpems sorauncienus TC Buga abede-efbad-cf B cekynnax, rime n, =ny, =8 u

ng = n, = 4.

e =1 256 512 768 1024
Peanuzanus

AOTO 0.006 0.023 0.053 0.089
BLIS 0.0057 0.022 0.048 0.078
TBLIS 0.006 0.024 0.054 0.087

TCCG 0.0079 0.026 0.055 0.09

polly 0.032 0.13 0.29 0.5

icc 0.085 0.35 0.82 1.87
gec 0.063 0.34 0.84 2.001

clang 0.065 0.343 0.85 2.14

DKcrepuMeHThl okazau 84-kpartHoe yckopenne [IC AOTO mno cpabhe-
Huto ¢ kommuiasitopom ICC u 82-kpartHoe yckopenue 1o cpaBHenuio ¢ GCC
n CLang. OrMmerumMm, uTo pacro3HaBanne u 3aMeHa MMM Ha BbI30B peasin3a-
mun MMM nocrynsoit B 6udbanoreke Intel MKL we nosimsio Ha mpon3Boin-
tesibHOCTh KoMmIimisiTopa ICC. CoryacHo 1MoJ1ydeHHbIM JTaHHBIM J1JIsT TEH30POB,
cojiepyKaImx MeHee 322 3J1eMeHTOoB, 1eJ1eco0bpas3Ho HCIOIb30BATL JIPyTHe MO/I-
XOJIbl K COKpaleHnto Bpemenn Boinosinennst MMA[X, +]. D9T1o coorBercrByer
pesyJbraTam, mpejcTaBieHubiM B pabore [53]. B ciaygae dpeitmBopkos TCCG
u TBLIS nporpammuas cucrema AOTO nocruraer 6osee 86.12% ux npowns-

BoguTenbHocTH. Heemorpst ma ncnosb3oBanne noaxona TBLIS, ITIC AOTO ne
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Beerjia gocruraet npoussopurensnoctu TBLIS (em. pasmen [2.4). Kak 6bL10
nokazano panee, renepupyembie [1IC AOTO gactu koga MMM, cojepxkariue
BEKTOPHBIE HHCTPYKIUU, YCTYIAIOT B IIPOM3BOJANTETHLHOCTH KO, OITUMI3HPO-

BaHHOMY BPYUHYIO, U3-3a IIPOOJIEM aBTOMaTHYECKOl BEKTOPU3AIIN.

- Theoretical peak clang —-— TBLIS
— AOTO @ gec e TCCG
--= polly icc BLIS

Mnatdopma c Intel Sandy Bridge
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Puc. 4.32. TC gnsa tuma double.
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Tabuma 4.29. Becs nabop recros TC st Tuna double, * — mawnrydinee 3HadeHne mpon3Bo-

mureabaocTn g GCC u Clang

‘ * icc | polly | AOTO | tblis | tccg
' rrsep @) | %) | %) | %) | %) | %)
ab-ac-ch 1024x1024-1024x1024-1024x1024 1.05 | 44.84 | 5.69 | 74.21 | 77.27 | 85.8
ab-acd-dbc 1024x1024-1024x32x32-32x1024x32 112 | 25 | 1.09 | 7257 | 772 | 81.8
abc-acd-db 32x1024x32-32x32x1024-1024x1024 1.05 | 74 |12.07| 772 | 7852 |82.9
abc-ad-bdc 1024x32x32-1024x1024-32x1024x32 5 113.55]26.61| 748 | 77.93 | 82.4
abc-adc-bd 32x1024x32-32x1024x32-1024x1024 5.53 | 8.36 |32.93| 77.76 | 79.18 | 78.6
ab-cad-dcb 1024x1024-32x1024x32-32x32x1024 1.02 | 17.07 | 0.99 | 75.07 | 77.14 | 81.3
abc-adec-ebd 32x1024x32-32x32x32x32-32x1024x32 1.05 | 17.76 | 1.05 | 78.75 | 78.07 | 74.6
abc-adce-db 32x1024x32-32x1024x32-1024x1024 0.92 | 25.1 |30.79 | 76.48 |78.62 | 78.5
abe-bda-dc 32x32x1024-32x1024x32-1024x1024 0.92 |32.07|13.91 | 74.77 | 76.22 | 82.5
abcd-aebf-dfce 32x32x32x32-32x32x32x32-32x32x32x32 1.05 | 1.09 | 5.07 | 72.07 | 76.15 | 78.7
abcd-aebf-fdec 32x32x32x32-32x32x32x32-32x32x32x32 1.02 1 099 | 099 | 725 | 7234 | 79
abcd-aecf-bfde 32x32x32x32-32x32x32x32-32x32x32x32 6.61 | 6.78 | 5.89 | 76.64 | 78.06 | 75.4
abcd-aecf-fbed 32x32x32x32-32x32x32x32-32x32x32x32 411 | 14.74 | 1.05 | 74.54 |78.29 | 74.9
abcd-aedf-bfce 32x32x32x32-32x32x32x32-32x32x32x32 | 16.94 | 13.45 | 6.02 | 77.73 | 77.83 | 75.6
abcd-aedf-fbec 32x32x32x32-32x32x32x32-32x32x32x32 | 11.81 | 15.79 | 1.05 | 76.78 | 78.12 | 754
abcd-aefb-fdce 32x32x32x32-32x32x32x32-32x32x32x32 0.99 5 1.02 | 70.56 | 72.39 | 78.2
abcd-aefe-fbed 32x32x32x32-32x32x32x32-32x32x32x32 | 16.97 | 26.05 | 2.76 | 78.22 | 78.39 | 75.1
abe-dca-bd 32x1024x32-1024x32x32-1024x1024 1.02 | 15.66 | 6.25 | 76.41 | 78.06 | 82
abed-dbea-ec 16x8x1024x8-8x8x1024x16-1024x1024 1.78 | 3.13 | 9.11 | 77.89 | 774 | 77.8
abcd-deca-be 16x1024x8x8-8x1024x8x16-1024x1024 1.97 | 6.74 | 5.36 | 77.17 | 77.11 | 78.9
abcd-ea-ebed 1024x16x8x8-1024x1024-1024x16x8x8 3.68 110.92 1829 | 74.11 | 77.17 | 86.1
abced-eafb-fdec 32x32x32x32-32x32x32x32-32x32x32x32 1.02 | 526 | 0.89 | 72.04 | 71.98 | 77.3
abcd-eafc-bfde 32x32x32x32-32x32x32x32-32x32x32x32 595 | 14.74| 342 | 675 |77.57 | 73.9
abcd-eafd-fbec 32x32x32x32-32x32x32x32-32x32x32x32 | 12.89 | 26.61 | 0.92 | 78.22 | 78.19 | 72.9
abed-ebad-ce 16x8x1024x8-1024x8x16x8-1024x1024 5.16 | 1.71 | 22.86 | 80.33 | 79.21 | 82.2
abcd-eb-aecd 16x1024x8x8-1024x1024-16x1024x8x8 421 | 2.7 126.25| 76.88 | 78.68 | 784
abcd-ec-abed 16x8x1024x8-1024x1024-16x8x1024x8 5 1.25 | 30.59 | 79.47 | 79.08 | 77
abcde-ecbfa-fd 8x8x4x1024x4-4x4x8x1024x8-1024x1024 147 | 2.8 |14.41 | 78.52 | 73.26 | 75.6
abede-efbad-cf 8x8x1024x4x4-4x1024x8x8x4-1024x1024 3.29 | 095 | 13.39 | 80.3 | 78.39 | 75.6
abcde-efcad-bf 8x1024x8x4x4-4x1024x8x8x4-1024x1024 3.29 | 345 | 13.29 | 78.88 | 78.28 | 76.9
abcedef-dega-gfbe | 16x16x8x8x8x8-8x8x1024x16-1024x8x16x8 | 2.76 | 1.78 | 5.1 747 | 76.55 | 76.8
abcdef-degb-gfac | 16x16x8x8x8x8-8x8x1024x16-1024x8x16x8 | 2.7 | 1.74 | 53 | 74.61 | 76.48 | 77.6
abcdef-dege-gfab | 16x16x8x8x8x8-8x8x1024x8-1024x8x16x16 | 4.84 | 2.66 | 3.95 | 70.76 | 72.27 | 78.9
abedef-dfga-gebe | 16x16x8x8x8x8-8x8x1024x16-1024x8x16x8 | 3.06 | 3.62 | 7.14 | 71.94 | 76.25 | 76.6
abedef-dfgh-geac | 16x16x8x8x8x8-8x8x1024x16-1024x8x16x8 | 2.99 | 4.05 | 7.07 | 72.83 | 76.28 | 77.9
abedef-dfge-geab | 16x16x8x8x8x8-8x8x1024x8-1024x8x16x16 | 3.88 | 3.72 | 6.32 | 72.47 | 71.94 | 77.6
abcdef-efga-gdbe | 16x16x8x8x8x8-8x8x1024x16-1024x8x16x8 | 1.02 | 3.52 | 4.47 | 72.07 | 76.25 | 76.9
abcdef-efgh-gdac | 16x16x8x8x8x8-8x8x1024x16-1024x8x16x16 | 1.02 | 10.49 | 447 | 725 |76.44 | 764
abcdef-efge-gdab | 16x16x8x8x8x8-8x8x1024x8-1024x8x16x16 | 1.02 | 3.65 | 4.74 | 71.55 | 71.38 | 77.1
abcdef-gdab-efge | 16x16x8x8x8x8-1024x8x16x16-8x8x1024x8 | 0.99 | 3.62 | 4.38 | 71.45 | 71.61 | 76.8
abcdef-gdac-efgh | 16x16x8x8x8x8-1024x8x16x8-8x8x1024x16 | 0.99 | 1049 | 349 | 7243 | 76.02 | 76.6
abcedef-gdbe-efga | 16x16x8x8x8x8-1024x8x16x8-8x8x1024x16 | 1.02 | 0349 | 4.7 | 70.33 | 76.25 | 77.1
abedef-geab-dfge | 16x16x8x8x8x8-1024x8x16x16-8x8x1024x8 | 3.78 | 3.72 | 6.12 | 72.37 | 71.61 | 78.3
abedef-geac-dfgh | 16x16x8x8x8x8-1024x8x16x8-8x8x1024x16 | 3.16 | 4.05 | 6.88 | 73.06 | 75.33 | 78.3
abedef-gebe-dfga | 16x16x8x8x8x8-1024x8x16x8-8x8x1024x16 | 2.99 | 3.62 | 6.81 | 71.97 | 76.15 | 76.9
abedef-gfab-dege | 16x16x8x8x8x8-1024x8x16x16-8x8x1024x8 | 4.47 | 2.7 | 3.88 | 70.79 | 72.6 |78.9
abedef-gfac-degh | 16x16x8x8x8x8-1024x8x16x8-8x8x1024x16 | 2.76 | 1.74 | 4.87 | 749 | 77.04 | 77.2
abcdef-gfbe-dega | 16x16x8x8x8x8-1024x8x16x8-8x8x1024x16 | 2.86 | 1.78 | 4.8 | 74.18 | 76.68 | 76.2

B nekoropsix ciaydasx [IC AOTO pocruraer npoussoputessbuoctu TCCG

u TBLIS. B ciygae TCCG 310 00bsicusiercs: HejgocTarKamu MetooB TTGT n
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LoG, ucrosib3yeMbix 3muM (GpeiiMoBOpKOM (CM. pasjiest . [IpousBouTe/ib-
HoCTh LOG 3aBUCHT OT pa3sMEepHOCTH TEH30POB U MX PACIIOJIOKEHUs B MAMSITH.
TTGT BbIOHIET TTEPECTAHOBKY 3JIEMEHTOB TEH30POB C IEJIBI0 UX IPEICTaB-
JICHHS B BHJe MaTpull n ncnoab3oBannsg MMM. g Boinonenns TaKnx mepe-
CTAHOBOK TpebyroTcs ponotauTeabHoe BpeMs u namsaTth. [IC AOTO mocturaer
npousBojuTebHocTH TBLIS n3-3a omyimumst B NpuMeHsSieMbIX 9BpHUCTUKaX. B
gacraHoctu, TBLIS onpenesnsier onepang TC, mocienoBareibHoe odbpaleHne K
KOTOPOMY MOXKET OBITH BBIIIOJHEHO OJIHOBPEMEHHO C II0CJIEI0BATEIbHBIM 00pa-
IeHneM K BbIUnc/IsieMoMy TeH3opy. Tak, Hanpumep, B ciydae abede-fbade-cf Ta-
KUM oriepanjiom 0OyjieT Ten3op fhade. BeiOpanubiii TEH30D CBOJNTCS K ONEPAH LY
MMM, sneMeHThl KOTOPOrO MCIOJIL3YIOTCA Yalle YeM 3JIEMEHTHI BTOPOTO Olle-
panjga MMM (cMm. pasjen . Ecyin Takoro onepatjia He obHapyzkeHo, TBLIS
BBIOMpaeT 1epsbiit n3 onepanaoB TC. Benencrsue atoro B ciryuae abede-efbad-
cf 6yner Boidopan Tenzop efbad. [IC AOTO wucnoss3yer Takoi »ke MOAX01, HO 110
yMoJIdaHuio BoioupaeT Bropoii onepan; TC BMmecto nepsoro. Kak moxkasbiBaer
puc 4.32, Beioop cf B ciiyuae abede-efbad-cf nozsossier IIC AOTO BbIOIHUTE
TC ¢ MeHbIIIME U3/IepyKKaMI 0OpallleHns K MaMsTH U JIOCTUYb OJJHOIOTOYHYIO

npousBoauTebHocTh TBLIS, HecMOTpsi Ha HEONTHMAJIBLHOCTH M€HEPUPYEMOIO

koza (eMm. pasmen [4.2.1]).

4.4.2. MHoOronoTo4YHasi Ipou3BOIUTEILHOCTD

PaccMoTpiM MHOTOIIOTOYHYIO ITpou3BouTe/ ibHOCTh MeToj10B TBLIS, TTGT
u [1C AOTO. [is BbIOHEHUST 9KCIEPUMEHTa UCII0JIb30BaIaCh IJ1aT¢dopMa ¢
4-sinepubim nporeccopoM Intel Sandy Bridge (ta6ur. [4.2). Ouenusasnucs dpefinv-
Bopok TBLIS, IIC AOTO u peammszanust merona TTGT nocrynnas B dppeiim-
Bopke TCCG.
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—— Theoretical peak —=— TBLIS BLIS
— AOTO TTGT

Mnatdopma c Intel Sandy Bridge. OgHonoTo4Has Npon3BOANTENLHOCTD
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Puc. 4.33. TC s tuma double.

Puc. 4.33| conepkut rpadukn oJHOTOTOYHON U MHOTOTIOTOYHO MPOU3BO-
auTesbHOCTE [ist cBepToK Bua abede-efbad-cf. Ta6ur. [4.30/ u Tabr. cozep-
JKaT BpeMs BBIUUC/IEHUS B CEKYyH/IaX JJIsd OJIHOr0 U YeThbIpeX MOTOKOB, COOTBET-
cTBeHHO. PasmepHOCTh N, NpupaBHUBAJIACL K Ny U U3MeHsIach oT 16 j10 32 ¢
marom 2. PasMepHOCTH OCTaJIbHBIX U3MePEeHUil ObLIN (PUKCUPOBAHBI U PABHDI

ng=mne=2un.=mny=1024.
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Tabmuma 4.30. Bpems serauciaenus TC Buga abede-efbad-cf B cekynmax jijist oHOTO 110TOKA,
rjae ng =mn. =2 un, =ny = 1024.

o= g6 18 | 20 | 22 | 24 | 26 | 28 | 30 | 32
Peanuzarus
AOTO 0.09 | 0.113 | 0.141 | 0.168 | 0.202 | 0.236 | 0.272 | 0.311 | 0.367
TTGT 0.103 | 0.125 | 0.154 | 0.185 | 0.22 | 0.258 | 0.299 | 0.343 | 0.405
TBLIS 0.092 | 0.113 | 0.139 | 0.167 | 0.205 | 0.233 | 0.274 | 0.307 | 0.361
BLIS 0.082 | 0.102 | 0.126 | 0.153 | 0.183 | 0.213 | 0.248 | 0.285 | 0.325

Tabmuma 4.31. Bpewms peruncienns TC Buma abede-efbad-cf B cekynmax st 9eTbipex moTo-

KOB, I'Jle Ng = Ne = 2 1 n. = ny = 1024,

Ma=T 4 18 | 20 | 22 | 24 | 26 | 28 | 30 | 32
Peanmzanua
AOTO 0.029 | 0.036 | 0.044 | 0.052 | 0.065 | 0.074 | 0.085 | 0.095 | 0.11
TTGT 0.041 | 0.048 | 0.059 | 0.073 | 0.086 | 0.098 | 0.116 | 0.131 | 0.164
TBLIS 0.025 | 0.032 | 0.038 | 0.046 | 0.055 | 0.063 | 0.073 | 0.081 | 0.097
BLIS 0.023 1 0.028 | 0.035 | 0.042 | 0.049 | 0.058 | 0.067 | 0.076 | 0.087

OneHuM BIUSHUE U3JIEPKEK, CO3/aBacMbIX IepecTaHOBKAMHU 3JIEMEHTOB
TEH30pPOB, Ha NMPOU3BOANTEbHOCTL MeToga TTGT B 3aBucuMocT 0T pasmep-
HOCTH TEH30pOB 1 KondecTBa oTokoB. Metoy TTGT ucnonbsyer 6ubImoTeKy
HPTT (High-Performance Tensor Transpose) [177] st mepectanoBkn ssieMen-
TOB TeH30pOB ¢ Tebio ceefenns TC k MMM (cm. pasmen . Jl1s1 oneHKN 110~
nydennbix nzgep:xkek B TTGT ucnosnbzoBasiach peanmnsaruss MMM nocrynnas
B Oubsmoreke BLIS. MHoromorounast U OJHOIOTOYHAsS [IPOU3BOIUTEIHLHOCTU
coorsercrytomux MMM mpusesenst na puc. [4.33] tadr. u tabs1. [4.31] Co-
riacHo nosaydennoiM ganabiM, TTGT pocruraer 81.81% u 57.53% oxnonorou-
HOIl 1 MHOromnorouHoil npousBoguTensbuocTn BLIS aist TC Buga abede-efbad-
cf, coorBercTBenno. MoXKHO ¢jieaTh BBIBOJ O TOM, UTO C yBEJIMYEHHEM pas-
MEPHOCTH TEH30POB U yBEJIMYEHHEM BPEMEHHU BBITOJHEHHS IIepPeCTaHOBOK MX
ss1eMenToB, nponssoauTesbnocts TTGT ymenbmaerca no 79.61% u 53.04%
OJIHOTIOTOYHON M MHOI'OIOTOYHOI mpousBoguTenbHocTeii BLIS, cooTrBeTcTBEH-
HO. DTO 00bsCHsIETC yBeandenneM Bpemenn Boionenus MMM, morydennoit
ceeseniem TC k MMM. Ormernm, 9T0 HECMOTpsI Ha TO, YTO OMOJIHMOTEKOIt

HPTT nomnepkuBaeTcs MHOTOIOTOYHOE BBINOJHEHNE, B CIydae HCIOJIb30Ba-
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HUSI HECKOJIBKUX IIOTOKOB, CTOMMOCTDL BBIIIOJIHEHUsI 1I€PECTAHOBKU 3JIEMEHTOB
TEH30DPOB YBEJIUINBACTCA B CIydae UCIOJIb30BaHNs YeThIPeX MOTOKOB.

Meton TBLIS ucnosbzyer gactu peanuzanuit MMM 6ubanorekun BLIS,
cojiepzkalie BeKTopHble nncerpykimu. B orinune or TTGT meron TBLIS He
BBITIOJTHSIET TIEPECTAaHOBKHU 3JIEMEHTOB TEH30POB C IeJILI0 MPEJICTABICHIA B BH-
e Marpuil u npuMerenusi peajmsarun MMM (e pasjen . DTO 1103BOJIS-
er TBLIS mosyaurs or 89.13% 0 92.83% omHONOTOUHOI MPOU3BOANTETHHO-
ct BLIS u or 89.69% 1o 93.82% muoronorounoii npoussoureasnoctu BLIS.
[IC AOTO nocruraer ojiHONOTOYHYIO ITpousBouTebHOCTh TBLIS B ety HeonTu-
MaJIbHOCTH 9BPUCTUKY, TpuMeHsiemoii TBLIS st joctyria K 9/1eMeHTaM TeH30-
pos (em. pasjen [£.4)). B caydae dersipex norokos IIC AOTO nocruraer tosbko
88.18% npoussogurensuoctn TBLIS u3-3a npobieM ucrosn3yemoil aBromMari-

deckoit BekTopusaiun (e pasgern [4.2.1)).

4.5. BpIBOIbI

B sroit riraBe BeinostHena onenka g dexkrusroct [IIC AOTO u npegcras-
JIEHHBIX B IIPEJIBIIYIIIX IJIaBaX aJrOPUTMOB JIJIsi COKPAIIEHUST BDEMEHU BbIIIOJI-
nerust TC, obobiernoro MMM u MVM. Pesyibrarsl 9700t Ty1aBbl OIIyOJINKO-
BaHbI B paborax [160-162)|.

B kadecTBe npumepa MPUIOKEHUsT aJrOPUTMOB PaCCMOTPEHO YCKOPEHHE
peajim3allil pelleHns 3aJadil IpaBUMETPUN Ha, OCHOBE IIPEJIJIO?KEHHOI'0 aBTO-
pom asnroputMma[§ Beraucienns MVM ¢ peanmsanusmMi Ha OCHOBE KOJIa OTITHMU-
3UPOBAHHBIX OMOJINOTEK. JKCIEPUMEHTHI TIOKA3aJI1, YTO B CPEJIHEM PE3YIbTAThI
LPEJIOYKEHHOIO aJIFOPUTMa, OTJIMYAIOTCs He Oojiee dyeM Ha 1% 1 npeBocxomdr
oubmorekn OpenBLAS n BLIS.

BrlnostHeHO cpaBHEHNE OJIHOIMTOTOYHON U MHOI'OIIOTOYHOMN MTPOU3BOIUTE b
HOCTell peaim3aliui IPeJIOYKEHHBIX aBTOPOM aJIlOPUTMOB 7| 1 |8 ¢ 6ubsmore-

Kamu, cogepxKarmvu peagm3anun MVM. B pesynbrare sxcrepmMenToB ycTa-
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HOBJICHO, UTO B CPEJIHEM JIOCTUIAETCSA OJIHOMOTOYHAS U MHOTOIIOTOYHAS IIPOM3-
BojiuTessbHocTu oubsmorek Intel MKL, OpenBLAS u BLIS. Besejicrsue sToro
estecoobpasta Moudukanust aaropurMa 9 mis nomydenus peanusarnuit MVM,
orncannbix ajropurmamu [7 u [§ (em. pasuesn [2.4)).

BrinostHeHo cpaBHenne OHOMOTOYHON W MHOTOIIOTOYHON TTPOU3BOIUTEb-
nocreit [IC AOTO ¢ bubanorexkamu, coaepKamnMi OITUMA3HPOBAHHYIO DeaJIl-
zaruio MMM, u coBpeMeHHBIME KOMTTHJISITOpaME. B citydae 0fHOIIOTOTHOM 1TPO-
U3BOJINTEILHOCTH B Pe3yJibTare dKcIepuMeHToB ycranonseHo, aro 11C AOTO
nocruraer 1.63-KpaTHOro yeKopeHus 1o cpasaeruto ¢ komruasaropom [CC [64];
20-KpaTHOTO YCKOPEHHsI 110 CpaBHEHUIO ¢ (DPOHTEHJOM JIJIsi  KOMIIU-
nsmun Clang [65] u kommusitopamun GCC [66], IBM XLC [67]; 83.33% mpous-
BOIMTEIbHOCTH paccMoTpennbix 6ubanorex Intel MKL, ARMPL, OpenBLAS
u BLIS. Yeranosieno, uro [IC AOTO pocruraer 86.18% mMuoromnorodnoii mpo-
n3BOINTEIbHOCTH pacemoTpentbix oubmorek Intel MKL, OpenBLAS n BLIS.
Kak 6b110 0kazano B pasjese [4.2.1] yerpanenue npob/ieM BeKTOPU3AIUH, Bbi-
nosiasieMoit 6udmorekoit LLVM Core B IIC AOTO, no3sosisier J0CTHYb PO3-
BojnresibHocTH Oubnorek Intel MKL, OpenBLAS u BLIS.

Hecmorps #a To, o B cimyaae MMM ommcannas peanunzanust [IC AOTO
He TIO3BOJIAET JJOCTHIh MTPOM3BOINTE/THLHOCTH PACCMOTPEHHBIX OMOTNOTEK, TTPE/I-
JIOZKEHHBIIT MEeTOJT MOYKET OBIThH MCIIOJIB30BAH JIJI CO3/aHns BPEMEHHBIX PeaJIi-
zannit MMM 1715 HOBBIX I1eJIEBBIX allllapaTHBIX I1aT(OopM 0€3 JI0CTyIa K HIM.
[Tonydennas peammzanusa MMM, coBmectno ¢ peanuzanuamu MVM na ocrose
aaropuTMOB [7| 1 [§, MOYKeT NCIOIB30BATHCS B KAUECTBE OCHOBBI JIJISI PEAJIN3alIN
BCEX Ollepalliii TpeThero u BToporo yposueit matepdeiica BLAS, coorBeTcTBeH-
Ho (em. paszedn [l). s nomyuenns BpeMeHHBIX peasmsanuii omepanuii mepso-
ro ypoass BLAS B IIC AOTO wucnois3yorcst ONTUMU3AINN, IPUMEHSIeMbIe
oudmorexkoit LLVM Core u dpeitmBopkom Polly o ymonuanuto. Besencrsue
9TOr0 co3anne 63KeH 108, noggaepzkuBaionux regepainio I1C AOTO marmmmmrHO-

I'o KOJIa, JIjIsl apXUTEKTYP OTeUYeCTBEHHBIX IIPOIECCOPOB, U yCTPpaHeHHe IPodJIeM
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BekTopuzaluu, BeiosHsemoit oubsmorekoit LLVM Core B IIC AOTO, moxer
00JIerInTh CO3/IaHNe BHICOKOIIPOM3BOINTE/IbHBIX peain3annii BLAS st oTede-
CTBEHHBIX TICJIEBBIX AIllIaPATHBIX ILIAT(OPM.

BeirosineHo cpaBHeHue ojiHonoTouHoi npouspoauteabaoct [IC AOTO ¢
COBPEMEHHBIMI KOMITUJISITOpAME IS perenns 3ajad n3 Kiacca APP) B ciy-
Jae KOTOPBIX HelmpuMeHuMbI peasmsarnun narepdeiica BLAS. DxkcnepumenTo
nokazasu, 4yro [IC AOTO nmocruraer 85% sepxHeil TeopeTryecKoil I'PaHUIIbI
npousBojuTenbHocTn. Jast Becex paccmarpuBaembix 3ajgad [IC AOTO jgocrur-
J1a 1.56-KpaTHOro yCKOpeHus 10 cpaBHeHuio ¢ Komiuisitopom [CC.

BrlnostHEHO cpaBHEHUE OJIHONOTO4YHOM rpou3BoauTesbHoct 11C AOTO
st caydass TC, onTuMusanyss KOTOPLIX ¢ moMmomibio onepannii BLAS 3arpy-
HUTEJIbHA U3-32 BO3HUKAOMUX u3faep:kek [16,17]. ist cpaBHenust pacemarpu-
Ba/ICh (DPEMBOPKH, MO3BOJIAIONIUE TTOJYIUTh ONTHUMU3UPOBAHHYIO peaiin3a-
o TC, u coBpeMeHHbIe KOMIIMISITOPBI. DKCIEePUMEHTHI mokazaJju, 4to [1C
AOTO nocruraer 80-KpaTHOrO YCKOPEHHUSI 110 CPABHEHUIO C PACCMOTPEHHBIM
dbponrengom st kKommmaanun Clang u kommumasgropamu GCC, ICC; 86.12%
OJTHOTIOTOYHON TPOU3BOAUTETLHOCTH paccMoTpeHHbIX (peiiMBopkoB TCCG n

TBLIS.
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SaKJII0OUeHne

CdopmynmmpyeMm 0CHOBHBIE IIpenMyInecTBa mporpamMmMmuoil cucreMbl AOTO.

1. Ucnonbzyer hopMysibl, MO3BOISIONNE aBTOMATUYIECKN TOJYIYUTH 3Ha~
YeHUd IapaMeTpOB aJI'OPUTMOB BBIIIOJIHEHUS TEH30PHBIX Olepaliil B 3aBUCH-

MOCTH OT XapaKTePUCTUK MHOIOIEePHBIX IIPOIECCOPOB OOIIEro Ha3HAUEHUS.

2. Tlporpammuas cucrema AOTO aBroMaTudeckKu ONTUMHU3UDPYET BpEMs
BBIIIOJTHEHIST CBEPTKU TEH30POB, He omucbiBaeMmoit maTepdeiicom BLAS. MnTtep-
deiic BLAS nHenpumennM st peaju3aliii HOBBIX METOJIOB OINTHMU3AINN Bpe-
MEeHU BBITIOJIHEHNS CBEPTKN TEH30POB, PeaTN30BAHHBIX B IPOIPAMMHOIT crcTeMe
AOTO, a takxke B dpeitmopkax TCCG u TBLIS, nogepkuBaonmx MaJioe

KOJINYECTBO apXUTEKTYP HPOIECCOPOB.

3. Ilporpammuas cucrema AOTO aBromarwdeckun ONTUMHU3UPYET BPEMsi
BBINIOJTHEHIST 0000INEHNsT MATPUIHOIO TPOU3BEICHIsT HA 3aMKHYThIE TIOJIyKOJIb-
12 C 9JeMEHTAMHI U3 MHOYKECTBa BEIIECTBEHHBIX UHCEJ C 1EIbI0 ONTHMU3AINN
perrenunii ooIeit 3a/1a491 O My TAX JJIsi COOTBETCTBYIOIIETO TUIIA MTOJIYKOJICIL. Y Ka-
3aHHbIe 0000ITIeHNs He onuchiBaroTcst narepdeiicom BLAS u He cosepkarcst Bo
BCEX M3BECTHBLIX ero peaJsmsaiusix. Hopwiil nunrepdeiic GraphBLAS, omnucbiBa-
oMl 0000IIeHNsT MATPUYHOTO TPOM3BEICHN, PeaT30BaH JIT MAJIOr0 KOJIV-

JeCcTBa apXUTEKTYP ITPOIECCOPOB.

4. Ilporpammuasi cucrema AOTO npumensiercs Ji/ist MOJIYUEHUsT BbICOKO-
[IPOU3BOIUTE/IbHBIX PeaTU3aINN MATPUIHOIO U MATPUIHO-BEKTOPHOIO IIPOU3BE-
JIEHU JIJIs PA3INIHbIX ADXUTEKTYP IPOIECCOPOB U TUIIOB JIaHHBLIX. [IporpamMm-
Hasi cucrema AOTO mo3BosgeT MOMYyUINTh BPEMEHHbIE pean3allii JJIsT apXii-
TEKTYP C OTCYTCTBYIOIINMHI CIIEIUAJIN3UPOBaHHbIMI OnbsimoTekamu. Hampumep,
B ciydae rporeccopoB ot AMD He cyiecTByeT crienuajin3upoBaHHoit 6ub/imo-
tekn, peanusyiomeit maTepdeiic BLAS. B orimune or ARMPL u Intel MKL
OoubIMoTeKN, puMeHsiemMble Jijist porieccopos AMD, He cojiepxkaT peasuzaiun
MATPUIHOTO ITPOU3BEJICHUS JIJIsA 1EJTOUYNC/IEHHBIX TUIIOB JIAHHBIX, HE OINChIBae-

MbIX nHTepdeiicom BLAS, HO NIUPOKO UCIOIB3YEMBIX B MAITUHHOM OO0y YCHIH.
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5. Ilporpammuas cucrema AOTO 3HaunTEILHO TPEBOCXOIUT 110 TPOU3BO-

JATEIBHOCTH KOMINIATOPbI obIero Hasnadenus: Clang u GCC.

OcHoOBHBIE PE3YJIBTATHI JINCCEPTAINOHHON PAOOTHI.

1. Pazpaborano pacmimpenue MOJIE/IN TeJIeBOil apXUTEeKTYPhI IIPOIECCopa
JIoy, KoTopoe obecrieunBaeT COKpallleHe BpeMEHH BBITIOJIHEHNA MaTPUIHO-BEK-
TOPHBIX Ollepaluil 1 ux 00OOIIEeHNIT Ha 3aMKHYTBIE MOJIYKOJIbIA ¢ dJIEMEHTaMI

3 MHOXKeCTBa BCIIeCTBCHHBLIX YHCeJI.

2. PaspaboraHbl HOBBIE aJrOPUTMbI BBIIIOJHEHUS TEH30PHBIX Ollepaliuii
KOHCTAHTHOI CJIO}KHOCTU OTHOCHUTEJIbHO Pa3sMEPHOCTU TEH30POB, YMEHbIIIAI0-
e BpeMs BBINOJHEHUsT TaKuxX onepaluil. BuiBejieHbl HOBble (POPMYJIbI, 1103-
BOJISIIOIIME TIOJIYUYUTh 3HaAYEHUsI IlapaMeTpPOB aJI'OPUTMOB BbIIIOJTHEHUS TEH30D-
HBIX ollepaliiii B 3aBUCUMOCTHU OT XapaKTePUCTUK MHOT'OsePHBIX ITPOIECCOPOB

o01ero HaszHadeHus Jiisd apXuTekTyp x86-64, x86, ppcbdle, aarch64.

3. Paspaborana HoBasi IIporpaMMHasi CHCTEMa aBTOMATHYECKON OINTUMU-
saru TeH30pHbIx onepanuit (AOTO) s aBTOMaTHYIECKOH OITUMI3AINT BPe-
MEHM BBIIIOJIHEHUST TEH30PHBIX Ollepalliii 1 UX aBTOMATUYECKOr'o pacliapaJijie-
JINBaHUsI IIPU KOMIIMJISIIUK IIPOrPaMM JIJIsi MHOI'OsIJIEPHBIX IIPOIIECCOPOB 0DIIIe-
ro HasHadeHud. Ilosyuena HoBasi OlleHKa IIPOU3BOIUTEILHOCTH MHOTOIIOTOYHOM
IPOTPAMMBbI, IPEJICTABICHHON IPYIIION MOJHOCTBIO BIOYKEHHBIX IKJI0B. ABTO-
MaTH4IecKasd ONTUMU3AINs BPEMEHI BBIIOJIHEHNT 0000IIEHN MATPUIHOIO IIPO-

u3BeJIeHNs BHeJApeHa B ocHOBHOI Ko Polly npoekra LLVM.

4. C 1noMoIIbIo S9KCIIEPUMEHTOB IIPU PeIIeHnN 00paTHOIl 3a/1a91 I'PaBIMET-
pun, obIeit 381249 O IMyTsX, ONTUMU3AINN MATPUIHO-BEKTOPHBIX OIepalnii
U TEH30PHBIX CBEPTOK IIOJITBEP:K/IEHA IPUMEHIMOCTEH HPOIPAMMHOI CHCTEMBbI
AOTO s onTuMu3aIun BpeMeH! BBIIOJIHEHUsI TeH30pHbIX oneparmii. [Toka-
3aH0, 4T0 nporpammuas cucremMa AOTO conocraBuMa 110 IPOU3BOAUTEIHLHOCTI
CKOMITMJINPOBAHHOIO Koja ¢ KomoMm oubanmorexk Intel MKL, OpenBLAS, BLIS,
peaIM3yoINX MAaTPUUHbIE M MaTPUIHO-BEKTOPHBIE IIPOU3BEJIEHUsI; ¢ (hpeiiM-

Bopkamu TCCG u TBLIS, peanusytonumMu cBEpTKU TEH30POB; CO CIICIHAJIN-
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3upoBaHHbIM KOMITIIATOPOM [CC 1 cyIIecTBEHHO HPEBOCXOAUT KOMITHIATOPDI

obmiero nasuadenus Clang u GCC.

OcHoBHBIE PE3yJIbTATHI JUCCEPTAIMOHHON PAOOTHI SABJSIOTCS HOBBIMU U
HEe COJEP:KATCdA B patee OMyOJMKOBAHHBIX HAYIHBIX padOTax JIPYTUX aBTOPOB,

npuBeieHHbIX B pasjesie [l Pacemorpum ocHOBHBIE OT/THINS:

1) un ojnra u3 u3BectHbIX Mojesei [TAIl He mo3BoJIIET CMOMEIMPOBATH
BBIIIOJTHEHUE OIlepalliii IPeJBLIOOPKH JAHHBIX B KA3II-IIAMSATH U OIepaluii 13

3aMKHYTBIX ITOJIYKOJICIL;

2) BCe U3BECTHBIE AJITOPUTMbBI COKPAIIEHIsI BDEMEHU BBITIOJTHEHIUS TEH30D-
HBIX OIlepallii OCHOBaHbI Ha PYYHOII HACTPOIIKE U aBTOHACTPOIKE, TPEOYIOMNX
JIOCTYyTIa K IIeJIeBOIl almapaTHOi 1aTdopMe U 3HAYUTEIbHBIX BPEMEHHBIX 3a-
TpaT Ha ONTUMU3AIUIO;

3) BCe M3BECTHBIE KOMITU/ISITOPDI HE MO3BOJISIIOT ABTOMATHICCKI TTOJTYy IaTh

BBICOKOIIPOU3BOAUTEJ/IbHBIC PeaJin3alllil TEH30PHbIX onepaunﬁ.

[TosrydeHHbIEC METO/IBI MOT'YT UCIIOJIb30BAThCA JIJIsi ONTUMUBAIUN ITPOrPaMM
B IIPOIECCe KOMITHJIATININ; JIJIs YIIPOINEHUsT CO3/IaHms HOBBIX peasin3anuiit BLAS;
YMEHbBIIIEHSI BDEMEHI BbLIIIOJIHEHUsI aBTOHACTPOIIKHM, OllEHUBAIOIIE BpEeMsI BbI-
IOJTHEHMS HECKOJIbKUX peasn3aliuii 0HOM 1 TOH »Ke IPOorpaMMBbl.

OcHOBHBIM HallpaBJIeHHeM JIaJIbHEMIINX HCCAeJ0BAHII IIPeIoiaraeTcst
co3aHme MoJesin, onuchbiBatomieil apxutektypy 'Y, n moaydyennsa 3nadeHnii
nmapamMeTpoB aJropuTMoB. JIpyruM HampaB/eHneM JTaJbHeRInX nceae0BaHnii
MOKeT ObITh pa3paboTKa MeTOJI0B aBTOMATUIECKOI'0 MOJICJITMPOBAHMS BbITTOJIHE-
HUsI aJTOPUTMOB C IEJbI0 aBTOMATUYECKOTO BBIBOJIA (DOPMYJI, TTO3BOJISIONINX
[OJIyINUTh 3HAUCHUSI [TapaMeTPOB aJI'OPUTMOB B 3aBUCUMOCTU OT XapaKTepU-
CTHK MHOTI'Os1JICPHBIX IIPOIIECCOPOB ODIIEro Ha3HAUCHMUSI.

ABTOp BBIparkaeT MCKPEHHIO 0JIaroJapHOCTbL CBOEMY HaydIHOMY PYKOBO-
JINTEJII0 — JIOKTOPY (DUBUKO-MaTeMaTUIeCKUX HayK, BeJyIIeMy HayJIHOMY CO-

tpyauuky UMM YpO PAH Ejene Hukonaesne AKnMoBOii.
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ITpunoxkenne 1. OcHoBHBIE 000O3HAYUEHNS

S
®
[1C AOTO

TTATI
ARMPL

BLAS
BLIS

Clang
FMA

GCC
GETT

IBM’s ESSL

ICC
Intel MKL

LLVM
MMA

MMM
MVM

OpenBLAS
TBLIS

TC
TCCG

VFMA

VMMA

omepaiust  CJIOKEHHsI W3  3aMKHYTOI'O  ITOJIYKOJIbIIA
{S,®,®,0,1};

orepanysg  YMHOXKEHHsSI W3  3aMKHYTOIO  IOJIYKOJIbIA
{S,®,®,0,1};

[Tporpammuas Cucrema ABromarndeckoit Onrummsarun Ten-
3opubIX Oneparinii;

[eneBast Apxurexrypa IIporeccopa;

Arm Performance Libraries, 6ub/moreka, peaansyolasi HHTep-
deiic BLAS;

Basic Linear Algebra Subprograms, cranjgapr unTepdeii-
ca OubIMoTEK;

BLAS-like Library Instantiation Software, 6ubsmoreka, peaJin-
gytomas naTepdeiic BLAS;

dpoHTeH T I8 KOMIUIAINN;

Fused Multiply-Add, wuHCTpyKINS CMEIIAHHOIO —YMHOXKe-
HUST ¥ CJIOYKEHNS;

GNU Compiler Collection, KoJiieKIusi KOMIIUISITOPOB;
GEMM-like Tensor-Tensor multiplication, MeTos BbITOJTHEHIS
CBEPTKU TEH30POB;

Engineering and Scientific Subroutine Library, 6ubsmoreka, pe-
asmsyioiasi nnrepdeiic BLAS;

Intel C++ Compiler, kommuisaTop;

Intel Math Kernel Library, 6ubinoreka, peajiusytoriasi HHTEp-
deiic BLAS;

Low Level Virtual Machine, Habop cpejcTB Juist JIjIsI CO3IaHNsA
KOMITIJISITOPOB;

Matrix Multiply-and-Add, omeparusi, obobrmatomnas FMA ma
3aMKHYTOE MOJTyKOJIbI0 {5, @, ®, 0, 1};

Matrix-Matrix Multiplication, MmaTpudHoe pou3BejieHuE;
Matrix-Vector Multiplication, MaTpuiHO-BEKTOPHOE IPOU3-
BEJICHIIE;

oubsmoreKa, peasmsyioiias uarepdeiic BLAS;

Tensor-Based Library Instantiation Software, dpeiiMoBpK s
ONTUM3AINil CBEPTOK TEH30POB;

Tensor Contraction, cBepTKa T€H30POB;

Tensor Contraction Code Generator, ¢ppeiiMOBpPK /I ONTHM3a~
Uil CBEPTOK TEH30POB;

Vector Fused Multiply-Add, BekTOpHast MHCTPYKIMsT CMeEITaH-
HOI'O YMHOYKEHUST U CJIOYKEHUS;

Vector Multiply-and-Add wHCTpyKIHs, BbIIOJHAOMAA HAOOP
HEBEKTOPHBIX YMHOYKEHIIT 1 cjIoxKeHnii, cocrapstiommx MMA.
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